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Abstract

This article introduces associated near sets of a collecticsets. The proposed approach introduces a means
of defining as well as describing arapproach merotopy in terms of the members of associatsdéebllections
that are sfficiently near. A characterization for continuous functiemestablished using associated near sets. This
article also introducep-containment considered in the context of near sets. Ani@gifun of the proposed approach
is given in terms of digital image classification.
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1. Introduction

For any real-valued functioh of a real variable, the associated set$ ¢Agronsky, 1982 are
the sets

E“(f) = {x: f(X) < a} andE,(f) = {x: f(X) > a},

wherea € R (the set of all real numbers). Many classes of functions eachlaracterized in terms
of their associated sets. The study of associated sets n€adn started in 19223oblg 1922 and
elaborated infahorskj 195Q Bruckner 1967 Agronsky, 1982 Petrakiey2009. For example, a
function is continuous, if and only if, all of its associatts are open, a function is approximately
continuous if, and only if, all of its associated sEtsets with the property that every point of an
associated set is a point of Lebesgue density of that sete gemerally, A. Bruckner&ruckney
1967, p. 228) has shown that ifis a class of functions characterized in terms of an assatiat
setP andh is a homeomorphism, then the associated sets of the furitkohare all members
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of Pandho f € k. S. Agronsky Agronsky, 1982 p. 767) has observed that an associated set
for a function in M; must be ‘more dense’ near each of its members than an assbekgttfor a
function in M;_;.

In this paper, associated sets defined in terms-approach merotopies are considered. In
particular, we consider associated sets containing mesrthat are sfliciently near each other
relative toe-approach merotopies. Carrying forward the idea of defirand characterizing a
function in terms of an associated set, it is possible to dedimd characterize an approach mero-
topy in terms of an associated set of collections. Using timeept of associated sets, an equivalent
condition for continuous functions is obtained.

2. Preliminaries

Let X be a nonempty ordinary set. The power seXois denoted byP(X), the family of
all collections of subsets @(X) is denoted byP?(X). We denote by, the first infinite cardinal
number, by an arbitrary index set, and| is the cardinality ofA, whereA c X. ForA, 8 € P3(X),
we sayAvV B ={AUB: Aec A, B e B}, A corefinesB (written asA < B), if and only if, for
all A € A, there existB € B such thatB € A. ForA < P(X), stacKA) = {AC X : B C
A, forsomeB € A} andsedA) ={BC X: AnB=# 0, foralAe A} ={BC X: X-B¢
stack(A)}. Observe that sé¢A) = stack(A), for all A € P?(X). A filter on X is a nonempty subset
¥ of P(X) satisfying:0 ¢ 7; if Ae ¥ andA C B, thenB € ¥; and if A € ¥ andB € ¥, then
AN B e F. Amaximal filter onX is called arultrafilter on X. A grill on X is a subseg of £(X)
satisfying:0 ¢ G; if A€ GandA C B,thenB e G; andifAUB € G,thenAe GorB € G.
Note that for anyx € X,x = {A € X : x € A} is an ultrafilter onX, which is also a grill onX.
There is one-to-one correspondence between the set otalsfdnd the set of all grills oK by
the relation:# is a filter onX if and only if secf) is a grill onX; andgG is a grill onX if and only
if, sec@) is a filter onX.

In its most basic form, an approach merotopy is a measureeofi¢hrness of members of a
collection. For collectionsA, 8 € P2(X), a functiony : P?(X) x P?(X) :— [0, o] satisfying a
number of properties is a called arapproach merotopy. A pair of collections are near, pravide
v(A, B) = 0. Fore € (0, ], the pairA, B aresyfficiently near providedv(A, B) < &.

Let cl be a Kuratowski closure operator ¢t Then the topological spac&(cl) is called a
symmetric topological spageand only if x € cl({y}) = y € cl({x}), for all x,y € X.

Definition 2.1. A functions : XxP(X) — [0, o] is called a distance oX (Lowen, 1997 Lowen
et al, 2003 if for any A, B € X andx € X, the following conditions are satisfied:

(D.1) s(x, {x}) = O,

(D.2) 6(x,0) = co,

(D.3) 6(x, AU B) = min{6(x, A), 6(x, B)},

(D.4) 6(x, A) < 5(x, AY) + a, for all @ € [0, o], whereA® = {x e X : 5(x, A) < a}.

