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Abstract
In this paper we consider vector valued (X-valued with X a Banach space) distributions on the euclidean space Rd, extending

the T -periodicity, and the T -periodic transform with T = (T1, ....,Td) ∈ Rd, Ti > 0 from the scalar case to the Banach space valued
case.

Besides immediate basic properties of these concepts, a realization of the space of X-valued T -periodic distributions, up to a
toplinear isomorphism, as the space of all bounded linear operators from the space of T -periodic test functions to the Banach space
X is given.
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1. Introduction

It is well known the part played by the concept of ”periodicity” in the mathematical description of the
state of a ”phenomenon” with some rhythmic evolutions, appearing in different particular sciences.

But in spite of fact that mathematical models are often well described in terms of vector valued periodic
functions, there are many situations in which the ordinary concept of function is not satisfactory. Such
situations are mainly determined by the absence of derivability of such functions, especially when the
evolutions of the phenomena to be modeled must satisfy a law expressed by a differential equation. Such
difficulties are well overcome in the more general setting of distributions, or, if we wish to describe a class
of larger and more complex situations, of vector valued distributions.

It is the aim of this paper to enlarge the domains (the possibilities) of application of vector valued
periodic functions, extending some important results on scalar periodic distributions to the vector valued
case.

Let us mention that there is a very rich literature regarding distributions and even their periodicity in
the scalar case (see (Schwartz, 1950), (Zemanian, 1965), (Kecs, 1978)), as well as the new developments
connected especially to the theory of topological linear spaces, including some general aspects from the
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vector valued case (see (Schwartz, 1953a), (Schwartz, 1953b), (Gaşpar & Gaşpar, 2009), (Schwartz, 1957)),
which we shall use elsewhere.

The content of the paper runs as follows.
In Section 2 we recall and complete some necessary basic results on the spaces of test functions and of

locally r-summable functions on the euclidean space Rd with respect to the Lebesgue measure md(·), the
T -periodicity with respect to a general period T = (T1,T2, ...,Td) ∈ Rd, Ti > 0, the T -periodic transform
taking a special place.

The Section 3 is devoted to the main results of the note.
Considering the class of X-valued T -periodic distributions as a subspace of the space of all X-valued

distributions (X a Banach space), which is invariant to the multiplication operator with T -periodic test
functions (Proposition 3.2) and to derivation (Proposition 3.3), the T -periodic transform is extended from
the space of compactly supported test functions to the space of compactly supported X-valued distributions
(Theorem 3.1).

It is also proved that the space of X-valued T -periodic distributions is isomorphic as linear topological
space to the space of all bounded linear operators from space of T -periodic test functions on X (Theorem
3.2 and Theorem 3.3).

2. Periodic functions

In this section we define the T -periodicity for test and locally summable scalar functions, as well as the
T -periodic transform on the space of scalar test functions.

Definition 2.1. (see (Zemanian, 1965), chap. 11, § 2, p. 314) An ordinary function f : Rd → C is said
to be periodic if there exists T = (T1,T2, ...,Td) ∈ Rd, Ti > 0, such that (LT f )(t) = f (t), t ∈ Rd, where
Lτ, τ ∈ Rd means the translation operator on Rd. T is called a period of f . The set of all periods of f is kT
(kT = (k1T1, ..., kdTd), k ∈ Zd). The ”smallest” period is called the fundamental period of f .

We will denote by [0,T ] the d-dimensional ”parallelepiped” [0,T1] × [0,T2] × ... × [0,Td], T =

(T1,T2, ...,Td) ∈ Rd, Ti > 0, i ∈ N.

Definition 2.2. (see (Zemanian, 1965), chap. 11, § 2, p. 314) A function θ : Rd → C will be called
T -periodic test function, if it is periodic of period T and infinitely smooth. The space of all such T -periodic
test functions will be denoted byDT (Rd) orDd,T .

Let us recall the basic well known spaces of test functions used in distributions theory (see (Gaşpar &
Gaşpar, 2009), (Schwartz, 1950)): D(Rd), S(Rd), E(Rd), B(Rd),Ḃ(Rd) and OM(Rd) which we shall briefly
denote Dd, Sd, Ed, Bd, Ḃd and Od,M. We also denote the Lebesgue spaces Lr

d of r-summable complex
functions on Rd with respect to the Lebesgue measure md on Rd and Lr

d,loc of locally r-summable complex
valued functions on Rd, while Lr

d,T means the set of all elements from Lr
d,loc, which are T -periodic, where

1 ≤ r ≤ ∞. For the space of all complex functions from Ed which together with all derivatives are in Lr
d we

use the notation Dd,Lr 1 ≤ r ≤ ∞ and Bd = Dd,L∞ (see (Schwartz, 1950), p. 55). For r = 1 we obtain the
space of summable test functionsDd,L1 .

