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Abstract

This article introduces associated near sets of a collection of sets. The proposed approach introduces a means
of defining as well as describing anε-approach merotopy in terms of the members of associated sets of collections
that are sufficiently near. A characterization for continuous functionsis established using associated near sets. This
article also introducesp-containment considered in the context of near sets. An application of the proposed approach
is given in terms of digital image classification.
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1. Introduction

For any real-valued functionf of a real variable, the associated sets off (Agronsky, 1982) are
the sets

Eα( f ) = {x : f (x) < α} andEα( f ) = {x : f (x) > α},

whereα ∈ R (the set of all real numbers). Many classes of functions can be characterized in terms
of their associated sets. The study of associated sets of a function started in 1922 (Coble, 1922) and
elaborated in (Zahorski, 1950; Bruckner, 1967; Agronsky, 1982; Petrakiev, 2009). For example, a
function is continuous, if and only if, all of its associatedsets are open, a function is approximately
continuous if, and only if, all of its associated setsF sets with the property that every point of an
associated set is a point of Lebesgue density of that set. More generally, A. Bruckner (Bruckner,
1967, p. 228) has shown that ifκ is a class of functions characterized in terms of an associated
setP andh is a homeomorphism, then the associated sets of the functionh ◦ f are all members
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of P andh ◦ f ∈ κ. S. Agronsky (Agronsky, 1982, p. 767) has observed that an associated set
for a function inMi must be ‘more dense’ near each of its members than an associated set for a
function inMi−1.

In this paper, associated sets defined in terms ofε-approach merotopies are considered. In
particular, we consider associated sets containing members that are sufficiently near each other
relative toε-approach merotopies. Carrying forward the idea of definingand characterizing a
function in terms of an associated set, it is possible to define and characterize an approach mero-
topy in terms of an associated set of collections. Using the concept of associated sets, an equivalent
condition for continuous functions is obtained.

2. Preliminaries

Let X be a nonempty ordinary set. The power set ofX is denoted byP(X), the family of
all collections of subsets ofP(X) is denoted byP2(X). We denote byℵ0 the first infinite cardinal
number, byJ an arbitrary index set, and|A| is the cardinality ofA,whereA ⊆ X. ForA,B ∈ P2(X),
we sayA ∨ B ≡ {A ∪ B : A ∈ A, B ∈ B}; A corefinesB (written asA ≺ B), if and only if, for
all A ∈ A, there existsB ∈ B such thatB ⊆ A. ForA ⊆ P(X), stack(A) = {A ⊆ X : B ⊆
A, for someB ∈ A} and sec(A) = {B ⊆ X : A ∩ B , ∅, for all A ∈ A} = {B ⊆ X : X − B <
stack(A)}.Observe that sec2(A) = stack(A), for allA ∈ P2(X). A filter onX is a nonempty subset
F of P(X) satisfying:∅ < F ; if A ∈ F andA ⊆ B, thenB ∈ F ; and if A ∈ F andB ∈ F , then
A∩ B ∈ F . A maximal filter onX is called anultrafilter on X. A grill on X is a subsetG of P(X)
satisfying:∅ < G; if A ∈ G andA ⊆ B, thenB ∈ G; and if A ∪ B ∈ G, thenA ∈ G or B ∈ G.
Note that for anyx ∈ X, ẋ = {A ⊆ X : x ∈ A} is an ultrafilter onX, which is also a grill onX.
There is one-to-one correspondence between the set of all filters and the set of all grills onX by
the relation:F is a filter onX if and only if sec(F ) is a grill onX; andG is a grill onX if and only
if, sec(G) is a filter onX.

In its most basic form, an approach merotopy is a measure of the nearness of members of a
collection. For collectionsA,B ∈ P2(X), a functionν : P2(X) × P2(X) :−→ [0,∞] satisfying a
number of properties is a called anε-approach merotopy. A pair of collections are near, provided
ν(A,B) = 0. Forε ∈ (0,∞], the pairA,B aresufficiently near, providedν(A,B) < ε.

Let cl be a Kuratowski closure operator onX. Then the topological space (X, cl) is called a
symmetric topological spaceif and only if x ∈ cl({y}) =⇒ y ∈ cl({x}), for all x, y ∈ X.