The pair K, 6) is called an approach space.

Definition 2.2. A generalized approach spacg §) (Peters & Tiwarj 2011, 2012 is a nonempty
setX equipped with a generalized distance funciornP(X) x £(X) — [0, o], if and only if, for
all nonempty subset, B, C € P(X), p satisfies properties (A.1)-(A.5)e.,
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(A.1) p(A,A) =0,

(A.2) p(A,0) = oo,

(A.3) p(A, BUC) = min{p(A, B), p(A, C)},

(A.4) p(A,B) = p(B, A),

(A.5) p(A,B) < p(A B@) + «, for everya € [0, o], whereB@ = {x € X : p({x}, B) < a}.

It has been observed that the notion of distance in an apiprsgace is closely related to the
notion of nearneskhare & Tiwari, 2012 201Q Tiwari, Jan. 201 In particular, consider the
Cech distance between sets.

Definition 2.3. Cech Distance(Cech 1966). For nonempty subsets, B € £(X), p(a, b) is the
standard distance betweane A,b € B and theCech distanc®,, : P(X) x P(X) — [0, o] is
defined by

inf {p(a,b) :a€ A be B}, if AandB are notempty

0, if AorBisempty

Remark.Observe thatX, D,) is a generalized approach space. The dist&n¢a, B) is a variation
of the distance function introduced by@ech in his 1936-1939 seminar on topolo@g¢h 1966
(see, also,Beeret al, 1992 Hausdoft, 1914g; Leader 1959).

3. Approach merotopic spaces

Definition 3.1. Let & € (0, ]. Then a functionv : P?(X) x P2(X) — [0, =] is ane-approach
merotopy onX, if and only if, for any collectionsA, B, C € P?(X), the properties (AN.1)-(AN.5)
are satisfied.

(AN.1) A < B = v(C, A) < v(C,B),

(AN.2) A£0,8%0and A N(NB) 0 = v(A,B) <&,
(AN.3) v(A, B) = v(B, A) andv(A, A) = 0,

(AN.4) A £ 0 = v(0, A) = oo,

(AN.5) v(C, AV B) > v(C, A) A v(C, B).

The pair , v) is termed as an-approach merotopic space

For ane-approach merotopic spack, {), we define:cl,(A) = {x € X : v({{x}}, {A}) < &}, for
all A c X. Thencl, is aCech closure operator of

Letcl,(A) = {cl,(A) : A € A}. Then ans-approach merotopy on X is called are-approach
nearnes®n X, if the following condition is satisfied:

(AN.6) v(cl,(A), cl,(B)) = WA, B).
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In this casecl, is a Kuratowski closure operator o

Lemma 3.1. Lete € (0, o], and let(X, v) and (Y, ') be e-approach nearness spaces. Then f
(X,v) — (Y,V) is a contraction if and only if
v(f1(A), fYB)) = v (A, B), for all A, B € PY).

Example 3.1. Let D, be a gap functional. Then the functiep, : P*(X) x P*(X) — [0, 0]
defined as
vp, (A, B) = sup D,(A B); vp, (A A) =supD,(A A) =0,

AcA,BeB AcA
is ane-approach merotopy oK. Definecl,(A) = {x € X : p({x},A) < &}, Ac X Thencl, is a
Cech closure operator o0& Further, ifp(cl,(A), cl,(B)) = p(A B), for all A,B C X thencl, is a
Kuratowski closure operator o and we callp as ans-approach functioron X; and (X, p) is an
g-approach spaceln this caseyp, is ane-approach nearness o

So, there are many instancessepproach nearness dhjust as there are many instances of
g-approach spaces@wen 1997 and metric spaces ok

Definition 3.2. Near and Almost Near Collections

For collectionsA, 8 € P?(X), assume that the function: P?(X) x P?(X) :— [0, o] is ane-
approach merotopy. A pair of collections arear, providedv(A, B) = 0. Fore € (0, ], the
pair A, B aree-near (almost neay, providedv(A, B) < ¢ (Peters & Tiwarj 2011). Otherwise,
collectionsA, B are far,i.e., syficiently apart providedv(A, B) > .

