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Abstract

In this article we introduce the sequence spaces c(’)( 7. p), c'(f, p) and I_(f, p) for a modulus function f, p = (px)
is a sequence of positive reals and study some of the properties of these spaces.
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1. Introduction

Throughout the article IN, R, C and w denotes the set of natural,real,complex numbers and the
class of all sequences respectively.

The notion of the statistical convergence was introduced by H. Fast (Fast, 1951). Later on it
was studied by J. A. Fridy (Fridy, 1985, 1993) from the sequence space point of view and linked
it with the summability theory.

The notion of I-convergence is a generalization of the statistical convergence. At the initial
stage it was studied by Kostyrko, Salt and Wilczyriski (P. Kostyrko & Wilczyriski, 2000). Later
on it was studied by Salét, Tripathy and Ziman (T. Saldt & Ziman, 2004, 2005), Esi and Ozdemir
(Esi & Ozdemir, 2012), Hazarika and Esi (Esi & Hazarika, 2012) and Demirci (Demirci, 2001).

Here we give some preliminaries about the notion of I-convergence.

Let N be a non empty set. Then a family of sets IC 2V (power set of N) is said to be an ideal if
Iis additivei.e A,B€ [ = AU B € I and hereditaryi.eAe€ [, BC A= Bel.
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A non-empty family of sets £(I) € 2V is said to be filter on N if and only if ® ¢ £(I),for
A, B € £(I) we have A N B € £(1) and for each A € £(/) and A C B implies B € £(]).

An Ideal IC 2V is called non-trivial if I# 2V,

A non-trivial ideal IC 2" is called admissible if {x : {x} € N} CL.

A non-trivial ideal I is maximal if there cannot exist any non-trivial ideal J#I containing I as a
subset. For each ideal I, there is a filter £(I) corresponding to I, i.e £(I) = {K € N : K¢ € [},where
K¢ =N-K.

Definition 1.1. A sequence (x;) € w is said to be I-convergent to a number L if for every € > 0,
{ke N :|xy — L| = €} €l. In this case we write I-lim x;, = L.

The space ¢! of all I-convergent sequences to L is given by
d={(x)ew:lkeN:|x,—-Ll >}el, for someLe C}.
Definition 1.2. A sequence (x;) € w is said to be I-null if L = 0 .In this case we write I-lim x; = 0.

Definition 1.3. A sequence (x;) € w is said to be I-cauchy if for every € > 0 there exists a number
m = m(e) such that {k € IN : |x; — x,,,| > €} € L.

Definition 1.4. A sequence (x;) € w is said to be I-bounded if there exists M >0 such that {k €
IN : x| > M}.

Definition 1.5. Let (x;), (yx) be two sequences. We say that (x;) = (yx) for almost all k relative to
I(a.akrl),iflke N:x, #w}el

Definition 1.6. For any set E of sequences the space of multipliers of E, denoted by M(E) is given
by
M(E)={a € w:ax € E forall x € E} (see (Simons, 1965)).

Definition 1.7. A map A defined on a domain D ¢ Xie h : D ¢ X — R is said to satisfy
Lipschitz condition if |a(x) — i(y)| < K|x —y| where Kis known as the Lipschitz constant.The class
of K-Lipschitz functions defined on D is denoted by & € (D, K). (Tripathy & Hazarika, 2011).

Definition 1.8. A convergence field of I-convergence is a set
F(I) ={x=(x) € l : there exists [ — lim x € R}.

The convergence field F (/) is a closed linear subspace of /., with respect to the supremum
norm, F(I) = I, N ¢! (See (T. Salat & Ziman, 2005)).

Define a function i : F(I) — R such that A(x) = I — lim x, for all x € F(I), then the function
h : F(I) — R is a Lipschitz function (c.f (Dems, 2005; T. Salit & Ziman, 2004; Gurdal, 2004; Tri-
pathy & Hazarika, 2009, 2011; Khan, 2005; Khan & Ebadullah, 2011b,a, 2012; Vakeel. A. Khan
& Ahmad, 2012).
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Definition 1.9. The concept of paranorm is closely related to linear metric spaces. It is a general-
ization of that of absolute value.

Let X be a linear space. A function g : X — R is called paranorm, if for all x,y,z € X,

(PD gx) =0if x=6,

(P2) g(—x) = g(x),

(P3) g(x +y) < g(x) + g0y,

(P4) If (1,) is a sequence of scalars with 4, = A (n — o) and x,,a € X withx, - a (n — o),
in the sense that g(x, —a) — 0 (n — ), in the sense that g(4,x, — da) = 0 (n — o).

A paranorm g for which g(x) = 0 implies x = 6 is called a total paranorm on X, and the pair
(X, g) is called a totally paranormed space. See (Maddox, 1969).
The idea of modulus was structured in 1953 by Nakano. See (Nakano, 1953).