Definition 2.1. A functionδ : X×P(X) −→ [0,∞] is called a distance onX (Lowen, 1997; Lowen
et al., 2003) if for any A, B ⊆ X andx ∈ X, the following conditions are satisfied:
(D.1) δ(x, {x}) = 0,
(D.2) δ(x, ∅) = ∞,
(D.3) δ(x,A∪ B) = min{δ(x,A), δ(x, B)},
(D.4) δ(x,A) ≤ δ(x,A(α)) + α, for all α ∈ [0,∞], whereA(α)

+ {x ∈ X : δ(x,A) ≤ α}.
The pair (X, δ) is called an approach space.

Definition 2.2. A generalized approach space (X, ρ) (Peters & Tiwari, 2011, 2012) is a nonempty
setX equipped with a generalized distance functionρ : P(X)×P(X) −→ [0,∞], if and only if, for
all nonempty subsetsA, B,C ∈ P(X), ρ satisfies properties (A.1)-(A.5),i.e.,
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(A.1) ρ(A,A) = 0,
(A.2) ρ(A, ∅) = ∞,
(A.3) ρ(A, B∪C) = min{ρ(A, B), ρ(A,C)},
(A.4) ρ(A, B) = ρ(B,A),
(A.5) ρ(A, B) ≤ ρ(A, B(α)) + α, for everyα ∈ [0,∞], whereB(α)

= {x ∈ X : ρ({x}, B) ≤ α}.

It has been observed that the notion of distance in an approach space is closely related to the
notion of nearness (Khare & Tiwari, 2012, 2010; Tiwari, Jan. 2010). In particular, consider the
Čech distance between sets.

Definition 2.3. C̆ech Distance(Čech, 1966). For nonempty subsetsA, B ∈ P(X), ρ(a, b) is the
standard distance betweena ∈ A, b ∈ B and theC̆ech distanceDρ : P(X) × P(X) −→ [0,∞] is
defined by

Dρ(A, B) +















inf {ρ(a, b) : a ∈ A, b ∈ B}, if A andB are not empty,

∞, if A or B is empty.

Remark.Observe that (X,Dρ) is a generalized approach space. The distanceDρ(A, B) is a variation
of the distance function introduced by E.C̆ech in his 1936–1939 seminar on topology (Čech, 1966)
(see, also, (Beeret al., 1992; Hausdorff, 1914a; Leader, 1959)).

3. Approach merotopic spaces

Definition 3.1. Let ε ∈ (0,∞]. Then a functionν : P2(X) × P2(X) −→ [0,∞] is an ε-approach
merotopy onX, if and only if, for any collectionsA,B,C ∈ P2(X), the properties (AN.1)-(AN.5)
are satisfied.

(AN.1) A ≺ B =⇒ ν(C,A) ≤ ν(C,B),

(AN.2) A , ∅,B , ∅ and (
⋂

A) ∩ (
⋂

B) , ∅ =⇒ ν(A,B) < ε,

(AN.3) ν(A,B) = ν(B,A) andν(A,A) = 0,

(AN.4) A , ∅ =⇒ ν(∅,A) = ∞,

(AN.5) ν(C,A∨ B) ≥ ν(C,A) ∧ ν(C,B).

The pair (X, ν) is termed as anε-approach merotopic space.

For anε-approach merotopic space (X, ν), we define:clν(A) + {x ∈ X : ν({{x}}, {A}) < ε}, for
all A ⊆ X. Thenclν is aČech closure operator onX.

Let clν(A) + {clν(A) : A ∈ A}. Then anε-approach merotopyν on X is called anε-approach
nearnesson X, if the following condition is satisfied:

(AN.6) ν(clν(A), clν(B)) ≥ ν(A,B).
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In this case,clν is a Kuratowski closure operator onX.

Lemma 3.1. Let ε ∈ (0,∞], and let(X, ν) and (Y, ν′) beε-approach nearness spaces. Then f:
(X, ν) −→ (Y, ν′) is a contraction if and only if
ν( f −1(A), f −1(B)) ≥ ν′(A,B), for all A,B ∈ P2(Y).