These spaces satisfy the inclusions (with continuous embeddings):

Dd ⊂ Sd ⊂ Dd,L1 ⊂ Dd,Lr ⊂ Ḃd ⊂ Bd ⊂ Od,M ⊂ Ed (2.1)

(see (Schwartz, 1950))
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Remark. Dd,T is a linear space and following inclusions hold

Dd,T ⊂ Bd ⊂ Od,M ⊂ Ed. (2.2)

The spaceDd,T will be endowed with the topology induced from Bd, i.e. a sequence {θk}k∈N fromDd,T

converges to zero, if the sequences of all derivatives {Dαθk}k∈N (α ∈ Nd) converge uniformly to zero.

Definition 2.3. The T -periodic transform on Dd denoted by $T (for T=(1,...,1) see (Schwartz, 1950), p.
85) is theDd,T -valued operator onDd defined by

($Tϕ)(t) =
∑
n∈Zd

ϕ(t − nT ) =
∑
n∈Zd

(LnTϕ)(t), t ∈ Rd, ϕ ∈ Dd. (2.3)

A function ξ from Dd is called a T -unitary function, or a T -partition of unity (see (Kecs, 1978), chap. 3, §
2, p. 133 and (Zemanian, 1965), chap. 11, § 2, p. 315), if $T ξ = 1. The space of all such functions ξ will
be denoted byUT (Rd), orUd,T .

Remark. $T is a continuous linear operator fromDd ontoDd,T .

Indeed, it is easy to see that $T is linear in ϕ and, if ϕ j converges to zero ( j → ∞) in Dd, then $Tϕ j

converges to zero in Dd,T . Moreover $T is an onto mapping, since for any θ ∈ Dd,T and a fixed ξ ∈ Ud,T ,
we have ξθ ∈ Dd and $T (ξθ) = θ. In this context it is obvious that the mapping

Dd,T 3 θ 7→ ξθ ∈ Dd, (2.4)

is a linear continuous ”inverse” of $T .

Remark. For each ϕ ∈ Dd the sum
∑

n∈Zd
(LnTϕ)(t) is finite and because LT (

∑
n∈Zd

(LnTϕ)) =
∑

n∈Zd
(LnTϕ), it

defines a function fromDd,T .

Remark. $T can be extended in a natural way to the spaceDd,L1 (compare with (Schwartz, 1950), p. 86).

Remark. It is immediately seen that
Dd = Ud,TDd,T , (2.5)

holds.

Let us mention that this T -periodic transform on the space of test functions is used in the study of scalar
periodic distributions by extending this transform from test functions to distributions. Namely such a T -
periodic transform is extended to the space of compactly supported distributions, E′d (see (Kecs, 1978), p.
138) and to the space D′

d,L1 of summable distributions (see (Schwartz, 1950), p. 86). We try to do that for
the case of vector valued distributions in the next Section.

3. T-periodic transform of X-valued distributions

At the beginning let us recall some general facts.

Definition 3.1. (see (Schwartz, 1957), chap. II, § 2) Let X be a Banach space. Any linear and continuous
operator U : Dd → X is an X-valued distribution on Rd. The set of all X-valued distributions on Rd will be
denoted byD′d(X).

Analogously, we can introduce the spaces S′d(X) of X-valued tempered distributions, E′d(X) of X-valued
”compactly” supported distributions and B′d(X) of X-valued bounded distributions.
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Remark. D′d(X) = D′dεX, S′d(X) = S′dεX, E′d(X) = E′dεX, B′d(X) = B′dεX, where by ε we have denoted the
ε - product (see (Schwartz, 1957), chap. I, § 2).

