> el Theory and Applications of
< /\. Mathematics & Computer Science
el /A

(ISSN 2067-2764)
)\\, / http://www.uav.ro/applications/se/journal/index.php/tamcs

Theory and Applications of Mathematics & Computer Science 2 (1) (2012) 23-28

On A-Zweier Convergent Sequence Spaces

Vakeel A. Khan®*

“Department of Mathematics, A. M. U. Aligarh-202002, India.

Abstract

In this paper we introduce a new concept of A-Zweier convergence and A-statistical Zweier convergence and give some rela-
tions between these two kinds of convergence.
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1. Preliminaries

We write w for the set of all complex sequences x = (xx);-, and lw, ¢ and co for the sets of all bounded,
convergent sequences and null sequences, respectively.

A sequence space X with linear topology is called a K -space if each of the maps P; : X — C defined
by P;(x) = x; is continuous fori = 1,2,---.

A Fréchet space is a complete linear metric space, or equivalently , a complete totally paranormed space.
In otherwords a locally convex space is called a Fréchet space if it is metrizable paranormed space and the
Fréchet space is complete.

K -space X is called an FK-space if X is complete linear metric space. In otherwords we say that X is
an FK-space if X is Fréchet space with continuous coordinate projection, we mean if X" — x (n — o)
in the metric of X then x]((") — x; (n — o0) for each k € IN. That is, for each k € N, the linear functional
Pi(x) = xi is such that Py is continuous on X, i.e. X is K-space. Note that w is a locally convex FK space
with its usual metric. A BK-space is a normed FK-space (Choudhry & Nanda, 1989).

LetA = (a"k);?k:() be an infinite matrix of complex numbers and x € w. We write

()

An() = ) amxe (n=0,1,2,--)
k=0

and
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A(x) = (Ap(x),20-
For any subset X of w, the set

Xa={x=() ew:AXx) € X}

is called the matrix domain of A in X.
Let 1 = (4,) be a non decereasing sequence of positive reals tending to infinity and 4; = 1 and
Ans1 < Ay + 1. The generalized de la Vallee - Poussin means is defined by

1
() = — > x,
" kel,
where I, = [n— A, + 1,n].
A sequence x = (xg) is said to be (V,4)-summable to a number / if ¢,,(x) — [ as n — oo (Leindler, 1965).
We write {
V.A1° = lx = (w) € w:lim = > Ll = 0),

" kel,

1
VAl={x=(p) ew: lim—lek —le| = 0, for some 1 € C},
n Ay kel,

1
[VAI® = (x = (5) € w: lim — > || < oo},
n A,
kel,
For the sets of sequences that are strongly summable to zero, strongly summable and strongly bounded
by the de la Valle- Poussin method.In the special case when 4, = nforn =1,2,3,--- the sets [V, 1%, [V, 1]
and [V, 4] reduce the sets wg , w and w,, introduced and studied by Maddox (Maddox, 1986).
In (Sengoniil, 2007), Sengoniil introduced Z and Z spaces as the set of all sequences such that £ -
transforms of them are in the spaces c and ¢g , respectively , i.e.

Z={x=(xp)ew:£ec},
Zo={x=(x) ew:£ecy

where £ = (zx) , (n,k=0,1,2,---) denotes by the matrix

2

(L k<n<k+1, mkeNN)
Lnk 0, otherwise

This matrix is called Zweier matrix.

The concept of statistical convergence was first introduced by Fast (Fast, 1951) and further studied by
Salat in (Salat, 1980), Fridy in (Fridy, 1985), Connor in (Connor, 1988), Kolk in (Kolk, 1996), (Kolk, 1993),
M. K. Khan and C. Orhan in (Khan & Orhan, 2007), Fridy and Orhan in (Fridy & Orhan, 1997), (Fridy &
Orhan, 1993) and many others. Let IN be the set of natural numbers and EC IN. Then the natural density of
E is denoted by

§(E) = lim n 'k <n:keE),

where the vertical bars denote the cardinality of the enclosed set.

