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Abstract

In this article we introduce the notion 7 -cluster points, and investigate the relation between 7 -cluster points and limit points
of sequences in the topology induced by random 2-normed spaces and prove some important results.
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1. Introduction

Probabilistic metric (PM) spaces were first introduced by Menger (Menger, 1942) as a generalization
of ordinary metric spaces and further studied by Schweizer and Sklar (Schweizer & Sklar, 1960, 1983).
The idea of Menger was to use distribution function instead of non-negative real numbers as values of the
metric. In this theory, the notion of distance has a probablistic nature. Namely, the distance between two
points x and y is represented by a distribution function F',; and for ¢ > 0, the value Fy, (7) is interpreted
as the probability that the distance from x to y is less than ¢. After that it was developed by many authors.
Using this concept, Serstnev (Serstnev, 1962) introduced the concept of probabilistic normed space. It pro-
vides an important method of generalizing the deterministic results of linear normed spaces. It has also
very useful applications in various fields, e.g., continuity properties (Alsina et al., 1997), topological spaces
(Frank, 1971), linear operators (Golet, 2005), study of boundedness (Guillén ef al., 1999), convergence of
random variables (Guillén & Sempi, 2003), statistical and ideal convergence of probabilistic normed space
or 2-normed space (Karakus, 2007), (Mohiuddine & Savas, 2012), (Mursaleen, 2010), (Mursaleen & Mohi-
uddine, 2010), (Mursaleen & Mohiuddine, 2012), (Mursaleen & Alotaibi, 2011), (Rahmat & Harikrishnan,
2009), (Tripathy et al., 2012) etc.

The concept of 2-normed spaces was initially introduced by Géhler (Gihler, 1963), (Gihler, 1964) in the
1960’s. Since then, many researchers have studied these subjects and obtained various results (Gunawan &
Mashadi, 2001), (Giirdal & Pehlivan, 2004), (Giirdal, 2006), (Giirdal & Acik, 2008), (Giirdal et al., 2009),
(Savas, 2011), (Siddiqi, 1980), (Sahiner et al., 2007).

P. Kostyrko et al (cf. (Kostyrko et al., 2000); a similar concept was invented in (Katétov, 1968)) in-
troduced the concept of J-convergence of sequences in a metric space and studied some properties of such
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convergence. Note that 7-convergence is an interesting generalization of statistical convergence. The notion
of statistical convergence of sequences of real numbers was introduced by H. Fast in (Fast, 1951) and H.
Steinhaus in (Steinhaus, 1951).

There are many pioneering works in the theory of 7-convergence. The aim of this work is to introduce
and investigate the relation between J-cluster points and ordinary limit points of sequence in random 2-
normed spaces.

2. Definitions and Notations
First we recall some of the basic concepts, which will be used in this paper.

Definition 2.1. ((Freedman & Sember, 1981), (Fast, 1951)) A subset E of N is said to have density ¢ (E)
if 6(E) = limn™! o1 XE (k) exists. A number sequence (x,),cy is said to be statistically convergent
n—oo

to Lif forevery e > 0, 0({n e N:|x, —L| > ¢}) = 0. If (x,),ey 1s statistically convergent to L we write
st-lim x,, = L, which is necessarily unique.

Definition 2.2. ((Kelley, 1955), (Kostyrko et al., 2000)) A family 7 c 2¥ of subsets of a nonempty set ¥
issaidtobe anidealin Yif (i)0 € 7; (ii) A, Be T imply AUBe I;(iliy)AcI,BCAimplyBe 1. A
non-trivial ideal 7 in Y is called an admissible ideal if it is different from P (N) and it contains all singletons,
i.e., {x} € T foreach x € Y.

Let 7 ¢ P(Y) be a non-trivial ideal. Aclass # (J) = {McY:3dAe 1 : M = Y\A} is a filter on ¥,
called the filter associated with the ideal 7.

Definition 2.3. ((Kostyrko et al., 2000), (Kostyrko et al., 2005)) Let I C 2N be a nontrivial ideal in N.
Then a sequence (x,),cn in X is said to be Z-convergent to L € X, if for each € > 0 the set A(e) =
{n e N:|x, — L|| > €} belongs to 1.

Definition 2.4. ((Gihler, 1963) (Gihler, 1964)) Let X be a real vector space of dimension d, where 2 < d <
co. A 2-norm on X is a function ||-,-]| : X X X — R which satisfies (i) ||x,y|| = O if and only if x and y are
linearly dependent; (ii) [lx, yll = Ily, xI 5 (iii) llax, yll = lalllx, yll, @ € R; (iv) [lx,y + zll < [lx, yll + [Ix, zll . The
pair (X, ||+, -||) is then called a 2-normed space.