Example 3.1. Let Dρ be a gap functional. Then the functionνDρ : P2(X) × P2(X) −→ [0,∞]
defined as

νDρ(A,B) + sup
A∈A,B∈B

Dρ(A, B); νDρ(A,A) + sup
A∈A

Dρ(A,A) = 0,

is anε-approach merotopy onX. Defineclρ(A) = {x ∈ X : ρ({x},A) < ε}, A ⊆ X. Thenclρ is a
Čech closure operator onX. Further, ifρ(clρ(A), clρ(B)) ≥ ρ(A, B), for all A, B ⊆ X, thenclρ is a
Kuratowski closure operator onX, and we callρ as anε-approach functionon X; and (X, ρ) is an
ε-approach space. In this case,νDρ is anε-approach nearness onX.

So, there are many instances ofε-approach nearness onX just as there are many instances of
ε-approach spaces (Lowen, 1997) and metric spaces onX.

Definition 3.2. Near and Almost Near Collections
For collectionsA,B ∈ P2(X), assume that the functionν : P2(X) × P2(X) :−→ [0,∞] is an ε-
approach merotopy. A pair of collections arenear, providedν(A,B) = 0. Forε ∈ (0,∞], the
pairA,B areε-near (almost near), providedν(A,B) < ε (Peters & Tiwari, 2011). Otherwise,
collectionsA,B are far,i.e., sufficiently apart, providedν(A,B) ≥ ε.

4. Associated collections

It is possible to characteriseε-approach merotopies in terms of associated collections.

Definition 4.1. Associated Collections of anε-Approach Merotopy
Let X denote an ordinary nonempty set and letA ∈ P2(X) denote collections of subsets ofX.
Suppose thatε ∈ (0,∞] andν be anε-approach merotopic space. The upper associated set ofA

with respect toν is defined by

Eε(A) + {B ∈ P2(X) : ν(A,B) > ε}.

and the lower associated set ofA with respect toν is defined by

Eε(A) + {B ∈ P2(X) : ν(A,B) < ε}.

Example 4.1.Let Dρ be a gap functional. ForA,B ∈ P2(X), the functionνDρ : P2(X)×P2(X) −→
[0,∞] is defined by

νDρ(A,B) + sup
A∈A,B∈B

Dρ(A, B); νDρ(A,A) + sup
A∈A

Dρ(A,A) = 0.

From Def.4.1, Eε(A) is the lower associated set ofA for a givenε ∈ R. Similarly, obtain the
upper associated setEε(A) ofA as a collectionB ∈ P2(X), providedνDρ(A,B) > ε.



James Peters et al./ Theory and Applications of Mathematics& Computer Science 3 (1) (2013) 1–12 5

Additional examples of lower and upper associated collections are given next.

Example 4.2.Let (X, ν) be anε-approach nearness onX, r < ε < ∞ andε′ < ε. Then

(ASet.1) Associated setsEε(A),Eε(A) of A with respect toν1 : P2(X) × P2(X) −→ [0,∞] such
that

ν1(A,B) =















∞, if ∅ ∈ A or ∅ ∈ B,

r, otherwise,

is defined by:
if ∅ ∈ A, Eε(A) = P2(X) andEε(A) = ∅,
if ∅ < A, Eε(A) = {A ∈ P2(X) : ∅ ∈ B} andEε(A) = {A ∈ P2(X) : ∅ < B}.

(ASet.2) Associated setsEε(A),Eε(A) of A with respect toν2 : P2(X) × P2(X) −→ [0,∞] such
that

ν2(A,B) =















∞, if ∅ ∈ A or ∅ ∈ B,

inf {ν(A,B), ε′}, otherwise,

is defined by:
if ∅ ∈ A, Eε(A) = P2(X) andEε(A) = ∅,
if ∅ < A, Eε(A) = {A ∈ P2(X) : ∅ ∈ B} andEε(A) = {A ∈ P2(X) : ∅ < B}.

Proposition 1. A collection in the lower associated set ofA with respect to theε-approach mero-
topyν is sufficiently nearA.

Proof. AssumeB ∈ Eε(A), the lower associated set ofA with respect toν. From Def.3.2,A,B
are sufficiently near.

