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Abstract

For the operator Fα(z) =

α z∫
0

tα−1 f ′(t)dt
 1
α

, Pescar has obtained a generalization of Ahlfor’s and Becker’s criterion of univa-

lence. In this paper we generalize the Pescar’s univalence criterion for other two operators Gα1 ,...,αn ,n(z) and Jγ1 ,...,γn (z) and we obtain
new univalence conditions of analytic functions in the unit diskU = {z ∈ C : |z| < 1}.
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1. Introduction and preliminaries

LetU = {z : |z| < 1} the unit disk andA the class of all functions of the form:

f (z) = z +

∞∑
n=2

anzn (1.1)

which are analytic inU and satisfy the condition

f (0) = f ′(0) − 1 = 0.

Theorem 1.1. (Mocanu et al., 2009) (Maximum Modulus Principle) Let f be a nonconstant analytic func-
tion on a connected open set U. Then | f | cannot attains maximum in U, i.e. there exists α ∈ U such that
| f (a)| ≥ | f (z)| for all z ∈ U.

The next lemma is a result given by J. Becker (Becker, 1972):
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Lemma 1.2. (Becker, 1972) If f (z) = z + a2z2 + . . . is analytic inU and

(1 − |z|2)
∣∣∣∣∣z f ′′(z)

f ′(z)

∣∣∣∣∣ ≤ 1

for all z ∈ U, then the function f (z) is univalent inU.

L. V. Ahlfors (Ahlfors, 1973) and J. Becker (Becker, 1973) has obtain the next univalence criterion:

Theorem 1.3. ((Ahlfors, 1973) and (Becker, 1973)) Let c be a complex number, |c| ≤ 1, c , −1. If f (z) =

z + a2z2 + . . . is a regular function inU and∣∣∣∣∣c|z|2 + (1 − |z|2)
z f ′′(z)
f ′(z)

∣∣∣∣∣ ≤ 1

for all z ∈ U, then the function f is regular and univalent inU.

V. Pescar in (Pescar, 1996) obtain an univalence criterion which is a generalization of Ahlfor’s and
Becker’s criterion of univalence and is given in next theorem.

Theorem 1.4. (Pescar, 1996) Let α and c be complex numbers, Re α > 0, |c| ≤ 1, c , −1. If f (z) =

z + a2z2 + . . . is a regular function inU and∣∣∣∣∣c|z|2α + (1 − |z|2α)
z f ′′(z)
f ′(z)

∣∣∣∣∣ ≤ 1

for z ∈ U, then the function

Fα(z) =

α
z∫

0

tα−1 f ′(t)dt


1
α

= z + . . .

is regular and univalent inU.

In (Pascu & Radomir, 1989) N.N. Pascu and I. Radomir has obtain:

Theorem 1.5. (Pascu & Radomir, 1989) Let β and c complex numbers, Re β > 0, |c| ≤ 1, c , −1 and
f (z) = z + a2z2 + . . . be a regular function inU. If∣∣∣∣∣∣ce−2tβ + (1 − e−2tβ)

e−tz f ′′(e−tz)
β f ′(e−tz)

∣∣∣∣∣∣ ≤ 1

holds for every z ∈ U and t ≥ 0, then the function

Fβ(z) =

β
z∫

0

tβ−1 f ′(t)dt


1
β

= z + . . .

is regular and univalent inU.
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We define the operators

Gα1,α2,...,αn,n(z) =


 n∑

i=1

αi − n + 1

 z∫
0

n∏
i=1

(gi(t))αi−1dt


1

n∑
i=1

αi−n+1

(1.2)

for gi ∈ A, i = 1, n and

Jγ1,γ2,...,γn(z) =


 n∑

j=1

1
γ j


z∫

0

t−1
n∏

j=1

( f j(t))
1
γ j dt


1

n∑
j=1

1
γ j
. (1.3)

for f j ∈ A, j = 1, n.
The operator Gα1,α2,...,αn,n(z) is a generalization of an operator defined by Breaz et all in (Breaz et al., 2009).