A function f : [0,00)—[0,00) is called a modulus if:

(1) f(t)=01if and only if t = 0,

(2) f(t+w)< f(H)+ f(u) for all t, u>0,

(3) fisincreasing, and

(4) f is continuous from the right at zero.

Ruckle [17-19] used the idea of a modulus function f to construct the sequence space:
X(f) = {(x=(w): ) fllx) < o).
k=1

This space is an FK space,and Ruckle[19 - 21] proved that that the intersection of all such X(f)
spaces is ¢, the space of all finite sequences.
The space X(f) is closely related to the space /; which is an X(f) space with f(x) = x for all
real x > 0. Thus Ruckle[19- 21] proved that, for any modulus f,
X(f) cly and X(f)" = L

where

X' =ly=0ew: ) flyxd < o).
k=1

The space X(f) is a Banach space with respect to the norm

llxll = Zf('ka < co. (See[17-19]).
k=1

Spaces of the type X(f) are a special case of the spaces structured by B. Gramsch in (Gramsch,
n.d.). From the point of view of local convexity, spaces of the type X(f) are quite pathological.
Symmetric sequence spaces, which are locally convex have been frequently studied by D. J. H
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Garling (Garling, 1966, 1968),G. Kothe (Kothe, 1970) and W. H. Ruckle ((Ruckle, 1968), (Ruckle,
1967), (Ruckle, 1973)).

The following subspaces of w were first introduced and discussed by Maddox ((Maddox,
1986), (Maddox, 1969)):

I(p)={xcw: % |xe|PF < oo},

leo(p) = {x € w : sup x| < oo},
k

cp)={xew: li]{Illxk —|Px =0, for somel e C},
co(p) ={xcw: li]{n lxi e = 0},

where p = (py) is a sequence of strictly positive real numbers.

After then Lascarides ((Lascarides, 1971, 1983)) defined the following sequence spaces:

lo{p} = {x € w : there exists r > 0 such that sup |x;r|P“t; < oo},
k

colp} = {x € w : there exists r > 0 such that lilgn |xgr|Pet, = 0},

[{p} = {x € w: there exists r > 0 such that }, |x;r|P*t; < oo},
k=1

where 7, = p;!, for all k € IN.

We need the following lemmas in order to establish some results of this article.

Lemma 1.1. Let h = iI;f pr and H = sup py. Then the following conditions are equivalent.(See
k

(Lascarides, 1983)).

(a) H<ooandh > 0,

(b) co(p) = co or lo(p) = e,
(¢) loip} = l(p),

(d) colp} = co(p),

(e) {p} = Up).

Lemma 1.2. Let Ke £(1) and MCN. If M¢1, then MNK ¢1. (See (T. Saldr & Ziman, 2004), (Tripathy
& Hazarika, 2011)).

Lemma 1.3. If1 ¢ 2" and MCN. If M ¢I, then MNK ¢I. (See (T. Saldt & Ziman, 2004), (Tripathy
& Hazarika, 2011)).
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Throughout the article [, ¢!, ¢, m" and m{ represent the bounded, I-convergent, I-null, bounded
I-convergent and bounded I-null sequence spaces respectively.

In this article we introduce the following classes of sequence spaces.
cl(f,p) ={(xx) €w: f(lx;y — L|P*) > e for some L} € I,
colfs ) = () € w: f(lal™) = e} €1,

L(f.p) = () €w: sup F(xel”) < o0} € 1.

Also we write
m'(f,p) = ¢'(f, p) N Ia(f, )
and
my(f. ) = co(f. p) N L. ).
2. Main Results
Theorem 2.1. Let (py) € lw. Then c'(f, p), c{(f, p), m'(f, p) and m{(f, p) are linear spaces.

Proof. Let (x;), (yx) € c!(f, p) and «, 8 be two scalars. Then for a given € > 0 we have:

keIN: f(lxy — Ly|7*) > L,for some Ly € Cp el
2M,

{k e N: f(lyx — Lo|P*) > L,for some L, € C} el
oM,

where
M, = D.max{1, Sl;p |cx|P*}
M, = D.max{l, Sl;p 1817},
and
D = max{1,27"} where H = SI;ppk > 0.
Let

Al = {k e N : f(lx; — Li|P*) < ﬁ,for some L, € C} el,
1

Ay =3kelN: f(lye — Ly|*) < i,for some L, e Cy el
2M,

be such that A{, AS € I.
Then
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As =tk € N : f(l(ax +Bye) — flaLy +BLy)™) < e)
D ke N : o flx — Ly|P) < 2—;41|a|pk.D}

ik € N 817 flly = L) < 518" D)

Thus A§ = AS N AS € 1. Hence (axy + Byi) € ¢! (f, p). Therefore ¢/(f, p) is a linear space. The
rest of the result follows simililarly. [

Theorem 2.2. Let (py) € l. Then m'(f, p) and m{(f, p) are paranormed spaces, paranormaed by
g(x) = sup f(lx| ) where M = max(1, sup p;)
k k

Proof. Let x = (x),y = (x) € m'(f, p).