As an example of a 2-normed space we may take X = R? being equipped with the 2-norm ||x, y|| := the
area of the parallelogram spanned by the vectors x and y, which may be given explicitly by the formula

e, Il = [x1y2 = xoy1l, x=(x1,x2), y=O1,)2).

Observe that in any 2-normed space (X, ||-, -||) we have ||x, y|| > 0 and ||x, y + ax|| = ||x, y|| for all x,y € X and
a € R. Also, if x, y and z are linearly dependent, then ||x, y + z|| = ||x, y||+||x, zl| or ||x, ¥ — 2| = |Ix, yI|+|x, 2l -
Given a 2-normed space (X, |-, :||) , one can derive a topology for it via the following definition of the limit
of a sequence: a sequence (x,) in X is said to be convergent to x in X if lim,— ||x, — x,¥|| = 0 for every
yeX.

All the concepts listed below are studied in depth in the fundamental book by Schweizer and Sklar
(Schweizer & Sklar, 1983).

Definition 2.5. Let R denotes the set of real numbers, R, = {x€R: x>0} and S = [0, 1] the closed unit
interval. A mapping f : R — § is called a distribution function if it is nondecreasing and left continuous
with infeg f(#) = 0 and sup,r f () = 1.
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We denote the set of all distribution functions by D* such that f(0) = 0. If a € R, then H, € D*,

where
1, ift>a,

0, iftr<a.

H, (1) = {
It is obvious that Hy > f for all f € D*.

Definition 2.6. A triangular norm (#-norm) is a continuous mapping * : § X § — § such that (S, %) is an
abelian monoid with unitone and c *d <ax*bifc <aandd < b forall a,b,c,d € S. A triangle function 7
is a binary operation on D which is commutive, associative and 7 (f, Hy) = f for every f € D*.

Definition 2.7. Let X be a linear space of dimension greater than one, 7 is a triangle, and F : X X X —
D*. Then F is called a probabilistic 2-norm and (X, F, 7) a probabilistic 2-normed space if the following
conditions are satisfied:

(2.2.1) F(x,y;t) = Hy(?) if x and y are linearly dependent, where F(x,y; ) denotes the value of F(x,y)
att € R,

(2.2.2) F(x,y; 1) # Ho(¢) if x and y are linearly independent,

(22.3) F(x,y;t) = F(y, x;t) for all x,y € X,

(2.2.4) F(ax,y;t) = F(x,y; Fntvl) forevery r > 0,a # O and x,y € X,

225 F(x+y,z;t) 2 7(F(x,z; 1), F(y,z;t)) whenever x,y,z € X and t > 0,

If (2.2.5) is replaced by

(22.5) F(x+y,z;01 + ) > F(x,z:t1) % F(y,z:1) forall x, y,z € X and t1, 1, € R,;
then (X, F, *) is called a random 2-normed space (for short, RTN space).

Remark. Note that every 2-norm space (X, ||.,.||) can be made a random 2-normed space in a natural way,
by setting

(@) F(x,y;t) = Ho(t — ||x, yll), for every x,y € X,t > 0and a * b = min{a, b},a,b € S;

(ii) F(x,y;t) = —— forevery x,y € X,t >0and a x b = ab fora,b € S.

A
Let (X, F, =) be an RTN space. Since * is a continuous ¢-norm, the system of (g, A4)-neighborhoods of 6
(the null vector in X)
{Ny(e, ) : €>0, 1€ (0, 1)},

where
No(g, ) ={xeX: Fye)>1-A4}.

determines a first countable Hausdorff topology on X, called the F-topology. Thus, the F-topology can be
completely specified by means of F-convergence of sequences. It is clear that x —y € Ny means y € N, and
vice versa.

A sequence x = (x,) in X is said to be F-convergence to L € X if for every € > 0, A € (0, 1) and for each
nonzero z € X there exists a positive integer N such that

Xn, 2 — L € Ny(g, A) foreachn > N

or equivalently,
Xn,Z € Ni(g, ) foreachn > N.

In this case we write F-lim x,,,z = L.



