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Abstract

The main aim of this paper is to introduce a new class of sequence spaces which arise from the notion of invariant means,
de la Valee-Pousin means and double lacunary sequence with respect to an Orlicz function in 2-normed space. Some properties
of the resulting sequence space were also examined. Further we study the concept of uniformly (4, o)-statistical convergence and
establish natural characterization for the underline sequence spaces.
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1. Introduction

Let [ and ¢ denote the Banach spaces of bounded and convergent sequences x = (x;), with complex

terms respectively, normed by ||x|l.c = sup|x;|, where i € N. Let o be an injection of the set of positive
i
integers N into itself having no finite orbits that is to say, if and only if, foralli =0, j = 0,07@() # iand T
be the operator defined on I by (T(x)72,) = (X)) -
A continuous linear functional ¢ on [ is said to be an invariant mean or o-mean if and only if

1. ¢(x) = 0, when the sequence x = (x;) has x; > 0 for all i,
2. ¢(e) =1, wheree ={1,1,1, ....... } and
3. ¢(xs() = ¢(x) forall x € [.

The space [V,-] of strongly o—convergent sequence was introduced by Mursaleen in (Mursaleen, 1983).
A sequence x = (x) is said to be strongly o—convergent if there exists a number L such that

k
1
z Z |xXi(m) — L| = oo
i=1
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as k — oo uniformly in m. If we take o(m) = m + 1 then [V,] = [¢], which was defined by Maddox in
(Maddox, 1967).
If x = (x;) write Tx = (T x;) = (xg;)). It can be shown that

Vo = {x =(x;): Z tmi(x) = Luniformly ini, L = o —lim x} (1.1)
m=1

where m > 0,1 > 0.
Xi + Xg(i) T oo T Xom(i)

(%) = and 1_y; =0, (1.2)

m+1
where, 0" (i) denote the mth iterate of o (i) at i. In the case o is the translation mapping, o(i) = i + 1 is
often called a Banach limit and V., the set of bounded sequences of all whose invariant means are equal, is
the set of almost convergent sequence(see (Moricz & Rhoades, 1988)). Subsequently invariant means have
been studied by Ahmad and Mursaleen in (Ahmad & Mursaleen, 1988), (Raimi, 1963) and many others.
The concept of 2-normed spaces was initially introduced by (Géhler, 1963) in the mid of 1960’s. Since
then, many researchers have studied this concept and obtained various results, see for instance (Gihler,
1965, 1964; Gunawan & Mashadi, 2001).
Let X be a real vector space of dimension d, where 2 < d < co. A 2-norm on X is a function
II.,.]l : X X X — R which satisfies the following four conditions (Khan & Tabassum, 20115, 2010):

(i) |lx1, x2]| = O if and only if x;, x, are linearly dependent;
(i) [lxr, x2ll = [lx2, x11l;
(iii) ||laxi, x2|| = a@llx1, x2||, for any @ € R;
(iv) [lx + ", x2ll < [, xall + [1x7, 2.

The pair (X, ||, .||) is then called a 2-normed space.

Exemple 1.1. A standard example of a 2-normed space is R* equipped with the following 2-norm: ||x, y|| :=
the area of the triangle having vertices 0, x, y.

Exemple 1.2. Let Y be a space of all bounded real-valued functions on R. For f, g in Y, define ||f, g|| = O
if f, g are linearly dependent, ||f, g|| = sup |f(#).g(?)|, if f, g are linearly independent. Then |[., .|| is a 2-norm
teR

onY.

An Orlicz Function is a function M : [0, o) — [0, co) which is continuous, nondecreasing and convex
with M(0) =0, M(x) > 0 for x > 0 and M(x) — oo as x — oo.
An Orlicz function M satisfies the 4, — condition (M € A, for short ) if there exist constant K > 2 and

uo > 0 such that M(2u) < KM(u) whenever |u| < uy.
X

An Orlicz function M can always be represented in the integral form M(x) = f q(t)dt, where g known

0
as the kernel of M, is right differentiable for t > 0, g(t) > O for ¢t > 0, g is non-decreasing and g(f) — oo as
t — oo,

Note that an Orlicz function satisfies the inequality
M(Ax) < AM(x) forall Awith0 < A< 1,

since M is convex and M(0) = 0.
Lindesstrauss and Tzafriri in (Lindenstrauss & Tzafriri, 1971) used the idea of Orlicz sequence space;

Iy = {x eEw: E M(@) < oo, forsome p > 0},
Jol
k=1
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which is Banach space with the norm

[

lxllys = inf{p >0: ) M(%) < 1}.

k=1

The space [y, is closely related to the space [,,, which is an Orlicz sequence space with M(x) = x? for
1 <p<oeo.