The sequence x = (xi) is said to be statistically convergent to the number / if for every € > 0, the set
{k : |x; — I| > €} has natural density 0, and we write [ = st — lim x. We shall also write S to denote the set of
all statistically convergent sequences.
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2. Main Results
We introduce the sequence spaces [V, A1°1Z1, [V, A1[Z] and [V, A]®[Z] as the set of all sequences such

that Z-transforms of them are in the [V, 1]°, [V, A] and [V, A]® respectively i.e

VAP[Z] = {x = () € w: hm—Z| (¢ + x| = 0},
”kl

[uﬂ[]{x—uwewlmp—§]4m+xko—n_o for some 1 € C},
"kI

[VAIRIZ] = {x = (w) € w': hm—Z| (x + x| < oo},
"ke]

The £ = (Zuk)n >0 Matrix is well known as a regular matrix (Boos, 2000).Define the sequence y which
will be frequently used, as £ - transform of the sequence x i.e.,

1
Yk = E(xk + xk-1), (k€ IN). 2.1)

Theorem 2.1. The sets [V, A1°[Z], [V, A][Z] and [V, A]®°[Z] are the linear spaces with the coordinatewise
addition and scalar multiplication with the norm

Ixllpv.a01z1 = IXllivaiizr = Ixllvareiz) = 1€x]]a-
Proof. Suppose that x,y € [V, 1]°[Z] and a, 8 are complex numbers. Then

lim — Z |5l + xk-1) + BO%k + ye-DIl < hm— Zq (e + x| + |—/3(yk + 1))

kel

ﬂm—Zﬂm+&MHm—Zﬂm+&m—,%raw

kel,

Furthermore , since for any subset X of w , the set
Xa={x=(p) ecw:AXx) € X} (is called matrix domian of A in X),
holds and [V, A]°, [V, A] are BK -spaces with respect to the norm defined by
1
Il = sup - D b
n An kel,

and the matrix £ = (g,,x) is normal, that is z,; # 0, for 0 < k < n and z,; = 0 for k > n for all n,k € IN and
also by Theorem 4.3.2 of Wilansky (Wilansky, 1984) gives the fact that the spaces [V, A1°[Z] and [V, A][Z]
are BK spaces. 0

Theorem 2.2. The sequence spaces [V, %121, [V, A[Z] and [V, AI°[Z] are linearly isomorphic to the spaces
[V, A1°, [V, A] and [V, A]™ respectively.
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Proof. We want to show the existance of the linear bijection between the spaces [V, A1°[Z] and [V, 2]°.Consider
the transformation £ defined by (1), from [V, 1]°[Z] to [V, A]° by

£:v,2°2] - v, 2°

1
x—>£x=y, y=0k), Y= E(xk + xk-1), (ke IN).

The linearity of £ is clear. Further it is trivial that x = 0 when £x = 0 and hence £ is injective. Let y € [V, 1]°
and define the sequence x = (x;) by

k
w=2) D (el
i=0

Then | |
= lim — — (X + Xp—
Illyapz = lim Aﬂ;b(xk X1

1 1< y i o
Wl = Jim = > 1@ 3 (=D i+ 2 3 (~D* )
" kel, k=0 k=0

1
llpvapiz = lim — " Iyl
[V.AI°[Z] o 1, £ i

This implies that x € [V, 21°[Z]. Also

1 1
Wl oz = sup o D15 o+ xin)

non el

1 PR i~k i k-1
itz = sup 3 ) 152 ;—1)’ Vi +2 ;(—1)’ )l

m kel,

1 0
||x||[‘/’/l]0[z] = Sup /1_ Z |yk| = ||y”[V’/I]

noon el

Thus we have that x € [V, 1]°[Z] and consequently £ is surjective. Hence £ is linear bijection which therefore
says us that the spaces [V, 21°[Z] and [V, A]° are linearly isomorphic. It is clear here that if the spaces
[V, 21°[Z] and [V, 2]° replaced by the spaces [V, A][Z] and [V, 4] or [V, A]*[Z]and [V, A]>, respectively. Then

