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Abstract

1
For the operator F,(z) = (a f 1l f ’(t)dt) , Pescar has obtained a generalization of Ahlfor’s and Becker’s criterion of univa-
0

.......... 4, (2) and we obtain

new univalence conditions of analytic functions in the unit disk U = {z € C : |z] < 1}.
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1. Introduction and preliminaries
Let U = {z : |z] < 1} the unit disk and A the class of all functions of the form:
fR=2+) a" (1.1)
n=2
which are analytic in U and satisfy the condition
fO) =f©0)~-1=0.

Theorem 1.1. (Mocanu et al., 2009) (Maximum Modulus Principle) Let f be a nonconstant analytic func-
tion on a connected open set U. Then |f| cannot attains maximum in U, i.e. there exists a € U such that

If(@| = |f2)| forall z € U.

The next lemma is a result given by J. Becker (Becker, 1972):
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Lemma 1.2. (Becker, 1972) If f(z) = z + a2z + ... is analytic in U and

7@ 1
ff@ 1~

for all z € U, then the function f(z) is univalent in U.

(1 -1z

L. V. Ahlfors (Ahlfors, 1973) and J. Becker (Becker, 1973) has obtain the next univalence criterion:

Theorem 1.3. ((Ahlfors, 1973) and (Becker, 1973)) Let ¢ be a complex number, |c| < 1,c¢ # —1. If f(2) =

2+ axz® + ... is a regular function in U and

Iz)Zf"(Z) <1
/'@

for all z € U, then the function f is regular and univalent in U.

c? + (1 -z

V. Pescar in (Pescar, 1996) obtain an univalence criterion which is a generalization of Ahlfor’s and
Becker’s criterion of univalence and is given in next theorem.

Theorem 1.4. (Pescar, 1996) Let « and ¢ be complex numbers, Re a > 0,|c| < 1,¢ # —1. If f(z) =

2+ az® + ... is a regular function in U and

20,21 (2)
4 )f’(z)

clzP* + (1 —| <1

for z € U, then the function
1

Fa(z)=[0/fto‘_1f'(t)dt] =Z+...
0

In (Pascu & Radomir, 1989) N.N. Pascu and I. Radomir has obtain:

is regular and univalent in U.

Theorem 1.5. (Pascu & Radomir, 1989) Let 8 and ¢ complex numbers, Re B > 0,|c| < 1,¢ # —1 and
f(2) = 2+ ayz® + ... be a regular function in U. If

SN G
Bf'(e7'2)

ce+(1-e <1

holds for every z € U and t > 0, then the function

z 5
Fﬁ(Z)=[ﬁflﬁ_1fl(l)df] =z+...
0

is regular and univalent in U.
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We define the operators

1

2 aj-n+l

Gm,...,a,,,n@):{( -—n+1] f ]_[(g ()" ldr]” (12)

forgieﬂ,i=1,_nand

n 1 z n N il%
1720 yn(z)=[[2 —,J f t‘ll—[(fj(t))’fdt]f‘ : (1.3)
=1 i 0 j=1

for fe A, j= 1,n.
The operator Gy, a,,....0,.n(2) 1 a generalization of an operator defined by Breaz et all in (Breaz et al., 2009).

2. Main results

—_— n
Theorem 2.1. Let «; and ¢ complex numbers, n € Nyn > 1,i = 1, n, Re(Z a;—n+ 1) >0,|c| <1,c# -1
i
We suppose that the function f defined by (1.1) is analytic in U. If

23, ai-n+1) 2(2 @i-n+1) 2f(2)
( ) _ <1 @.1)

clz] = +[1 =z =
(;1 ai—n+1)f"(2)

for all z € U, then the function Gy, q,,...a,.n(2) defined by (1.2) is analytic and univalent in U.