Throughout x = (x;) is a double sequence that is a double infinite array of elements x j, for j, k € N.

Double sequence have been studied by Vakeel A. Khan and S. Tabassum in (Khan, 2010; Khan &
Tabassum, 2012, 2011b,a, 2010) and many others.

The following inequality will be used throughout

ik + vl < D(x P+ [y el P75), (1.3)
where x j; and y j; are complex numbers, D = max(l, 2f=1yand H = sup pjx < 0.
ik
Definition 1.1. A double sequence x = (xj;) has Pringsheim limit L (denoted by P — lim x = L) provided

that given € > 0 there exists N € N such that |xj; — L| < € whenever j, k > N. We shall describe such an x
more briefly as P — convergent.

Definition 1.2. (Savas & Patterson, 2007) The four dimensional matrix A = (@, k) is said to be RH-
regular if it maps every bounded P-convergent sequences into a P-convergent sequence with the same P-
limit.

Theorem 1.3. (Savas & Patterson, 2007) The four dimensional matrix A = (ay p jx) is said to be RH-regular
if and only if

i) P- 1]1111‘2 Amp,jk = 0 for each j, k;
(ii) P - llm Z am’n’j,k = l;
mn jg=1 ’

(iii) P —1lim ) |am, jkl = O; for each k;
mi |

(iv) P—1lim 3} |ayn ikl = O; for each j;
MmN =]

(o)
(V) 2 lamn,jrl is P-convergent and
jk=1
(vi) there exist positive numbers A and B such that  }, |am, il < A.
J.k>B

2. Main Results

Let M be an Orlicz function P = (pj) be any factorable double sequence of strictly positive real
numbers. Let A = (a5, ) be a non negative RH-regular summabilty matrix method, (X, ., .|[) be 2-norm
space, o be an injection of the set of positive integers N into itself and p, ¢ € N. We define the following
double sequence spaces:

RS 1Xeri .ok gy 2\ P
2Wo(Ag, M, p, |1, D) = {x = (xjx) : P - lim § am,n,,-,k[M(—" ol )] =0,
=0 p
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uniformly in p, g, for some p > 0 and z € X}

’

- L, 7| )]P.ik

o Xi(p), i)
W M. pull )= = (i) P 3 | (=008
k=0

uniformly in p, g, for some p > 0,L >0 and z € X}

(9]

1% iy, ks 2\ TP
SWeslars Myl 0D = {5 = (530 50D > | M2 2N < oo,
m,n,j,k j,k:() p

uniformly in p, g, for some p > 0 and z € X}

Let us consider a few special cases of above definitions:
(i) In particular, when o(p,q) = (p + 1,q + 1), we have

& i g I P
WA Ml ) = = Gt P=Tim > e ML 2N o,
m,n = P

uniformly in p, g, for some p > 0 and z € X}

>

||xj+p,k+q -L, Z”)]pﬂ‘

SWAM, p, Il d) = {x = Gt P~ lim ;O | M
J’ =l

uniformly in p, g, for some p > 0,L >0 and z € X}

- 11 j+ p k+g» 2l V1P
SWeal A Myl 0D = {5 = (0 sup > it ML) < o,
m,n,j,k j,k:O p

uniformly in p, g, for some p > 0 and z € X}

(ii) If M(x) = x then we have

2 ”O(AO" 1 ”’ ||) = {-x = (-xjk) P - hm E am,n,j,k”xa'f(p),o'k(q)’ Z”pjk = Oa
=0
JK=

uniformly in p, g, and z € X }
ZW(AO" P, ”7 ”) = {x = (-xjk) : P - 1’,}11:’111 ;()am’n’j’k”x(rj(p),(rk(q) - L, Z”pjk = O,
]’ =l

uniformly in p,gand L > 0,z € X}
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(o)
WA, 1 D) = {x = (@0 T SUP > il iy kg I < 00,
m,n, j,k k=0

uniformly in p, g, and z € X}

(iii) If p = 1 for all (j, k), we have

RS Il J(p),ok( ),Z”
W Ml ) = o= () = P=tim " | M =225 ) | <,

" k=0 p

uniformly in p, g, for some p > 0 and z € X}

. 0 [|x Ji(p),ok(q) - L, 7|
TW(As, M., .|) = {x = (Xjk) : P —1lim Z am,n,j,k[M( o/(p).o*(q )]0,
" =0 P

uniformly in p, g, for some p > 0,L >0and z € X}
= 1% 57 py, ¥ (g)» 2!
WeolAg, M, 1., 1) = {x = (xj): sup ) am,n,j,k[M(&)] < oo,
m,n, j,k k=0 Y
uniformly in p, g, for some p > 0 and z € X }