(1) Clearly, g(x) = 0 if and only if x = 0.

(2) g(x) = g(—x) is obvious.

(3) Since £ < 1 and M > 1, using Minkowski’s inequality and the definition of f we have:

sup £(Ix; + yil ) < sup f(xil ) + sup f(lyil ).
k k k

(4) Now for any complex A we have (A;) such that 4; — A4, (k — o).

Let x; € m!(f, p) such that f(|x; — L|*) > €.

Therefore, g(x; — L) = sup f(1x; — L|%) < sup f(|xi| ) + sup f(|L|5).
k k k

Hence g(A,x; — AL) < g(A,x;) + g(AL) = A,,g(xy) + Ag(L) as (k — o0).

Hence m!(f, p) is a paranormed space.
The rest of the result follows similarly. ]

Theorem 2.3. A sequence x = (x;) € m!(f, p) I-converges if and only if for every € > O there exists
N, € N such that

ke N : f(lxi — xy I7*) < €} € m'(f, p). (2.1)
Proof. Suppose that L = I —lim x. Then

B.=(keN: |y —LI"* < g} e m!(f, p). Forall € > 0.
Fix an N, € B.. Then we have

€
+

|xNg - xk|pk < |.?CNE - L|pk +|L — xk|p" < 5 = €,

€
2
which holds for all k € B..

Hence {k € IN : f(lx; — xn |7%) < €} € m!(f, p).

Conversely, suppose that {k € IN : f(|x,—xy,|P*) < €} € m!(f, p). Thatis {k € IN : (g —xn, [PF) <
€} € m'(f, p) foralle > 0. Thenthe set C. = {k € IN : x; € [xy,—€, xy.+€]} € m!(f, p) for all € > 0.
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Let J. = [xy,—€, xy,+€]. If we fix an € > 0 then we have C, € m/(f, p) as wellas C< € m/(f, p).
Hence C. N C< € m/(f, p). This implies that

J=JnJs#¢
that is
(ke N :x.€J}em!(f,p)

that is
diamJ < diamJ,

where the diam of J denotes the length of interval J.
In this way, by induction we get the sequence of closed intervals

with the property that diaml; < %diamlk_ for(k=2,3,4,....)and
(ke N : x; € I} € m!(f, p) for (k=1,2,3,4,......).
Then there exists a & € NI, where k € IN such that £ = I — lim x. So that f(§) = [ — lim f(x),
thatis L = I — lim f(x).
[

Theorem 2.4. Let H = sup p; < oo and I an admissible ideal. Then the following are equivalent.
k

(a) (xi) € !(f, p);
(b) there exists(yy) € c(f, p) such that x; = yy, for a.a.k.r.1;
(c) there exists(yy) € c(f, p) and (x;) € cé(f, p) such that x; = y; + zx for all k € N and {k € IN :

Sy = L) > el €1;

(d) there exists a subset K = {k; < ky....} of N such that K € £(I)

and lim f(|x;, — L|P) = 0.

Proof. (a) implies (b). Let (x;) € ¢/(f, p). Then there exists L € C such that
{keIN: f(lxy = LI) > €} € .

Let (m,) be an increasing sequence with m, € IN such that

{k<m;: f(lx, — LI"™) > €} € I.

Define a sequence(yy) as
Yk = Xx, forall k < m.

FOI'mt < ks m,+1,l€ ]N

) X if |x, — L|Px < l'_l,
Y= L, otherwise.

Then (y;) € c(f, p) and form the following inclusion

k<m:x# y) Stk <m: f(lxe — LI™) > €} € I
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We get x; = y, for a.akr.l.

(b) implies (c).For (x;) € c!(f, p). Then there exists (y;) € c(f, p) such that x; = y;, for a.ak.r.L
Let K ={keIN:x; #y},thenk eIl

Define a sequence (z;) as

o= Xy — Y, ifkek,
k 0, otherwise.

Then z; € c{(f, p) and y; € c(f, p).
(c) implies (d).Let Py = {k € IN : f(|x;|’*) > €} € I and

K =P ={k <k <ks<..}e£(l).

Then we have lim f(|x;,, — L|"») = 0.
(d) implies (a). Let K = {k; < k, < k3 < ...} € £(I) and lim f(|x;, — L|") = 0.