2. Main results

Theorem 2.1. Let αi and c complex numbers, n ∈ N, n ≥ 1, i = 1, n, Re
(

n∑
i=1
αi − n + 1

)
> 0, |c| < 1, c , −1.

We suppose that the function f defined by (1.1) is analytic inU. If∣∣∣∣∣∣∣∣∣∣∣c|z|
2(

n∑
i=1
αi−n+1)

+

1 − |z|2(
n∑

i=1
αi−n+1)

 z f ′′(z)

(
n∑

i=1
αi − n + 1) f ′(z)

∣∣∣∣∣∣∣∣∣∣∣ ≤ 1 (2.1)

for all z ∈ U, then the function Gα1,α2,...,αn,n(z) defined by (1.2) is analytic and univalent inU.

Proof. For z ∈ U from (2.1) we have that f ′(z) , 0 and from here the function

w(z, t) = c · e
−2t(

n∑
i=1
αi−n+1)

+ (1 − e
−2t(

n∑
i=1
αi−n+1)

)
e−tz f ′′(e−tz)

(
n∑

i=1
αi − n + 1) f ′(e−tz)

(2.2)

is analytic inU = {z : |z| ≤ 1}, for t > 0. To the function w(z, t) we apply the maximum modulus principle
and we have that

|w(z, t)| < max
|z|=1
|w(z, t)| =

∣∣∣w(eiθ, t)
∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣ce
−2t(

n∑
i=1
αi−n+1)

+ (1 − e
−2t(

n∑
i=1
αi−n+1)

)
e−t+iθ f ′′(e−t+iθ)

(
n∑

i=1
αi − n + 1) f ′(e−t+iθ)

∣∣∣∣∣∣∣∣∣∣∣
(2.3)

where θ = θ(t) ∈ R.
We note φ = e−t+iθ. From here we have that |φ| = e−t.
If in relation (2.3) we replace e−t+iθ with φ we obtain:

∣∣∣w(eiθ, t)
∣∣∣ =

∣∣∣∣∣∣∣∣∣∣∣c · |φ|
2(

n∑
i=1
αi−n+1)

+ (1 − |φ|
2(

n∑
i=1
αi−n+1)

)
φ f ′′(φ)

(
n∑

i=1
αi − n + 1) f ′(φ)

∣∣∣∣∣∣∣∣∣∣∣ (2.4)
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Because |φ| = e−t, for all t > 0 it results that φ ∈ U.
For z = φ using the relations (2.1) and (2.4) we obtain that∣∣∣w(eiθ, t)

∣∣∣ ≤ 1 (2.5)

From (2.3) and (2.5) we have |w(z, t)| < 1, for z ∈ U, t > 0.
For t = 0 we have that w(z, 0) = c. Using the hypothesis we obtain |w(z, 0)| < 1, z ∈ U. So, |w(z, t)| < 1, z ∈

U, t ≥ 0 and from here and using Theorem 1.5 for β =
n∑

i=1
αi − n + 1 results that Gα1,α2,...,αn,n(z) is a analytic

and univalent function inU.

Corollary 2.2. Let α ∈ C, n ∈ N, n ≥ 1,Re[α − n + 1] > 0 and c ∈ C, |c| < 1, c , −1. We suppose that the
function f given by (1.1) is analytic inU. If∣∣∣∣∣c|z|2(α−n+1) + (1 − |z|2(α−n+1) z f ′′(z)

(α − n + 1) f ′(z)
)
∣∣∣∣∣ ≤ 1

for all z ∈ U, then the function

Gn,α(z) =

(α − n + 1)

z∫
0

(g1(t))α−1 . . . (gn(t))α−1dt


1

α−n+1

is analytic and univalent inU.

Proof. Similar with the proof of previous theorem for α1 = α2 = · · · = αn = α

Remark. For n = 1 in Theorem 2.1 we obtain the Pescar’s criterion of univalence.