Definition 2.1. (Savas & Patterson, 2008) A bounded double sequence x = (x i) of real number is said to
be (4, o)-convergent to L provided that

P -1im 7% = L uniformly in (p, g),
r,s

where
1

rs _ .
Tpy =3 Z Xoi(p).ok(g)-
"8 (Ghoel

&~

In this case we write (1,0) — limx = L.

One can see that in contrast to the case for single sequences, a P-convergent sequences need not be
(4, o)—convergent. But itis easy to see that every bounded P-convergent double sequence is (1, o-)—convergent.
In addition, if we let o(p) = p+1,0(q) = g+1, and /_lr, s = rsin the above definition then (4, o-)—convergence
reduces to almost P-convergence which was defined by Moricz and Rhoades in (Mdricz & Rhoades, 1988).

Definition 2.2. Let 1 = (1,) and i = (15) be two non decreasing sequences of positive real numbers both of
which tends to oo as r, s approach oo, respectively. Alsolet 4,41 < A, + 1,41 =0and pug < pg+ 1,01 =0.
We write the generalized double de la Valee-Pousin mean by

PIPIT

s jel, kel

tr,s(x) =

where I, = [r— A, + 1,r]and Iy = [s — us + 1, s].
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We shall denote A, by Ars and (j € I, k € I;) by (j, k) € I,5. Let M be an Orlicz function, x be
double sequence space and p = (pj;) be any factorable double sequence of strictly positive real numbers.
Let A = (1,) and i = (uy) be the same as defined above and (X, ||., .||) be 2-norm space. If we take

1 . . T
Gr ik = s if (.]’ k) € Ir,s’
e 0  otherwise.

We have

o ||xaf(p>,<rk<q>’2||)]mk o,

- 1
Vo, A, M, p, ||, . ={ =(xy): P—-lim—
Ve 1M p ol = {x = () P=lim = .

(ik)elrs

uniformly in p, g, for some p > 0and z € X }

_ 1 i prertiqr — Lo 2l
[ZVU,A,M,p,n.,.n]={x=<x,-k>:P—1im.— > |m(mne )] -0,

neArS e p

uniformly in p, g, for some p > 0,L >0and z € X}

i 1 1% iy, crkgy» 2l \ TP
Vo Ml = = sup 5 37 M=) <o
rs.p.g ArS Gl P

for some p > 0 and z € X}.

Definition 2.3. The double lacunary sequence was defined by E. Savas and R. F. Patterson (Savas & Patter-
son, 1994) as follows:
The double sequence 6,5 = {(k,,[s)} is called double lacunary if there exist two increasing sequence of
integers such that

ko=0,h =k —k,_1 > 0asr — o

and
lOZO,Ev:ls_ls—l — 00 as § — .

Notations : k,.; = kI, h.y = h,hy.
The following intervals are determined by 6 :

I ={(ky) s kot <k <k}, Is ={(D) : [s-1 <1<},

Lig={(k,]): kp—y <k <k,and l;_; <<},

qr = k’:—jl gs = lf—jl and g,s = q,q5. We will denote the set of all double lacunary sequences by Ny, . The
space of double lacunary strongly convergent sequence is defined as follows

1
Ny, = {X = (xgp) : lim — Z |xes — L| = 0 for some L}
Y 8 s el
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see (Savas & Patterson, 1994).
If we take

= Gk €y,
a o= rs
1,8, j.k .
0 otherwise .

We have

! i A 2
[2Wor 0. M, ol Ml = {1 = (i P=lim=— > [ (=222,

rs hrs .
(el p

uniformly in p, g, for some p > 0 and z € X}

1 [|x,-j keoy — L, 2|\ 125
2 Wers 6, M, py 1 .Il] = {x = (xj0) : P~ lim — [M /)o@ )] ’
o

ns hrs .
(ke s

2

uniformly in p, g, for some p > 0,L >0 and z € X}

’

1 1% i ). crk(g)» 2l TP
LW, M, 6, p. I, o = {x = (xj) 1 sup =— M &)] <o
rspa S (Gisel, p

for some p > 0and z € X}.