Then for any € > 0, and Lemma 1.10, we have
(ke N: f(lxy = L") > e} CK Uk e K : f(lxy — L) > €).
Thus (x;) € c!(f, p). O

Theorem 2.5. Let (pi) and (qi) be two sequences of positive real numbers. Then m(f,p) 2
mé(f, q) if and only lf%clrll’(l inf Z—: > 0, where K¢ C N such that K € 1.
€

Proof. Let %{11}{1 inf ZL:‘ > 0. and (xy) € m{)( f>q). Then there exists § > 0 such that p; > Bgy, for all
. ,

sufficiently large k € K. Since (x) € m{(f, q).for a given € > 0, we have
By ={ke IN: f(jx %) > €} € L.
Let Gy = K° U By Then G, € I. Then for all sufficiently large k € G,
ke N: f(lxd™) > €} Clk e N: f(lxl’™) > e} € I.
Therefore (x) € m{(f, p). O

Theorem 2.6. Let (pi) and (gi) be two sequences of positive real numbers. Then mé( f,q9) 2
my(f, p) if and only lf%{ll‘}(l inf %’; > 0, where K C N such that K € I.
€

Proof. The proof follows similarly as the proof of Theorem 2.5. L

Theorem 2.7. Let (pi) and (qi) be two sequences of positive real numbers. Then m{(f,q) =
m{(f, p) if and only lflklrlr<1 inf %’i > 0, and 1kH[I<1 inf ;% > 0, where K C IN such that K¢ € I.
€ €

Proof. On combining Theorem 2.5 and 2.6 we get the required result.
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Theorem 2.8. Let h = irlzf pr and H = sup py. Then the following results are equivalent.
k

(a) H < ooandh > 0.
(b) Cé(f’ P) = C{y

Proof. Suppose that H < oo and i > 0, then the inequalities min{1, s"} < s”* < max{1, s"} hold
for any s > 0 and for all k£ € IN. Therefore the equivalent of (a) and (b) is obvious. O]

Theorem 2.9. Let f be a modulus function. Then cé( £, p) C c'(f, p) c ' (f, p) and the inclusions
are proper.

Proof. Let (x;) € c!(f, p). Then there exists L € C such that I — lim f(|x; — L|P*) = 0. We have
J(xiP¥) < %f(lxk —LIPF)y + %f(lLl”"). Taking supremum over k both sides we get (x;) € I/ (f, p) and
the inclusion c{(f, p) C ¢!(f, p) is obvious. Hence c{(f, p)  ¢'(f, p) C IL(f, p) and the inclusions
are proper. O]

Theorem 2.10. If H = sup p; < oo, then for any modulus f, we have I', ¢ M(m'(f, p)), where the
inclusion may be proper. ‘

Proof. Let a € [’ This implies that sup|a| < 1 + K. for some K > 0 and all k. Therefore
x € m!(f, p) implies sgp Flagx|Pv) < (lk+ K sgp Ff(Ix|P¥) < oo. which gives I, ¢ M(m!(f, p)).

To show that the inclusion may be proper, consider the case when p; = % for all k. Take a; = k
for all k. Therefore x € m!(f, p) implies sup f(Jaixi|”*) < sup f(lkli) sup f(|x|”*) < oo. Thus in this
k k k

case a = (ay) € M(m!(f, p)) whilea ¢ I'.. O

Theorem 2.11. The function h : m'(f, p) — R is the Lipschitz function,where m'(f, p) = c¢!(f, p)N
l(f, p), and hence uniformly continuous.

Proof. Let x,y € m!(f, p),x # y. Then the sets
Ay ={ke N : [xp — R > |lx = yll} € 1,
Ay={keN: |y —hI* > llx -y} € L.

Here [lx - yll = sup f(lx; — yi|%) where M = max{1,sup p;}
k k

Thus the sets,
B, ={keN: |x — i(x)I™* < |lx = yll} € m'(f, p),

By = {k e N : [y = h()I™* < llx = yll} € m'(f, p).

Hence also B = B, N B, € m'(f, p),so that B # ¢.
Now taking k in B,

[7(x) = AP < 1R(x) = xil™ + 1 = yel™ + Iy = RO < 3]l =yl

Thus & is a Lipschitz function. For m{(f, p) the result can be proved similarly. ]
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Theorem 2.12. If x,y € m!(f, p),then (x.y) € m'(f, p) and h(xy) = W(x)h(y).

Proof. For e >0
{k € N : [xe — (0| < €} € m'(f, p),

B, =
By = {k e N : [yy — h(»)I"* < e} € m'(f, p).

Now,
Xy — ROOROD)IP =[xy — xh(y) + x(y) — h() ()|

< Pl e = A + (ROl = Aol (2.2)

As m!(f, p) C L.(f, p),there exists an M € R such that |x;|’* < M and |h(y)|’* < M.
Using (2.2) we get
Xy — R(X)h(V)IP* < Me + Me = 2Me,

for all k € B, N B, € m'(f.p). Hence (x.y) € m'(f, p) and h(xy) = h(x)i(y). For m{(f, p) the result
can be proved similarly. [
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