Remark. For n = 1 and α = 1 in Theorem 2.1 we obtain Ahlfor’s and Becker’s univalence criterion.

Theorem 2.3. Let γ j ∈ C, j = 1, n,Re
(

n∑
j=1

1
γi

)
> 0 and c ∈ C, |c| ≤ 1, c , −1. We suppose that the function

f defined by (1.1) is analytic inU. If∣∣∣∣∣∣∣∣∣∣∣∣c|z|
2

n∑
j=1

1
γ j

+ (1 − |z|
2

n∑
j=1

1
γ j )

z f ′′(z)
n∑

j=1

1
γ j

f ′(z)

∣∣∣∣∣∣∣∣∣∣∣∣ ≤ 1 (2.6)

for all z ∈ U, then the function Jγ1,γ2,...,γn(z) defined by (1.3) is analytic and univalent inU.

Proof. From (2.6) we have that f ′(z) , 0, for z ∈ U. We have that the function

v(z, t) = c · e
−2t

n∑
j=1

1
γ j

+

1 − e
−2t

n∑
j=1

1
γ j

 e−tz f ′′(e−tz)
n∑

j=1

1
γ j

f ′(e−tz)
(2.7)

is analytic inU, for t > 0.
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For the function v(z, t) we apply the maximum modulus principle and we obtain

|v(z, t)| < max
|z|=1
|v(z, t)| =

∣∣∣v(e jθ, t)
∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣ce
−2t

n∑
j=1

1
γ j

+

1 − e
−2t

n∑
j=1

1
γ j

 e−t+ jθ f ′′(e−t+ jθ)
n∑

j=1

1
γ j

f ′(e−t+ jθ)

∣∣∣∣∣∣∣∣∣∣∣∣
(2.8)

where θ = θ(t) ∈ R.
We note with ψ = e−t+ jθ and we have that |ψ| = e−t,∀t > 0.
If in (2.8)we replace e−te jθ with ψ we obtain

∣∣∣v(e jθ, t)
∣∣∣ =

∣∣∣∣∣∣∣∣∣∣∣∣c|ψ|
2

n∑
j=1

1
γ j

+

1 − |ψ|2
n∑

j=1

1
γ j

 ψ · f ′′(ψ)
n∑

j=1

1
γ j

f ′(ψ)

∣∣∣∣∣∣∣∣∣∣∣∣ (2.9)

But |ψ| = e−t < 1 for t > 0 implies that ψ ∈ U.
Using (2.6) and (2.9) for z = ψ we obtain: ∣∣∣v(e jθ, t)

∣∣∣ ≤ 1 (2.10)

From (2.8) and (2.10) we have that |v(z, t)| < 1, for all z ∈ U, t > 0. For t = 0 we obtain v(z, 0) = c. Using
the hypothesis we obtain that |v(z, 0)| < 1 for all z ∈ U. So, |v(z, t)| < 1 for all z ∈ U and t ≥ 0. Hence and

from Theorem 1.5 for β =
n∑

j=1

1
γ j

we obtain that Jγ1,γ2,...,γn(z) is univalent and analytic inU.

Corollary 2.4. Let γ ∈ C,Re
(

1
γ

)
> 0 and c ∈ C, |c| ≤ 1, c , −1. We suppose that the function f defined by

(1.1) is analytic inU. If ∣∣∣∣∣∣∣c|z| 2γ + (1 − |z|
2
γ )

z f ′′(z)
1
γ f ′(z)

∣∣∣∣∣∣∣ ≤ 1

for all z ∈ U, then the function

Jγ(z) =

1
γ

z∫
0

t−1( f (t))
1
γ dt


1
γ

is analytic and univalent inU.

Remark. For γ1 = γ2 = · · · = γn = γ = 1 in Theorem 2.3 we obtain Ahlfor’s and Becker’s criterion of
univalence.
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