[V, AZ] = [V,AI"[Z] or [V,A"[Z] = [V,A]".
This completes the proof. O

A sequence x = (xi) is said to be A-statistical Zweir convergent to a number [ if for € > 0.
1
RilZ] = {— ) IEMy(e)] = 0},
An kel,

where |
£EMy(e)={[n—A,+1,n]: |§(xk + xp_1) — 1 > €l}.
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Let
1
-, +1L,n"={n-A,+1,n]: |5(xk +x_1)— 1> €|} = CM,(e)

and |
[m—A,+1,n]™ ={n-A,+1,n]: |§(xk + x5-1) =[] < €}.
Theorem 2.3. If x; — [V, A][Z] = x;x — (R, Z)).
Proof. Let e > 0 and x; — I[V, A][Z], then
1

1
— D a+xen-
" keln—2,+1,1]

1 1
2 Z |§(Xk+xk—1)_l|
™ keln—A,+1,n]*
1
> —|EM .
> ﬂnl 106l
This implies that x; — (R [Z]). ]

Theorem 2.4. If x € [V, A]°[Z] and x; — I[V, A[Z] = xx — (RH[Z]).

Proof. Suppose that x € [V, 4]*[Z] and x;x — I[V, A][Z]. Since supkl%(xk + x3—1 — I)| < oo, there exists a
constant 7 > 0 such that I%(xk + x;—1) — I| < T for all k. Then we have, for every € > O that
1 1
- |5 (xx + x-1) — 1
™ ke[n—A,+1,1]
1 1
== 2, latmn-l
n
ke[n—A,+1,n]*

1 1
DI A

" keln—Ap+1,n]*
T
< —|EM(e)| + €,
An
taking limit as € — 0. Thus x; — I([V, A]®[Z]). O
Theorem 2.5. If x € [V, A]*[Z] then [V, A][Z] = R)[Z].
Proof. Proof follows from Theorem 2.3 and Theorem 2.4. [

Acknowledgments. The author would like to record their gratitude to the reviewer for his careful read-
ing and making some useful corrections which improved the presentation of the paper.



28 Vakeel A. Khan/ Theory and Applications of Mathematics & Computer Science 2 (1) (2012) 23-28

References

Boos, J. (2000). Classical and Modern Methods in summability. Oxford University Press.

Choudhry, B. and S. Nanda (1989). Functional Analysis with Application. John Wiley and sons Inc, New Delhi, India.
Connor, J. S. (1988). The statistical and strong p-cesaro convergence of sequences. Analysis (8), 47-63.

Fast, H. (1951). Sur la convergence statistique. Collog. Math. (2), 241-244.

Fridy, J. A. (1985). On statistical convergence. Analysis (5), 301-313.

Fridy, J. A. and C. Orhan (1993). Lacunary statistical summability. J. Math. Anal. Appl. (173), 497-504.

Fridy, J. A. and C. Orhan (1997). Statistical core theorems. J. Math. Anal. App!. (208), 520-527.

Khan, M.K. and C. Orhan (2007). Matrix characterization of A-statistical convergence. Journal of Mathematical Analysis and
Applications 335(1), 406 — 417.

Kolk, E. (1993). Matrix summability of statistically convergent sequences. Analysis (45), 77-83.

Kolk, E. (1996). Matrix maps into the space of statistically convergent bounded sequences. Proc. Estonia Acad. Sci. Phys. Math.
(45), 187-192.

Leindler, L. (1965). Uber die de la vallee pousinsche summierbarkeit allgemeiner orthogonalreihen. Acta math. Hung. (16), 375-
378.

Maddox, 1. J. (1986). Sequence spaces defined by a modulus. Math. Camb. Phil. Soc. (100), 161-166.
Salat, T. (1980). On statistically convergent sequences of real numbers. Math. Slovaca (30), 139-150.

Sengoniil, M. (2007). On the Zweier sequence space. Demonstratio Mathematica. Warsaw Technical University Institute of Math-
ematics 40(1), 181-196.

Wilansky, A. (1984). Summability through functional analysis. North-Holland Mathematical studies.



	1 Preliminaries
	2 Main Results