Proposition 2. A collection in upper associated set ofA with respect to theε-approach merotopy
ν are sufficiently apart.

Proof. Immediate from from Def.4.1and Def.3.2.

We now present a characterization for continouous functions.

Theorem 4.1. Let νX and νY be ε-approach merotopies on X and Y, respectively. A mapping
f : X −→ Y is continuous, if and only if,A ∈ Eε(x) =⇒ f (A) ∈ Eε( f (x)), for all A ∈ P2(X) and
for all x ∈ X.

Proof. Let f : X −→ Y be continuous,x ∈ X andA ∈ P2(X). Suppose thatA ∈ Eε(x). Then
ν(A, {{x}}) < ε, which givesν({A}, {{x}}) < ε, for all A ∈ A. That is,x ∈ clνX(A), for all A ∈ A.
Consequently,f (x) ∈ f (clνX(A)) ⊆ clνY( f (A)), for all A ∈ A. Hence, f (A) ∈ Eε( f (x)). The
converse is obvious.

Definition 4.2. Finite Strong Containment Property (Agronsky, 1982).
Let p be a property defined for sets of real numbers with respect to sets containing them. IfA ⊂ B,
thenA is p-contained inB (written A ⊂

p
B), providedA has the propertyp with respect toB. Put

k ∈ [0,∞). Thenp is a finite strong containment property, provided
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(p.1) If A ⊂
p

B ⊂ F andp is defined forA ⊂ F, thenA ⊂
p

F,

(p.2) If A ⊂ B ⊂
p

F, thenA ⊂
p

F,

(p.3) If, for eachn ∈ N,En ⊂
p

Fn, then
k
⋃

n=1
En ⊂

p

k
⋃

n=1
Fn.

Example 4.3. Strong Containment of Sufficiently Near Collections
Putε ∈ (0,∞]. Let (X, ν) be anε-approach nearness onX andp + ‘sufficiently near’ defined for
A,B ∈ P(X) such thatν(A,B) < ε. From Example4.2, assumeA,B ∈ Eε(ν2) andA ⊂ B, then
A ⊂

p
B.

Proof.
(p.1) AssumeA,B,C ∈ Eε(ν2). By definition,A ⊂

p
B. AssumeB ⊂ C, thenA ⊂

p
B ⊂ C. Since

B,C ∈ Eε(ν2), thenA ⊂
p
C.

(p.2) AssumeA,B,C ∈ Eε(ν2) and thatA ⊂ B ⊂ C. By definition,A ⊂ B ⊂
p
C and by

assumptionA ⊂ C. SinceA,C ∈ Eε(ν2), thenA ⊂
p
C.

(p.3) The proof of this strong containment property follows bymathematical induction.

5. Description-based neighbourhoods

For N. Bourbaki, a set is a neighbourhood of each of its pointsif, and only if, the set is
open (Bourbaki, 1971, §1.2) (Bourbaki, 1966, §1.2, p. 18). A setA is open, if and only if, for each
x ∈ A, all pointssufficiently near1 x belong toA.

x0

y
ρ(x0, y) < r

Figure 1: Nbd Nr (x0)

For a Hausdorff neighbourhood (denoted byNr ), sufficiently
near is explained in terms of the distance between pointsy andx
being less than some radiusr (Hausdorff, 1914b, §22). In other
words, a Hausdorff neighbourhood of a point is an open set such
that each of its points is sufficiently close to its centre.

Traditionally, nearness of points is measured in terms of the
location of the points. Letρ : X × X :→ [0,∞] denote the
standard distance2 between points inX. For r ∈ (0,∞], a neighbourhood ofx0 ∈ X is the set of all
y ∈ X such thatρ(x0, y) < r (see,e.g., Fig. 1, where the distanceρ(x, y) between each pairx0, y is
less thanr in the neighbourhood). In that case, a neighbourhood is called an open ball (Engelking,
1989, §4.1) or spherical neighbourhood (Hocking & Young, 1988, §1-4). In the plane, the points
in a spherical neighhourhood (nbd) are contained in the interior of a circle.

Next, an alternative to a spherical neighbourhood is calleda visual neighbourhood (denoted
nbdv), which stems from recent work on descriptively near sets (Naimpally & Peters, 2013; Peters,
2013; Peters & Naimpally, 2012).