Considering also X-valued test functions and the corresponding spaces the following inclusions hold
with continuous embeddings:

Dd(X) ⊂ Sd(X) ⊂ Dd,L1(X) ⊂ Dd,Lr (X) ⊂ Ḃd(X) ⊂ Bd(X) ⊂ Od,M(X) ⊂ Ed(X)

∩ ∩ ∩ ∩ ∩ ∩ ∩ ∩

E′d(X) ⊂ O′d,c(X) ⊂ D′d,L1(X) ⊂ D′d,Lr (X) ⊂ Ḃ′d(X) ⊂ B′d(X) ⊂ S′d(X) ⊂ D′d(X),
(3.1)

(see (Schwartz, 1950), (Popa, 2007)).
Analogously to the Lebesque type spaces Lr

d, Lr
d,loc, Lr

d,T of complex valued functions, we associate in
an obvious way the corresponding spaces Lr

d(X), Lr
d,loc(X), Lr

d,T (X) (1 ≤ r ≤ ∞) of X-valued functions.
Let us consider now F ∈ L1

d,loc(X). The operator UF defined by

UF(ϕ) :=
∫
Rd

ϕ(t)F(t)dt, ϕ ∈ Dd (3.2)

is clearly linear and continuous onDd, hence UF ∈ D
′
d(X).

Identifying F with UF , the following continuous embeddings holds

Lr
d(X) ⊆ Lr

d,loc(X) ⊆ L1
d,loc(X) ⊆ D′d(X). (3.3)

For any ϕ ∈ Dd we recall the definition of the following operators on the spaces of X-valued distributions
defined with the help of corresponding operators on the spaces of test functions:

• The translations (LτU)(ϕ) := U(L−τϕ), τ ∈ Rd;

• Multiplications with functions (MψU)(ϕ) := U(Mψϕ), ψ ∈ Ed;

• The derivation (DαU)(ϕ) := (−1)|α|U(Dαϕ), α ∈ Zd, |α| = α1 + ... + αd.

Now we try to extend to the vector valued case and d > 1 some results regarding the scalar periodic
distributions treated in (Schwartz, 1950), (Zemanian, 1965), (Kecs, 1978).

Definition 3.2. A vector valued distribution U ∈ D′d(X) is said to be T -periodic, where T = (T1, ...,Td) ∈
Rd, Ti > 0, when LT U = U. T is called a period of U. The set of all periods of the distribution U is
kT, k ∈ Zd. The ”smallest” period is called the fundamental period of U (see (Zemanian, 1965) for d = 1)

By D′T (Rd, X), or D′d,T (X), we shall denote the space of all such X-valued T -periodic distributions
having the same period T ∈ Rd, Ti > 0 (T - fixed).

In the next Theorem we extend the T -periodic transform from the space of compactly supported test
functions, to the space of compactly supported X-valued distributions.

Theorem 3.1. If V ∈ E′d(X), then
∑

n∈Zd
LnT V defines an X-valued T-periodic distribution U.

Conversely, any X-valued T-periodic distribution U ∈ D′d,T (X) can be written as follows

U =
∑
n∈Zd

LnT V, (3.4)

where V ∈ E′d(X).
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Proof. Since X is a Banach space, E′d(X) consists just of the compactly supported X-valued distributions
(see (Schwartz, 1957), p. 62), hence the sum

∑
n∈Zd

LnT V contains a finite nonzero terms. Denoting by U this

X-valued distribution, we successively have

LT U = LT

∑
n∈Zd

LnT V =
∑
n∈Zd

LT (LnT V) =
∑
k∈Zd

LkT V = U,

i.e. U ∈ D′d,T (X).

Conversely, let us consider U ∈ D′d,T (X) an X-valued T -periodic distribution and ξ ∈ Ud,T . Now the
X-valued distribution V = MξU (which is obvious from E′d(X)) satisfies∑

n∈Zd

LnT V =
∑
n∈Zd

LnT (ξU) = U.

From Theorem 3.1 it results that the operator$T defined by U = $T V given by (3.4) is an onto mapping
from E′d(X) ontoD′d,T (X). It will be called the T-periodic transform on X-valued distributions.

Remark. It is a simple matter to observe that an analog of (2.5) also holds:

E′d(X) = Ud,TD
′
d,T (X). (3.5)

Remark. When V ∈ D′d,Lr (X), then is not difficult to see that
∑

n∈Zd
LnT V also makes sense, meaning that$T

can be naturally extended toD′
d,L1(X).

Remark. Regarding the mapping$T , from the successive equalities

($T V)(ϕ) =
∑
n∈Zd

(LnT V)(ϕ) = V(
∑
n∈Zd

L−nTϕ) = V($Tϕ), ϕ ∈ Dd,

we see that$T is the restrictions to E′d(X) of the ”adjoint” operator$′T ∈ B(B′d(X),D′d(X)).