18 Mehmet Giirdal et al. /| Theory and Applications of Mathematics & Computer Science 2 (1) (2012) 15-22

3. The Relation Between 7 -cluster Points and Ordinary Limit Points in Random 2-Normed Spaces

It is known (see (Fridy, 1993)) that statistical cluster I'y and statistical limit points set A, of a given
sequence (x,) are not altered by changing the values of a subsequence the index set of which has density
zero. Moreover, there is a strong connection between statistical cluster points and ordinary limit points of a
given sequence. We will prove that these facts are satisfied for J-cluster and 7-limit point sets of a given
sequences in the topology induced by random 2-normed spaces

Definition 3.1. Let (X, F, ) be an RTN space, J be an admissible ideal and x = (x,) € X.
(i) An element L € X is said to be an Z-limit point of the sequence x with respect to the random 2-norm
F (or I% (x)-limit point) if there is a set M = {n; < ny < ...} ¢ Nsuch that M ¢ 7 and F—klim Xn,»2 = L for

each nonzero z in X. The set of all I %—limit points of x is denoted by 7 (A?7 (x)) .
(ii) An element L € X is said to be an 7-cluster point of x with respect to the random 2-norm F (or
I %-cluster point) if for each £ > 0, A € (0, 1) and nonzero z in X

(neN:x,,ze Ni(g,)} ¢ I.
The set of all %—cluster points of x is denoted by 1 (F%_ (x)) .

Proposition 3.1. Let (X, F,*) be an RTN space and I be an admissible ideal. Then for each sequence
X = (Xp)nen Of X we have T (1\12F (x)) crl (F% (x)) and the set T (I“% (x)) is a closed set.

Proof. LetL € I(/\%- (x)) . Then there exists a set M = {n; < np < ...} ¢ 1 such that
F-limx,,z = L (3.1

for each nonzero z in X. According to 3.1, for each £ > 0, 4 € (0, 1) and nonzero z in X there exists a positive
integer ko such that for k > ko we have x,,,z € N(e, 1). Hence

{neN:x,,ze Np(e, D)} > M\ {ny, ... ng}

and so
(neN:x,,ze Ni(g,)} ¢ T,

which means that L € T (1"12r (x)) .

Lety € I (I'%). Take £ > 0 and A € (0, 1).. There exists L € 7 (I (x)) 0 Ny (v, £, 4) . Choose 7 > 0 such
that Ny (L,n, 1) € Ny (v, &, ). We obviously have

(neN:y—x,z€ Ny(e, )} D{neN:L-x,z¢€ Ny )}.
Hence (n € N:y—x,,2€ No(e, )} ¢ T and y € T (% (x)). O

Definition 3.2. Let (X, F, ) be an RTN space, 7 be an admissible ideal and x = (x,),cn be a sequence in
X.

If K = {k; < ky < ...} € 7, then the subsequence xg = (xg),cn in X is called 7 %-thin subsequence of the
sequence x in X.

If M ={m <mp <..} ¢ I, then the subsequence xp; = (x,) ey in X is called I %-nonthin subsequence
of the sequence x in X.
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Itisclear thatif Lisa 7 %—limit point of x € X, then thereisa I %—nonthin subsequence x,, that convergent
to L with respect to the random 2-norm F.

Definition 3.3. Let (X, F, *) be an RTN space and x = (x,),cny € X. An element L € X is said to be limit
point of the sequence x = (x,) with respect to the random 2-norm F if there is subsequence of the sequence
x which converges to L with respect to the random 2-norm F. By L% (%), we denote the set of all limit points
of the sequence x = (x,) with respect to the random 2-norm F.

Itis obvious 7 (A% (x)) € L2 (x), I (T2 (x)) € L2 (x) : Take L € T (T (x)) , then {n € N : x,,2 € N1 (8, D)} ¢
I foreache > 0,1 € (0,1)and nonzerozin X.If L ¢ L% (x), then there is &’ > 0 such that Ny, (¢’, A) contains

only a finite number of elements of x in X. Then {n € N : x,,z € Ny (¢’, 1)} € 7, but it contradicts to
Le I (T2 (x)). Hence x € 7 (T2 (x)). Thus x € L2 (x), and so T (T2 (x)) € L2 (x).

Lemma 3.1. Let (X, F, %) be an RTN space and I be an admissible ideal. For a sequence x = (x,) € X, if x
is I p-convergent with respect to the random 2-norm F, then 1 (A% (x)) and T (F% (x)) are both equal to the
singleton set {1 p-1im x,, z} for each nonzero z in X.

Proof. Let I p-lim, x,,,z = L. Show that L € T (A% (x)). By definition of J g-convergence we have
A, V)={neN:x,z¢ N.(g, D)} e T

for each € > 0, 4 € (0,1) and nonzero z € X. Since J is an admissible ideal we can choose the set M =
{m <mp < ..} ¢ N such that i ¢ A(,4)and xy,.z € Ny (. 4) for all k € N. That is F-limy_ Xy, = L.
Suppose M € 1. Since M Cc {n e N : x,,,z€ N (1, D)},

MN\M)N{neN:x,,ze N.(1,D)} =0,

but N\M € ¥ (1) and
(neN:x,,ze Ne(L,D)}eF ().

This contradiction gives M ¢ 7. Hence we get M = {nj<my<..}] ¢ Nand M ¢ I such that F-
lim o Xn 2 = Ly ie., L € T (A2 (x)). Since T (A2 (x)) € I (T3 (x)). € € T (% (x).