Theorem 2.1. Let P = p ji be bounded. Then ;W(Ay, M, p,|I., ), 2Wo(Ax, M, p, |I., .|I) and ; Weo(Ai, M, p, 1., .II)
are linear spaces over the set of complex numbers C.

Theorem 2.2. Let P = p j be bounded. Then [V, A, M, p,|I., o, 2V, A4, M, p,I., Il and [2Vr, 4, M, p, |I., Il
are linear spaces over the set of complex numbers C.

Proof. Letx = (xj)andy = (yjx) € [2Vo, A, M, p, ., .Illo and a, B € C then there exist two positive numbers
P1, P2 such that

1 1% i),k (g)» 2\ TP
P-lim=— > [M(M)]’ -0,

P ArS e 1
. 1 Y ic .ok ays ZINTP*
potimes 3 [w(Erere=) o
s
" (ke P2

uniformly in (p, q). Let p3 = max{2|a|o1, 2|B|p2}. Since M is non-decreasing and convex, we have

1 0 Xgi(p).oiq) + BYoipoig AP 1 laXpip).otigy 2l 1BYicp).otq)» 2\ P
LS LS +
rs

Ars kel s pP3 ey s e
Sil Z 211” [M(legxp),ak(q),zll)JrM(Ilygf(,,),o_k@,zn)]p_,.k
J!
"5 (el o1 s

< % Z [M(”xc;'f(p),o"(q)’zll)+M(||y0'-/(p),0'k(q)azl|):|pﬂ‘
" el P P
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< D_L Z [M(||xaj(p),Uk(q)7 ZH)]ij + D_L Z [M(||ya'f(p),0'k(q)’ Z”):|ij.
Ars L1 Ars 02

(ke kel
(From equation (1.1).)
Now since the last inequality tends to zero as (7, s) approaches in Pringsheim sense, uniformly in
(P, 9), [2Ve, A, M, p,||., .ll], is linear. The proof of others follow in similar manner. ]

Theorem 2.3. Let P = p ji be bounded. Then [2W,,0, M, p, ||., llo, W, 6, M, p,|I., Il and [, W, 6, M, p, |., ||l
are linear spaces over the set of complex numbers C.

Theorem 2.4. Let A be non negative RH regular summability matrix method and M be an Orlicz function
which satisfies £, condition. Then ;W,(Ag, p, |-, -II) € 2Wo(Ax, M, p, ., 1), 2W(As, ps I, ) € 2W(A&, M, p,|I., -I)
and ZW(AO'9 P, ”’ ”)OO - ZW(AO" M’ P’ ||, ||)00

Proof. Let x = (xjx) € 2W(A, p, I, 1), then

. L .
P=lim ;0am’"’ﬁk”xm(p),o’f(q)’Z|| -0, 2.1)
]’ =

as m,n — oo uniformly in (p, ). Let € > 0 and choose 0 < § < 1 such that M(r) < 5 for 0 < ¢ < 6. Write
Yk = Xeri(p).o(q)» 2l and consider

(o8]

D W il MGV = > i MO + > i ju M1
2

Jik=0 1

Where the first summation is over yx < ¢ and the second summation is over y > 6. Since M is continuous,
we have

(o)
i H
Z am,n,j,k[M(yjk)]p]k <€ Z am,n,j,k-

1 k=0
For yj > 6, we use the fact that
Y jk (yjk)
k<= <1+(=)
TS Ts 5

Since M is non decreasing and convex, it follows that

_ 2 2 1 T
M) < M(L+6 'y = M(5 +56 lyjk) < 3MQ)+ M5 ).

Since M satisfies A-condition, there is a constant K > 2 such that
_ 1
M2y < 5 Ko ykM(2).

Hence .
D MO < max(1, (Ko™ M2)) Y IMO01*.
2 jk=0
Thus we have

D M1 < max(l,€) 7 ap jx + max(l, (KS™ M2)) ) app il MG 1%
(j.k=0) jk=0 jk=0

Thus (2.1) and R-H Regularity of A grants us ; W(Ag, p, ., .|) € 2W(As, M, p, ||, .|). Similarly we can prove
the other two inclusion relations. ]
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3. Double Statistical Convergence

The concept of statistical convergence was first introduced by Fast in (Fast, 1951) and also indepen-
dently by Buck (Buck, 1953) and Schoenberg (Schoenberg, 1959) for real and complex sequences. Further
this concept was studied by Salat (Tibor, 1980), Fridy in (Fridy, 1985) and many others.