4. Associated collections

It is possible to characterigeapproach merotopies in terms of associated collections.

Definition 4.1. Associated Collections of ag-Approach Merotopy

Let X denote an ordinary nonempty set and@te P2(X) denote collections of subsets Xf
Suppose that € (0, o] andv be ans-approach merotopic space. The upper associated sét of
with respect tor is defined by

E*(A) = {B € P*’(X) : v(A, B) > &}.
and the lower associated set#@fwith respect to is defined by
E.(A) = {B e PX): v(A, B)< &l

Example 4.1.Let D, be a gap functional. Fafi, 8 € P*(X), the functionvp, : P2(X) xP*(X) —
[0, 0] is defined by

vp,(A,B) = sup D,(A B); vp, (A A) =supD,(A A) =0.
AcA

AceA,BeB

From Def.4.1, E.(A) is the lower associated set gt for a givene € R. Similarly, obtain the
upper associated sef(A) of A as a collectior € P*(X), providedvp, (A, B) > «.



James Peters et al. Theory and Applications of Mathemati&sComputer Science 3 (1) (2013) 12 5
Additional examples of lower and upper associated coldestare given next.

Example 4.2. Let (X, v) be ans-approach nearness dfir < £ < oo ande’ < &. Then

(ASet1) Associated set&?(A), E.(A) of A with respect ta/; : P?(X) x P3(X) — [0, o] such
that
o, fOeAorde B,

r, otherwise

Vl(ﬂ’ B) = {

is defined by:
if 0 € A, E*(A) = P*(X) andE,(A) = 0,
if 0 ¢ A, E(A) = (AecP?X):0 e B}andE,(A) = (A e P*(X): 0 ¢ B).
(ASet?2) Associated set&?(A), E,(A) of A with respect tas, : P?(X) x P3(X) — [0, o] such
that

(A.8) 00, foeAorde B,
VoA, B) = 1. .
2 inf {v(A, B), e}, otherwise

is defined by:
if 0 € A, E*(A) = P*(X) andE,(A) = 0,
if 0 g A E(A) ={AecP’(X):0e B)andE.(A) = {Ac P}(X): 0 ¢ B).

Proposition 1. A collection in the lower associated set#@fwith respect to the-approach mero-
topyv is syficiently nearA.

Proof. AssumeB € E.(A), the lower associated set &t with respect to.. From Def.3.2, A, B
are stficiently near. O

Proposition 2. A collection in upper associated set@fwith respect to the-approach merotopy
v are syficiently apart.

Proof. Immediate from from Def4.1and Def.3.2 O
We now present a characterization for continouous funstion

Theorem 4.1. Let vx and vy be g-approach merotopies on X and réspectively. A mapping
f : X — Y is continuous, if and only ifd € E,(X) = f(A) € E.(f(X)), for all A € P?(X) and
forall x e X.

Proof. Let f : X — Y be continuousx € X andA € P?(X). Suppose tha#i € E.(X). Then
v(A, {{x}}) < &, which givesy({A}, {{x}}) < &, for all A € A. Thatis,x € cl,, (A), for all A € A.
Consequentlyf(x) € f(cl,,(A) < cl,, (f(A), for all A € A. Hence, f(A) € E.(f(X). The
converse is obvious. O

Definition 4.2. Finite Strong Containment Property (Agronsky, 1982.

Let p be a property defined for sets of real numbers with respeetsocentaining them. W c B,

thenA is p-contained inB (written A c B), providedA has the property with respect tdB. Put
p

k € [0, ). Thenp is a finite strong containment property, provided
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(p.1) If Ac Bc F andpis defined forA c F, thenA c F,
P P
(p.2) fAcBcF,thenAcCF,
P P
k k
(p.3) If, foreachne N, E, c F,, thenJ E, c U F.
p n=1 P n=1

Example 4.3. Strong Containment of Sficiently Near Collections
Pute € (0, 0]. Let (X, v) be ans-approach nearness ohandp = ‘sufficiently near’ defined for
A, B € P(X) such thatv(A, B) < . From Examplet.2, assumeA, B € E.(v,) andA c B, then
A C B.
p
Proof.
(p-1) AssumeA, B,C € E.(v,). By definition, A c 8. AssumeB c C, thenA c B c C. Since
p p

B,C € E.(v,), thenA % C.