Now we suppose there isnp € 7 (FI% (x)) such that 7 # L. It is clear that

- L
A={n€N:xn,z€ENL(|77 l,/l)}ef

2

and

- L
B:{neN:xn,zeNL(ln2 l,/l)}eéf

for A € (0,1) and each nonzero z € X. We have B C A € 7. This contradiction shows 1 (F% (x)) = {L}.
Hence from inclusion J (A% (x)) crl (F2F (x)) = {L}, we have (A% (x)) =71 (F% (x)) = L. The lemma is
proved. O

Theorem 3.2. Let (X, F, *) be an RTN space, I be an admissible ideal and x = (x,) ,y = (y,) are sequences
in X such that
M={neN:x,#y,}el.

Then I (A2 (x)) = I (A% (y)) and I (T (x)) = I (T2 ().
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Proof Let M = {n€N: x, #y,} € I.1f L € T (A2 (x)), then there is a set K = {n; <m < ...} ¢ T such
that F-limy x,,,z = L. Given € > 0 and A € (0, 1) there exists N € N such that x,,,z ¢ N (g,4) fork > N
andnonzeroz € X. Since K1 ={neN:neKAx, #y,JCMel,

Ky=(neN:neKAx,=y,} ¢ 1.

Indeed, if K; € 1, then K = K1 U K € 7, but K ¢ 1. Hence the sequence yk, = (Yn),ek, is an I %-nonthin
subsequence of y = (y,),en and yk, convergent to L with respect to the random 2-norm F. This implies that
L € I (A2 (y)). Similarly we can show that T (A2 (y)) ¢ I (A% (x)). Hence T (A2 (y)) = T (A2 (x)). Now
let L € 7 (I (x)). Then

Bi={neN:x,ze No(e, )} ¢ 1

for each € > 0, A € (0, 1) and nonzero z € X and
Bo=neN:neB Ax,=y,} ¢ 1.

Therefore, By C {n € N : y,,z € Ni(e, D)} It shows that {n € N : y,.z € Np (8, D)) ¢ T.ie., Le I (T2 (y)).
The theorem is proved. O

The next theorem proves a strong connection between J %—cluster and limit points of a given sequence
with respect to the random 2-norm F.

Definition 3.4. (Kostyrko et al., 2000) An admissible ideal 7 c P (N) is said to satisfy the property (AP)
if for every sequence (A,),cn Of pairwise disjoint sets of 7 there are sets B, C N, n € N, such that the
symmetric difference A,AB,, is a finite set for every n € N and U,enB,, € 7.

Theorem 3.3. Let (X, F,*) be an RTN space and I be an admissible ideal with property (AP) and x =
(x,) be a sequence in X. Then there is a sequence y = (y,) € X such that L% ) =1 (1“12r (x)) and
fneN:x, #y,}el.

Proof. If T (1"12r (x)) = L% (x), then y = x and this case is trivial. Let 1 (F% (x)) be a proper subset of
L% (x). Then L% ()\T (Flz, (x)) # @ for each L € L% ()\T (F% (x)). There is an I %—thin subsequence
(xjk)keN of x such that lim; x; z = L, i.e., given € > 0, 4 € (0, 1) there exists a positive integer N
such that x;,z ¢ N (g,4) for k > N and nonzero z € X. Hence there exists an N7 (g, 1) such that
(ke N:x,ze N =NL(@6,A)} €T foreachd >0, A € (0,1) and nonzero z € X.

It is obvious that the collection of all Ny ’s is an open cover of L% )\ (1"12r (x)). So by Covering
Theorem there is a countable and mutually disjoint subcover {N ]}:: | such that each N; contains an 7 %-thin
subsequence of (x,) € X.

Now let

Aj={neN:x,ze Nj=N;©,1), jeN)
for each 6 > 0, 4 € (0,1) and nonzero z € X. Itis clear that A; € 7 (j=1,2,...)and A; N A; = 0. Then
by (AP) property of I there is a countable collection {B j}j; of subsets of N such that B = U‘;.‘;] Bj € I and
A\ Bis a finite set for each j € N. Let M = N\B = {m| <my < ...} C N. Now the sequence y = (y) € X is
defined by yx = x,,, if kK € Band y; = x; if kK € M. Obviously, {k € N : x; # y;} C B € 7, and so by Theorem
32,1 (1“12r (y)) =7 (1“12r (x)). Since A;\B is a finite set, the sequence yg = (yi)icp has no limit point with
respect to the random 2-norm F' that is not also an I %—limit point of y, i.e., L%_ =1 (F?, (y)). Therefore,
we have proved L% =171 (1"12r (x)). O]
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