1...tous les points assez voisins d’un point x(Bourbaki, 1971, p. TG I.3)
2i.e., for x, y ∈ X ⊂, ρ(x, y) = |x− y|.
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Definition 5.1. Visual Neighbourhood
A visual nbdv of a pointx0 (denotedNrφ) is an open setA such that the visual information values
extracted from all of the points in A are sufficiently near the corresponding visual information
values atx0. Letφ denote a probe function used to extract visual information from a point in nbdv.
Sufficient nearness of points in a visual nbdv is defined in terms of boundrφ, a real number. That
is, pointsx0, x ∈ A are sufficiently near,i.e., provided

ρφ(x0, y) = |φ(x0) − φ(y)| < rφ.

Example 5.1. Visual Neighbourhood in a Drawing
In its simplest form (see,e.g., Fig. 2), a nbdv (denoted byNrφ) is defined in terms of a real-valued
probe functionφ used to extract visual information from the pixels in a digital image, reference
point x0 (not necessarily the centre of the nbdv) and ‘radius‘rφ such that

X = {drawing visual pixels}, x, y ∈ X,

φ : X→ [0,∞], (probe function,e.g., probeφ(x) = pixel x intensity),

ρφ(x0, y) = |φ(x0) − φ(y)|, (visual distance),

x0 ∈ X,(nbdv reference point),

rφ ∈ (0,∞], (sufficient nearness bound),

Nrφ(x0) = {y ∈ X : ρφ(x0, y) < rφ}, (visual nbdv).

At this point, observe that the appearance of a visual neighbourhood can be quite different from
the appearance of a spherical neighbourhood. For this reason, x0 is called areference point(not a
centre) in anbdv. A visual neighbourhood results from a consideration of thefeatures of a point
in the neighbourhood and the measurement of the distance between neighbourhood points3. For
example,φ(x0) in Fig. 2 is a description ofx0 (probeφ is used to extract a feature value fromx in
the form of pixel intensity). Usually, a complete description of a pointx in anbdv is in the form of
a feature vector containing probe function values extracted from x (see,e.g., (Henry, 2010, §4), for
a detailed explanation of the near set approach to perceptual object description). Observe that the
membersy ∈ Nrφ(x0) in the visual neighbourhood in Fig.2 have descriptions that aresufficiently
near the description of the reference pointx0.

For example, each of the points in the green shaded regions inFig. 2 have intensities that are
very close to the intensity of the pointx0. By contrast, many points in the purple shaded region
have higher intensities (i.e., more light) than the pixel atx0, For example, consider the intensities
of the points in the visual nbd represented by the green wedge-shaped region and some outlying
green circular regions and the pointx4 in the purple region in Fig.2, where

rφ = 5 low intensity difference,

3It is easy to prove thata visual neighbourhood is an open set
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φ(x0)

φ(x1)
φ(x2) φ(x3)

φ(x4)
ρφ(x0, x4) > rφ

ρφ(x0, x3) < rφ
ρφ(x0, x2) < rφ

ρφ(x0, x1) < rφ

ℑ1

ℑ2

ℑ3

ℑ4

ℑ5
ℑ6

ℑ7

ℑ8

Figure 2: Sample Visual NbdNrφ(x0) in a Drawing

ρφ(x0, x1) = |φ(x0) − φ(x1)| < rφ,

ρφ(x0, x2) = |φ(x0) − φ(x2)| < rφ,

ρφ(x0, x3) = |φ(x0) − φ(x3)| < rφ, but

ρφ(x0, x4) = |φ(x0) − φ(x4)| > rφ, whereφ(x4) = high intensity (white).

In the case of the pointx4 in Fig. 2, the intensity is high (close to white),i.e., φ(x4) ∼ 255.
By contrast the pointx0 has low intensity (less light),e.g., φ(x0) ∼ 20. Assumerφ = 5. Hence,
|φ(x0) − φ(x4)| > rφ. As in the case of C. Monet’s paintings4, the distance between probe function
values representing visual information extracted from image pixels can be sufficiently near a cen-
tre x0 (perceptually) but the pixels themselves can befar apart, i.e., not sufficiently near, if one
considers the locations of the pixels.