(p-2) AssumeA, B,C € E.(v,) and thatA c 8 c C. By definition, A c 8 c C and by
p
assumptionA c C. SinceA, C € E.(v2), thenA c C.
p

(p.-3) The proof of this strong containment property followsrbgthematical induction.

5. Description-based neighbourhoods

For N. Bourbaki, a set is a neighbourhood of each of its paftand only if, the set is
open Bourbaki 1971, §1.2) Bourbakj 1966 §1.2, p. 18). A seAisopen if and only if, for each
x € A, all pointssyficiently neat x belong toA.

For a Hausddf neighbourhood (denoted V), syficiently gy
nearis explained in terms of the distance between poprasdx p(Xo, 3 < I
being less than some radiugHausdoff, 1914, §22). In other ] 0.

words, a Hausddif neighbourhood of a point is an open set such
that each of its points is fiiciently close to its centre.

Traditionally, nearness of points is measured in terms ef th
location of the points. Lep : X x X :— [0, =] denote the Figure 1: Nbd N;(xo)
standard distanédetween points iXX. Forr € (0, o], a neighbourhood of, € X is the set of all
y € X such thajp(x,y) < r (see,e.g, Fig. 1, where the distance(x, y) between each paig, y is
less tharr in the neighbourhood). In that case, a neighbourhood isatalh open balEngelking
1989 §4.1) or spherical neighbourhooddcking & Young 1988 §1-4). In the plane, the points
in a spherical neighhourhood (nbd) are contained in theiortef a circle.

Next, an alternative to a spherical neighbourhood is calletsual neighbourhood (denoted
nbd,), which stems from recent work on descriptively near sdtsrfipally & Peters2013 Peters
2013 Peters & Naimpally2012).

L..tous les points assez voisins d’un poirfBourbakj 1971, p. TG 1.3)
2i.e, forx,ye X c,p(xy) = [X—Yl.



James Peters et gl. Theory and Applications of Mathemati&sComputer Science 3 (1) (2013)112- 7

Definition 5.1. Visual Neighbourhood

A visual nbg of a pointx, (denoted\;,) is an open sef such that the visual information values
extracted from all of the points in A are figiently near the corresponding visual information
values atx. Let¢ denote a probe function used to extract visual informatiomfa point in nbg
Suficient nearness of points in a visual plisidefined in terms of boung, a real number. That
IS, pointsxg, X € A are sifficiently nearj.e., provided

Ps(X0,Y) = [p(X0) — (V)| < Ty

Example 5.1. Visual Neighbourhood in a Drawing

In its simplest form (sees.g, Fig. 2), a nbq (denoted byN;,) is defined in terms of a real-valued
probe functiony used to extract visual information from the pixels in a digitnage, reference
pointX, (notnecessarily the centre of the npdnd ‘radius’r, such that

X = {drawing visual pixels x,y € X,
¢ . X — [0, 0], (probe functiong.g, probe¢(x) = pixel x intensity),

Ps(X0,Y) = 16(X0) — é(y)l, (visual distance),
Xo € X,(nbd, reference point),

ry € (0, 00], (sufficient nearness bound),
Nr, (X0) = {y € X : ps(Xo.Y) < I4}, (visual nbg).

At this point, observe that the appearance of a visual neigtitood can be quitefierent from
the appearance of a spherical neighbourhood. For thismezsis called areference poin{not a
centre) in anbd,. A visual neighbourhood results from a consideration offdaures of a point
in the neighbourhood and the measurement of the distanegbetneighbourhood poirtsFor
examplep(Xo) in Fig. 2 is a description okg (probeg is used to extract a feature value fronn
the form of pixel intensity). Usually, a complete descptof a pointxin anbd, is in the form of
a feature vector containing probe function values extdhifttam x (seee.g, (Henry, 201Q §4), for
a detailed explanation of the near set approach to perdegiijext description). Observe that the
membersy € Ny, (Xo) in the visual neighbourhood in Fig.have descriptions that asefficiently
nearthe description of the reference pomat