This transformation enables us to identify, up to an isomorphism, the space of X-valued T -periodic
distributions on Rd with the ”dual” of Dd,T , i.e. with the space B(Dd,T , X) of all bounded linear operators
fromDd,T to X. Indeed now we can prove

Theorem 3.2. (a) For each U ∈ D′d,T (X), the operator UT defined by

UT (θ) := (U, ξθ), θ ∈ Dd,T , (3.6)

is correctly defined, being independent of the choice of ξ ∈ Ud,T .

(b) UT ∈ B(Dd,T , X).

Proof. (a) For any U ∈ D′d(X) we have that ηU ∈ E′d(X), η ∈ Ud,T , where ηU(ϕ) = U(ηϕ), ϕ ∈ Dd. Also,
because ∑

n∈Zd

(LnTηU)(ϕ) = U
( ∑

n∈Zd

LnTη
)
(ϕ) = U(ϕ), ϕ ∈ Dd,
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we have

U =
∑
n∈Zd

LnTηU.

For any ξ and η ∈ Ud,T , assuming that U is T -periodic, we can write U = LnT U and for any θ ∈ Dd,T

we have

(U, ξθ) =
( ∑

n∈Zd

LnTηU, ξθ
)

=
∑
n∈Zd

(ULnTηξ, θ) =
∑
n∈Zd

(LnTηU, ξθ) =
∑
n∈Zd

(ηU, L−nT ξθ)

= (U, η
( ∑

n∈Zd

L−nT ξ
)
θ) = (U, ηθ),

for any ξ, η ∈ Ud,T and θ ∈ Dd,T .

(b) We show that UT from (3.6) is a linear and continuous operator between Dd,T and X, i.e. UT ∈

B(Dd,T , X).
For linearity, let us consider the functions θ1, θ2 ∈ Dd,T and α, β ∈ C. Then

UT (αθ1 + βθ2) = (U, ξ(αθ1 + βθ2)) =

= α(U, ξθ1) + β(U, ξθ2) = αUT (θ1) + βUT (θ2).

For continuity of UT we consider the sequence {θk}
∞
k=1 converging to 0 in Dd,T . Because, in this case,

ξθk → 0, (k → ∞) inDd it results

UT (θk) = (U, ξθk)→ 0, (k → ∞).

In this wayD′d,T (X) is linearly continuously embedded in B(Dd,T , X).
Before proving that U 7→ UT is a toplinear isomorphism let us put in evidence the embedding of vector

valued T -periodic summable functions inD′d,T (X).

Proposition 3.1. If UF is a distribution corresponding to the locally integrable X-valued T-periodic func-
tion F, then (UF)T from (3.2) will be expressed by the integral on a parallelepiped of the form

[a, a + T ] = [a1, a1 + T1] × [a2, a2 + T2] × ... × [ad, ad + Td], a ∈ Rd.

Proof. Let F ∈ L1
T (Rd, X) ⊂ L1

loc(Rd, X). Then for the distribution UF ∈ D
′(Rd, X) from (3.2) and θ ∈ Dd,T ,

ξ ∈ Ud,T , a, T ∈ Rd, Ti > 0, we have

(UF)T (θ) = (UF , ξθ) =

∫
Rd

F(t)ξ(t)θ(t)dt =
∑
n∈Zd

∫
[a+nT,a+nT+T ]

F(t)ξ(t)θ(t)dt =

=
∑
n∈Zd

∫
[a,a+T ]

F(t + nT )ξ(t + nT )θ(t + nT )dt =

∫
[a,a+T ]

F(t)θ(t)
∑
n∈Zd

ξ(t + nT )dt =

∫
[a,a+T ]

F(t)θ(t)dt,

because F and θ are T -periodic, and
∑

n∈Rd
ξ(t + nT ) = 1.



Păstorel Gaşpar et al. / Theory and Applications of Mathematics & Computer Science 2 (1) (2012) 1–9 7

Remark. The map L1
T (X)(⊂ L1

loc(X)) 3 F 7→ UF ∈ D
′
d,T (X) being linear and injective, the space L1

T (X) is
linear continuous embedded inD′d,T (X) through F ≡ UF , where (compare with (3.2) and (3.3))

(UF)T (θ) =

∫
[0,T )

F(t)θ(t)dt, θ ∈ Dd,T . (3.7)

Proposition 3.2. The multiplication of a vector valued T-periodic distribution U ∈ D′d,T (X) with a T-
periodic test function ψ ∈ Dd,T is also a vector valued T-periodic distribution, i.e.

MψU ∈ D′d,T (X).