Remark.Filters and Grills
In Fig. 2, observe thatF1 = ℑ1 ⊂ ℑ2 ⊂ ℑ3 is a filter. Again, observe thatF2 = {ℑ4,ℑ6,ℑ8} is a
filter. It can be shown that the setG = {ℑ4,ℑ6,ℑ8} is a grill.

Proof. Let A = ℑ6, B = ℑ4 in Fig. 2. FromF2, we know thatℑ6 ⊂ ℑ4 andℑ4 ⊂ G. ThenB ∈ G.
Observe thatℑ5 ∪ ℑ6 ∈ G, thenℑ5 ∈ G orℑ6 ∈ G.

4A comparison between Z. Pawlak’s and C. Monet’s waterscapesis given inPeters(2011).
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In addition, letX denote the set of regions shown in Fig.2. Obviously,F = {ℑ4,ℑ6,ℑ8} is a
filter, if and only if, sec(F ) is a grill G2 on X. Further,G3 =

{

ℑ1,ℑ2,ℑ3
}

is a grill, if and only if,
sec(G3) is a filter.

Example 5.2. Sample Associated Sets
Let Dρφ be a gap functional such that

Dρφ(A, B) +















inf {ρφ(a, b) : a ∈ A, b ∈ B}, if A andB are not empty,

∞, if A or B is empty.

Then the functionνDρφ
: P2(X) × P2(X) −→ [0,∞] defined as

νDρφ
(A,B) + sup

A∈A,B∈B
Dρφ(A, B); νDρφ

(A,A) + sup
A∈A

Dρφ(A,A) = 0,

is anε-approach merotopy onX. In terms of the labelled setsℑ1,ℑ2,ℑ3, ℑ4,ℑ5,ℑ6 in Fig. 2,
we can identify the following lower associated setEε in (Assoc.1) and upper associatedEε in
(Assoc.2) with respect toνDρφ

.

(Assoc.1) Eε(ℑ1) = {ℑ2,ℑ3,ℑ4,ℑ5,ℑ6}, where

νDρφ
(ℑ1,ℑi) < ε for i ∈ {2, 3, 5, 6},

i.e., for a ∈ ℑ1, b ∈ ℑi , i , 1, ρφ(a, b) < ε, since the colours of all of the pixels are
similar in each setℑi ∈ Eε(ℑ1) in Fig. 2. The sets inEε(ℑ1) are sufficiently nearℑ1.

(Assoc.2) Eε(ℑ4) = {ℑ7}, where
νDρφ

(ℑ4,ℑ7) > ε,

i.e., for a ∈ ℑ4, b ∈ ℑ7, ρφ(a, b) > ε, due to the fact that the green colour of each the
pixels inℑ4 is dissimilar to the purple or white colour of the pixels inℑ7 in Fig. 2. In
effect, the sets inEε(ℑ4) are far apart fromℑ4 with respect toνDρφ

.

Example 5.3. Sufficiently Near Strong p-Containment
After a manner similar to Example4.3, let (X, νρφ) be anε-approach nearness onX and p +

‘sufficiently near’ defined for{A}, {B} ∈ P(X) such thatνρφ({A}, {B}) < ε. Considerℑ1,ℑ2,ℑ3 in
Fig. 2. It is a straightforward task to verify that
(p.1) ℑ1 ⊂

p
ℑ2 ⊂ ℑ3 impliesℑ1 ⊂

p
ℑ3,

(p.2) ℑ1 ⊂ ℑ2 ⊂
p
ℑ3 impliesℑ1 ⊂

p
ℑ3,

(p.3) Considering onlyℑ1,ℑ2,ℑ3,

ℑ1 ⊂
p
ℑ3 andℑ2 ⊂

p
ℑ3 implies

2
⋃

i=1

ℑi ⊂
p
ℑ3.
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3.1: Monet meadow

φ(x0)

φ(x1)

φ(x2)

3.2: NbdNrφgrey

Figure 3: Sample Monet Meadow nbdNrφgrey
, with rφgrey=10

Example 5.4. Visual Neighbourhood in a Digital Image
Consider visual neighbourhoods in digital images, where each point is an image pixel (picture
element). A pixel is described in terms of its feature values. Pixel features include grey level
intensity and primary colours red, green, and blue with wavelengths 700 nm, 546.1 nm and 435.8
nm, respectively)5, texture, and shape information. Visual information (feature values) is extracted
from each pixel with a variety of probe functions.