For example, each of the points in the green shaded regidfigi@ have intensities that are
very close to the intensity of the poirg. By contrast, many points in the purple shaded region
have higher intensities.€., more light) than the pixel aty, For example, consider the intensities
of the points in the visual nbd represented by the green webigped region and some outlying
green circular regions and the poiatin the purple region in Figz, where

r, = 5 low intensity diference,

3|t is easy to prove that visual neighbourhood is an open set
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..... iy
. P A Ty

.. : : : Y 4
wmy - o) L e

4 oo X2) <Tg -
y i Py(X0,X3) < Ty
Pp(Xo, X1) < Ty '

Figure 2: Sample Visual NbdN;, (Xo) in a Drawing

Ps(X0, X1) = [#(Xo) — p(X1)| < 1y,

Ps(X0, X2) = [#(X0) — p(X2)| < 1y,

Py(%o, X3) = 1p(Xo) — ¢(X3)| < Ty, bt

Py(X0, Xa) = |¢(Xo) — ¢(Xa)| > 1y, Whereg(xs) = high intensity (white).

In the case of the point, in Fig. 2, the intensity is high (close to white)e., ¢(x4) ~ 255.
By contrast the poinky has low intensity (less lightg.g, ¢(X) ~ 20. Assume, = 5. Hence,
l6(X0) — ¢(Xa)l > 1. As in the case of C. Monet's paintinfgshe distance between probe function
values representing visual information extracted fromgenpixels can be shiciently near a cen-
tre X, (perceptually) but the pixels themselves canfdreapart, i.e., not suficiently near, if one
considers the locations of the pixels.

Remark.Filters and Grills
In Fig. 2, observe tha¥; = J; c J, c Jsis afilter. Again, observe that, = {J4, J6, Jg}is a
filter. It can be shown that the sgt= {34, J¢, Tg} is a grill.

Proof. Let A = J4, B = 34 in Fig. 2. From¥,, we know thatis c 34, and3J, c G. ThenB € G.
Observe thafis U 35 € G, thenJs € G or 35 € G.

4A comparison between Z. Pawlak’s and C. Monet's waterscismgsen inPeterg2011).
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In addition, letX denote the set of regions shown in F&y.Obviously,¥ = {34, 36, g} is a
filter, if and only if, se€¥) is a grill G, on X. Further,G; = {34, 35, 33} is a grill, if and only if,
sedGs) is afilter. O

Example 5.2. Sample Associated Sets
LetD,, be a gap functional such that

inf {ps(a,b) : ac A be B}, if AandB are notempty

D B) =
po(AB) = {oo, if AorBis empty

Then the functionvp, : £*(X) x P*(X) — [0, oo] defined as

vp,, (A, B) = sup D, (A B); VD%(?{, A) = supD,, (A, A) =0,
AcA,BeB AcA

is ane-approach merotopy oK. In terms of the labelled set$;, J,, I3, T4, Is, Jg in Fig. 2,

we can identify the following lower associated $€tin (Assoc.1) and upper associatéd in

(Assoc.2) with respect tep,, -

(Assocl) E.(3,1) = {J,, T3, T4, Is, T}, where

VD%(Sl, 8,) <gforie {2, 3,5, 6},

e, forae J;,b e J;,i # 1, ps(a,b) < &, since the colours of all of the pixels are
similar in each se¥; € E.(J1) in Fig. 2. The sets irE.(J,) are suficiently neard;.
(Assoc2) E?(3,4) = {J7}, where
VD%(84, J7) > &,

i.e, fora e J4,b € I7, pg(a,b) > &, due to the fact that the green colour of each the

pixels in J, is dissimilar to the purple or white colour of the pixelsdn in Fig. 2. In
effect, the sets ile?(J,4) are far apart fron¥f, with respect top,, -

Example 5.3. Stficiently Near Strong p-Containment

After a manner similar to Examplé.3, let (X,v,,) be ans-approach nearness ofiandp ==
‘sufficiently near’ defined fofA}, {B} € #(X) such that,,({A}, {B}) < &. Considerds, 3, Iz in
Fig. 2. It is a straightforward task to verify that