Proof. We consider the vector valued periodic distribution U ∈ D′d,T (X) and the periodic test function
ψ ∈ Dd,T .

We show that MψU ∈ D′d,T (X). Because (MψU)(ϕ) = U(ϕψ), ϕ ∈ Dd is easy to see that MψU is linear
and continuous as operator fromDd to X. It remains to show that MψU is an X-valued periodic distribution
of period T . Applying LT U = U and LTψ = ψ, we have:

(LTψU)(ϕ) = (ψU)(L−Tϕ) = U(ψL−Tϕ) = U(L−T (LTψ)ϕ) =

= LT U((LTψ)ϕ) = U(ϕψ) = (ψU)(ϕ), ϕ ∈ Dd.

Remark. D′d,T (X) = D′d,TεX.

Indeed, Dd,T have the topology γ, i.e. ((Dd,T )′c)′c = Dd,T , where (Dd,T )′c is the dual of Dd,T endowed
with the uniform convergence topology on the absolutely convex and compact sets fromDd,T , and

(Dd,T (X))′c ≈ Lc(Dd,T , X) ≈ Lε(X′c, (Dd,T )′c) ≈ (Dd,T )′c⊗̂εX

(compare with (Schwartz, 1953a), (Schwartz, 1953b) and (Schwartz, 1957))

Proposition 3.3. The subspaceD′d,T (X) ofD′d(X) is invariant to the derivation operators Dα, α ∈ Nd.

Proof. We successively have
U ∈ D′d,T (X)⇒ LT U = U ⇒

⇒ (DαU)(ϕ) = (−1)|α|U(Dαϕ) = (−1)|α|(LT U)(Dαϕ) = (−1)|α|U(L−T Dαϕ)

and
(LT DαU)(ϕ) = (DαU)(L−Tϕ) = (−1)|α|U(DαL−Tϕ),

respectively.
Because L−T Dαϕ = DαL−Tϕ it follows that LT (DαU) = DαU.

Finally we shall prove that the map constructed in Theorem 3.2,

D′d,T (X) 3 U 7→ UT ∈ B(Dd,T , X) (3.8)

is a toplinear isomorphism.



8 Păstorel Gaşpar et al. / Theory and Applications of Mathematics & Computer Science 2 (1) (2012) 1–9

By applying the properties of the T -periodic transform $T onDd, because of (3.6), for any ϕ ∈ Dd, we
have (U, ϕ) = UT ($Tϕ) = ($′T UT )(ϕ), i.e.

U = $′T UT . (3.9)

Therefore, for each λ1, λ2 ∈ C and every θ ∈ Dd,T , we have

(λ1U1 + λ2U2)T (θ) = (λ1U1 + λ2U2)(ξθ) =

= λ1U1(ξθ) + λ2U2(ξθ) = (λ1(U1)T + λ2(U2)T ) (θ).

The injectivity results from the successive implications

UT = 0⇒ $′T UT = 0⇒ U = 0.

For continuity we have that

Un
D′d,T
−→ 0⇒ Un(ϕ) −→ 0, ϕ ∈ Dd ⇒ $

′
T (Un)T (θϕ) −→ 0⇒

(Un)T ($Tϕ) −→ 0, ϕ ∈ Dd ⇒ (Un)T (θ) −→ 0, θ ∈ Dd,T ⇒ (Un)T
B(Dd,T ,X)
−→ 0.

Let us consider an element V from B(Dd,T , X) and define U by U(ϕ) = V($Tϕ), ϕ ∈ Dd. So U is an
X-valued T -periodic distribution from D′d(X), i.e. U ∈ D′d,T (X). Indeed U satisfies LT U = U, because,
from

$T (L−Tϕ) = $T (ϕ), ϕ ∈ Dd,

we have:
(LT U)(ϕ) = U(L−Tϕ) = V($Tϕ) = U(ϕ), ϕ ∈ Dd.

Hence we have constructed just the inverse of (3.8), which is easy to see that it is also continuous. Thus
we obtain

Theorem 3.3. The mapping (3.8) is a toplinear isomorphism fromD′d,T (X) onto B(Dd,T , X).

Proof. It only remains to prove that {(Uk)T }
∞
k=1 converges in B(Dd,T , X) to zero then {(Uk)}∞k=1 converges in

D′d(X) to zero. Indeed, for ξ inUd,T and θ inDd,T , we have

(Uk)T (θ) = (Uk, ξθ)→ 0, (k → ∞),

which means Uk → 0 (k → ∞) inD′d(X).
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