For example, consider a xixth century, St. Martin, Vetheuil landscape by C. Monet rendered as
a greyscale image in Fig.3.1. Letφgrey(x) denote a probe that extracts the greylevel intensity from
a pixel x and letrφgrey = 10. This will lead to the single visual neighbourhood represented by the
green-shaded regions shown in Fig.3.2. To obtain the visual nbd in Fig.3.2, replace the greylevel
intensity of each point sufficiently near the intensityφgrey(x0) with a green colour. The result is
green-coloured visual nbdNrφgrey

in Fig.3.2. This set of intensities in the visual nbd shown inNrφgrey

is an example of an open set contain numbers representing intensities that are sufficiently nearx0.
To verify this, notice that the pixel intensities for large regions of the sky, hills and meadow in
Fig. 3.1 are quite similar. This is the case with the sample pixels (points of light) x0, x1, x2 in
Fig. 3.2, where the in

∣

∣

∣φgrey(x0) − φgrey(x1)
∣

∣

∣ < rφgrey and
∣

∣

∣φgrey(x0) − φgrey(x2)
∣

∣

∣ < rφgrey.
In summary, the lower associated setEε({{xi}}) is the set of all visual neighbourhoods of the

pixel xi in Fig. 3.2 that are descriptivelyε-near each other. In addition, one can also observe

5The amounts of red, green and blue that form a particular colour are calledtristimulusvalues. LetR,G, B denote
red, green, blue tristimulus values, respectively, with green almost in the middle of the wavelengths of the visual
spectrum, which is at 568 nm. Then define the following probe functions to extract the colour components of a pixel.

r =
R

R+G+ B
, g =

G
R+G+ B

, b = 1− r − g.

meadow-g.eps
nbd-meadow.eps
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b

b

b

b

b

f (x) = y1

f (x) = y2
f (x) = yk

x

X Y

y1 = Eε({{x}})

y2

yk

·
·
·

Figure 4: f (x) = |Eε({{x}})| > 0

that the upper associated setEε({{xi}}) contains all visual neighbourhoods that are descriptively
dissimilar toxi .

Example 5.5. Bipartite Graph for Associated Sets
Although this example continues the discussion of paintings, the proposed bipartite graph rep-
resentation of associated sets is easily extended to members of any pair of nonempty sets. For
example, consider classifying paintings by a particular artist by collecting together nonempty as-
sociated lower sets of sufficiently near neighbourhoods extracted from pairs of pictures. To see
this, let X denote a set of query images and letY denote a set of test images (i.e., X contains
pictures showing paintings, where each painting inX is compared with the paintings in the set of
sample paintingsY).

The goal is to collect together those pictures inY containing neighbourhoods of points iny ∈ Y
that are sufficiently similar to neighbourhoods of points in a picturex ∈ X. Let Na ∈ X,Nb ∈ Y
denote neighbourhoods that are sufficiently near. Then construct the lower associated setEε(Na) =
{Nb, . . . }. A query image is similar to a test image if, and only if,Eε(Na) > 0.

Given approach spaces (X, νDρφgrey
), (Y, νDρφgrey

), consider a functionf : X → Y defined by
f (x) = |Eε(x)|, wherex ∈ X. Then the relation between a particular painting and one or more
associated lower sets can be represented by a bipartite graph (see Fig.4). The image set

O = { f (xi) : i ∈ and | f (xi)| > 0}

can be extracted from Fig.4. The setO has interest, since two of its members reveal the least
similar and most similar paintings in relation to a particular query image. That is, inf{O}, sup{O}
function values correspond to the least similar and most similar of the paintings that are sufficiently
near the query imagex ∈ X.

Similarly, one can determine the collection of those paintings dissimilar to a given query pic-
ture with a nonempty associated upper set containing visualneighbourhoods taken from the query
image and a test image.
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