Proof. For z € U from (2.1) we have that f’(z) # 0 and from here the function

“2U(3, aj-n+1) “21(3, a-n+1) ez (e7'7
w(z,t)=c-e = +(1-e = )—, (e 2 (2.2)

(;1 ai—n+1)f'(e’'z)

is analytic in U ={z: |z < 1}, fort > 0. To the function w(z, ) we apply the maximum modulus principle
and we have that

Wiz 0l < max wz, )] = [w(e, )|
Z =

—2t(i ai—n+1) —2t(Z ai— n+1)) e_H'iaf”(e_Hia) (2.3)

=|[ce =1 +(1—-e = -
(X ai—n+ Df'(e7*)
i=1

where 60 = 0(¢) € R.
We note ¢ = ¢~"*_ From here we have that |¢| = e~".
If in relation (2.3) we replace e "+ with ¢ we obtain:

(e, 0 = e 1o 4 1 = g @) o

(;1 ai—n+1)f(¢)
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Because |¢| = 77, for all > 0 it results that ¢ € U.
For z = ¢ using the relations (2.1) and (2.4) we obtain that

w0 <1 (2.5)

From (2.3) and (2.5) we have |w(z,t)| < 1, forz € U,t > 0.
For t = 0 we have that w(z,0) = ¢. Using the hypothesis we obtain |w(z,0)] < 1,z € U. So, |w(z,1)| < 1,z €
n

U,t > 0 and from here and using Theorem 1.5 for 8 = 3} @; —n + 1 results that G, a,....0,.2(2) is a analytic
i=1
and univalent function in U. ]

Corollary 2.2. Leta € C,ne Nyn > 1,Rel[e —n+ 1] >0and c € C,|c| < 1,c # —1. We suppose that the
function f given by (1.1) is analytic in U. If

_ _ z2f"(z
C|Z|2((Y n+1) + (1 _ |Z|2(a n+1) f ( ) )

(@-n+1)f"(z)

for all 7z € U, then the function

_1

Gpa(2) = [(a -n+1) f(gl([))“_] .”(gn(t))a—ldt]
0

is analytic and univalent in U.
Proof. Similar with the proof of previous theorem fora; =a, =--- =a, =« ]
Remark. For n = 1 in Theorem 2.1 we obtain the Pescar’s criterion of univalence.

Remark. Forn =1 and @ = 1 in Theorem 2.1 we obtain Ahlfor’s and Becker’s univalence criterion.

—_— n
Theorem 2.3. Lety; € C,j=1,n, Re(z yl) >0andc e C,|c| £ 1, ¢ # —1. We suppose that the function
A7
f defined by (1.1) is analytic in U. If

2% L 23 L %
el 77 (- A (2.6)
Y '@
=1

forall z € U, then the function J,, ,... ,(2) defined by (1.3) is analytic and univalent in U.

Proof. From (2.6) we have that f’(z) # 0, for z € Y. We have that the function

_zti L —21§1 L —t 11 (,—t
Wz ) =c-e AV +[l—e = ’f)—‘; ) 2.7)
3 5 f1e'2)
=17

is analytic in U, fort > 0. 0
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For the function v(z, f) we apply the maximum modulus principle and we obtain
Iv(z Ol < max vz, 0l = v(e”, )]
_ ce_ZIéI % N [1 B e—2z Jé ylj} eI 11 (=10 (2.8)
where 60 = 0(¢) € R.

We note with i = e7"*/% and we have that || = ™", ¥t > 0.
If in (2.8)we replace e e/’ with  we obtain

. 23 L 23 L) .
|v(e’9,t)| = [cly] ! 7y +[1 — |y - 7’)—f GO (2.9)
> Lrw
j=1"
But [¢| = e7" < 1 for ¢ > 0 implies that ¢ € U.
Using (2.6) and (2.9) for z = ¢ we obtain:
v(e, 1| < 1 (2.10)

From (2.8) and (2.10) we have that |v(z,7)| < 1, for all z € U, t > 0. For t = 0 we obtain v(z,0) = ¢. Using
the hypothesis we obtain that |[v(z,0)] < 1 for all z € U. So, |v(z,1)| < 1 for all z € U and ¢t > 0. Hence and
n

y,(2) 1s univalent and analytic in U.

.....

from Theorem 1.5 for 8 = 71—] we obtain that J,, ,,
j=1

Corollary 2.4. Lety € C,Re (}y) >0andc e C,lc| <1, ¢ # —1. We suppose that the function f defined by
(1.1) is analytic in U. If

2 2 z2f"(z
clelr + (1 =lz7) lf © <1
3 (@)
for all z € U, then the function
z :
1 -1 1
Jy(@) = 5 - (f(0)vde
0
is analytic and univalent in U.
Remark. Fory; = y» = -+ =y, = y = 1 in Theorem 2.3 we obtain Ahlfor’s and Becker’s criterion of

univalence.
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