(p.1) 3, % I, c JzimpliesJ; % Y3,

(p.2) 3, 9, % I3 impliesJ, % I3,

(p.3) Considering only¥,, 35, 33,

2
31 ¢ Jgandy, ¢ Jsimplies | |9 c T,
p p 01 p
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3.1: Monet meadow 3.2: NbdNy,

Figure 3: Sample Monet Meadow nU\sIr¢grey, withrg, =10

Example 5.4. Visual Neighbourhood in a Digital Image
Consider visual neighbourhoods in digital images, wheh gmint is an image pixel (picture
element). A pixel is described in terms of its feature valuBsxel features include grey level
intensity and primary colours red, green, and blue with wengths 700 nm, 546.1 nm and 435.8
nm, respectively) texture, and shape information. Visual information (featvalues) is extracted
from each pixel with a variety of probe functions.

For example, consider a ¥bcentury, St. Martin, Vetheuil landscape by C. Monet renda®
a greyscale image in Fi§.L Letgge(X) denote a probe that extracts the greylevel intensity from
a pixelx and letr, ., = 10. This will lead to the single visual neighbourhood repreed by the
green-shaded regions shown in B2 To obtain the visual nbd in Fi@.2, replace the greylevel
intensity of each point dticiently near the intensityg.,(Xo) with a green colour. The result is
green-coloured visual nk,,  in Fig.3.2 This set of intensities in the visual nbd showrNp,
is an example of an open set contain numbers representesities that are siiciently nearx.
To verify this, notice that the pixel intensities for largegions of the sky, hills and meadow in
Fig. 3.1 are quite similar. This is the case with the sample pixelsnggsoof light) Xg, X1, X2 in
Fig. 3.2, where the ifggrey(X0) — Pgrey(X0)| < Isyey ANA|@grey(X0) — Bgrey(X2)| < Tpyrey-

In summary, the lower associated §e{{{x;}}) is the set of all visual neighbourhoods of the
pixel x; in Fig. 3.2 that are descriptivelg-near each other. In addition, one can also observe

5The amounts of red, green and blue that form a particulanc@re calledristimulusvalues. LeR, G, B denote
red, green, blue tristimulus values, respectively, withegr almost in the middle of the wavelengths of the visual
spectrum, which is at 568 nm. Then define the following pralmefions to extract the colour components of a pixel.

__R G
“R+ic+B Y RiceB

b=1-r-g.


meadow-g.eps
nbd-meadow.eps
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w y1 = Eo({{x}})

Y2

Yk
Figure 4: f(X) = |[E.({{x}})| >0

that the upper associated $£i({{x;}}) contains all visual neighbourhoods that are descriptivel
dissimilar tox;.

Example 5.5. Bipartite Graph for Associated Sets

Although this example continues the discussion of paistinige proposed bipartite graph rep-
resentation of associated sets is easily extended to membany pair of nonempty sets. For
example, consider classifying paintings by a particuléisby collecting together nonempty as-
sociated lower sets of fliciently near neighbourhoods extracted from pairs of pegurTo see
this, let X denote a set of query images and Yetlenote a set of test imagese(, X contains
pictures showing paintings, where each paintingiis compared with the paintings in the set of
sample paintingy¥).

The goal is to collect together those picture¥ioontaining neighbourhoods of pointsyire Y
that are sfficiently similar to neighbourhoods of points in a pictwe X. LetN; € X, N, € Y
denote neighbourhoods that ardfsiently near. Then construct the lower associatedEs@,) =
{Nb,...}. Aquery image is similar to a test image if, and only&f(N,) > O.

Given approach spacex,@%grey),(Y, V%grey)’ consider a functiorf : X — Y defined by
f(X) = |E.(X)|, wherex € X. Then the relation between a particular painting and one aem
associated lower sets can be represented by a bipartite (gap Fig4). The image set

O =1{f(x):ie and|f(x)| > O}

can be extracted from Figl. The setO has interest, since two of its members reveal the least
similar and most similar paintings in relation to a partazuduery image. That is, if®}, sugO}
function values correspond to the least similar and mostaiwf the paintings that are ficiently
near the query imagee X.

Similarly, one can determine the collection of those paggidissimilar to a given query pic-
ture with a nonempty associated upper set containing vigighbourhoods taken from the query
image and a test image.
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