Statistical convergence is a generalization of the usual notion of convergence that parallels the usual
theory of convergence. A sequence x = (x) is called statistically convergent to L if

1
lim—|k:|xx—L|=€,k<nl =0,
non

where the vertical bars indicate the number of elements in the enclosed set. In this case we write st —lim x =
L or x; — L(sty).

The following definition was presented by Mursaleen in (Mursaleen, 2000). A sequence x is said to be
A-—statistical convergent to L, if for € > 0

1
Iim—|kel,:|xx—Ll>€k<n|=0,
n A,

where the vertical bars indicate the number of elements in the enclosed set and I,, = [n — A, + 1, n]. In this
case we write S ) — limx = L or x; — L(S ).

Savag (Savas, 2000) presented and studied the concepts of uniformly A—statistical convergence as fol-
lows: A sequence x is said to uniformly A—statistical convergent to L , if for € > 0

1
lim —max|k €1, : [xpem — Ll > € =0.
n A, m

In this case we write S ) — limx = L or x; — L()).

A double sequence (x i) is called statistically convergent to L if

1
lim —|(ik): xjp— Ll > € j<mk<n| =0,

m,n—e0 mn
where the vertical bars indicate the number of elements in the set.(see[10])

Definition 3.1. (Savas & Patterson, 2008) A double sequence x = (xj;) is said to be uniformly A, 0)-
statistical convergent to L, provided that for every € > o

1 _
P —lim — max |{(j,k) € I,5 : |x

ns Aps P4

O'f(p),O'k(q) - L| > G}l =0.

In this case we write 25 (3 ) — limx = L or xjx — L(2S (3,5)-
Theorem 3.1. Let M be an Orlicz Function and 0 < h = infpy < pj < sp}P pjx = H < oo then
Ve, A, M, p, I, NIl €28 G.0)- '
Proof. Let x = (xj) € [2V, A, M, p,|l., .ll]. Then there exists p > 0 such that
i D [ M(le(r.f(p),gk;@ - L, ZII)]ij o,

kel
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as r, s — oo in the Pringsheim sense uniformly in (p, ).
Ife>0andlete = /f, then we obtain the following:

||-xg'.f(p)’a-k(q) - L, 7| )]p/k 1 I:M(ll-xg'.f(p)’crk(q) - L, 7| )]pik
0

L
e M =
ArS jloet,, L

+_L Z [M( Xi(p).ot(q) = Lol )]Pfk
Ars & Jo,

Ars &
Where the first summation is over ||x0_,~(p)ﬂk(q) — L, 7|| > € and the second summation is over ||x,
Lzl <e

ai(p).okiq) ~

1 Xoicpatig) = Lozllyppe 1 pio L : Pi H
ZMZ[M( ; )] Z/_USZ]:[M(EO] > Mme{[M(el)] M)

| B - .
2 = NG K) € s Woipyrtiq) = L2l 2 €l min{[M ()", [M(e)]™)
This implies that x € 25 7 - O
Theorem 3.2. Let M be a bounded Orlicz function and 0 < h = inf pj < pjx < suppj = H < oo then
ik

2S(/_l,()') - [ZV(Tv/_L Ma P> ||s ||]

Proof. Since M is bounded there exists an integer K such that M(x) < K for x > 0. Thus

1 Z [M(llxa'-/(p),a'k(q)_L’Z”)]pjk: 1 [M(”xa/(p),()'k(q)_L’ZH)]pjk
Ars P Ars & P

(k)ELs
+_L Z [M( ”x‘Tj(P)s(rk(q) - L’ ZH )]ij‘
Ars > P

Where the first summation is over [|x. motg — Lzl = € and the second summation is over ||x

1 h pH 1 Pk
Lzl <e< m;max{K ,K }+E§[M(,§)]

al(p).ok(q) —

1 B h H
< max{Kh,KH}_—I{(j, k) € 15t | Xgip)otq) — L 2l = €}l + max{[M(E)] ,[M(E)] }
Ars ’ P P

Hence x € [2V, A4, M, p,|l., |l O
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