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Abstract

This article introduces descriptive separation spacefsiLisethe discovery of what are known as motif patterns.
The proposed approach presents the separation axiomsria térdescriptive proximities. Asymmetries arise nat-
urally in the form of the separation of neighbourhoods ofcdipsively distinct points in what are known as Leader
uniform topological spaces. A practical application of fineposed approach is given in terms of visual motif patterns
identification of nearness structures and pattern stahbitinlysis in digital images.
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1. Introduction

This article introduces separation spaces, useful in tdysaf set patterns. Various forms of
separation in topological spaces are defined by what are fkiagvgeparation axioms. The main
purpose of a separation axiom is to make the points and satspace topologically distinguish-
able (Thron 1966 §14.1). The earliest of such spaces comes from F. Hatfsadrere distinct
points belong to disjoint neighbourhooddgusdoft, 1957, §40.11). In this article, traditional
separation spaces are extended to description-basedsepapaces. The practical benefit of
considering descriptive separation spaces is the geoeratimultiple patterns that are descrip-
tively distinguishable. In a Hausd®ispace, for example, a pair of descriptively distinct points
become generators of distinguishable set patterns.

A form of set patternGrenanderl993 §17.5) of particular interest in an approach to pattern
recognition is given in terms of what are known as descrgtnotif patterns. Alescriptive motif
patternis a collection of sets such that each member of the colledsiaescriptively close to a
motif. A motif is a set with members that are near one or more members of sater Motifs
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are a particular form set pattern generators. Visual matifgons are found in pictures, geometric
structures, and digital images. VAsual motif patternis a particular form of descriptive motif
pattern that is a collection of sets such that each membéreotadllection is visually close to a
set that is a motif. Visual motif patterns have a number ofangnt applicationsNaimpally &
Peters2013 Peters2013).

The study of visual patterns includes a consideration ofeader’s uniform topologdyin a
metric spacel(eader 1959 and its extension to descriptive uniform topologies thatme a basis
for new forms of asymmetric spaces.d&scriptive uniform topologig determined by finding the
collection of all sets that are descriptively near a given se

Set descriptions result from the introduction of featuretoes that describe members of sets
such as sets of pixels in digital images. These consideratead in a straightforward way to a
form of topology of digital images with considerable praatimportance in solving image analy-
sis and image classification problems. Since we are ineté@sipatterns in separation spaces, we
introduce stability criteria for the generation of mulg@et patterns. A visual pattern is consid-
eredstable provided the members of the pattern do not wander away fh@npattern generator,
neither spatially nor descriptively.

2. Preliminaries

Let X be a nonempty set of point®(X) the powerset oK, P?(X) the set of all collections
of subsets oK. A single pointx € X is denoted by a lowercase letter, a subset £(X) by an
uppercase letter, collection of subset$#(X) by a round letter such a8 € P?(X). Theclosure
of a subseA € P(X) (denoted by @) is defined by

ClA={xe X:x6A},

i.e, clAis the set of all pointx in X that are neaA. Leté on a nonempty set denote a spatial
nearness (proximity) relation. F@&, B € P(X), A § B (readsA is spatially nearB), provided
A n B # 0, i.e, the intersection oA andB is not empty (cA and cB have at least one point in
common). The spatial proximity (nearness) relatiaa defined by

6 ={(A B) e P(X) x P(X) : clA N cIB # 0}.

A ¢ B (readsA far (remote) fromB), provided cA and cB have no points in common such that
6 = P(X) x P(X) \ 6. Sets that are far from each other relative to the locatidrieepoints in
the sets (the points in one set are not among the points otliee set) are callegpatially remote
sets. The complement of a e £(X) is denoted byC°.

In the study of patterns, a descriptive form of EF-proximgyuseful Peters & Naimpally
2012. Let X be a nonempty set endowed with a descriptive proximity iai,, X € X, A,B €
P(X), and letd = {¢4,..., ¢, ..., dn}, @ set of probe functiong : X — R that represent features

IMetric space uniformity is logically equivalent to EF-pimity and the axioms given by EfremoviE{removig
1951 (see Theorem 1.15, one of the most beautiful results ithestretic topologyNaimpally & Peters2013 §1.11,
p. 27)). Many thanks to Som Naimpally for pointing this out.
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of eachx, whereg;(x) equals a feature value af Let ®(x) denote a feature vector for the object
X, i.e., a vector of feature values that descrihevhere

D(X) = (¢1(X), - - -, #i(X); - - ., (X)) -
A feature vector provides a description of an object. AdB € P(X). LetQ(A), Q(B) denote sets
of descriptions of points i, B, respectively. For example,
Q(A) = {®(a):ac A}.

The expressior 64 B readsA is descriptively near BThe descriptive proximity oA andB is
defined by
Ay B & Q(clA) N Q(cIB) # 0.

Descriptive remotenesd A andB (denoted byA 6, B) is defined by
Aé, B & Q(clA) nQ(cIB) = 0.

Early informal work on the descriptive intersection of digit sets based on the shapes and colours
of objects in the disjoint sets is given by N. RoccRiocchj 1969 p.159). Thedescriptive inter-
sectionQ of AandB is defined by

A n B={xe AUB: ®(x) € Q(clA) andd(x) € Q(cIB)}.

The descriptive intersection will be nonempty, provideeréhis at least one element oRclith

a description that matches the description of a least omaegleof cB. That is, a nonempty
descriptive intersection of sefsandB is a set containing € clA andb € cIB such thaitd(a) =
®(b). Observe thaf andB can be disjoint and yeA Q B can be nonempty. In finding subsets

A, B € P(X) that are descriptively near, one considers descriptitexsection of the closure &
and the closure oB. That is, cA Q cIB implies A 64 B. The descriptive proximity (nearness)

relationdy, is defined by

S = {(A, B) € P(X) x P(X) : olA N clB # @}.

TN || mm | .
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Figure 1. ® = {colour probe fnk, clA Q clB = {ay, by}, clA Q clC=0.

Example 2.1. Descriptive intersection of disjoint sets

The coloured and white squares in Figdreepresent cells in a weave. &ell in a fabric is that
part of a weave strand that overlaps another weave strangl pdtallel strands of each layer in
a weave are perpendicular to those strands in the other, langdding the cells squardiomas
2009. Choosed to be a set of probe functions representing weave cell celolet the set
of cells X in Figure1 be endowed withy;,. Notice that set®\, B € £(X) are disjoint but the
descriptive intersection is nonempty. That ise\crl? clB = {ayp, by}. Similarly, for B,C € P(X),

ciB Q clC = {by, by, b3, Cq, C5}. [ |
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The descriptive remoteness Afand B (denoted byA ¢, B) such that, = P(X) x P(X) \ d IS
defined by
Aé, B e clA n clB=0.

Example 2.2. Descriptively remote disjoint sets

Choosed to be a set of probe functions representing weave cell celdarFigurel, setsA, C €
P(X) are disjoint. In addition, there are no cells Anwith descriptions that resemble cells in
C. Hence, the descriptive intersection is empty. Tha®ig,, C (A andC are remote), since
clA Q clC =0. |

2.1. Descriptive EF-proximity

A binary relations,, is adescriptive EF-proximityprovided the following axioms are satisfied for
A, B,C € P?(X).

(EFe.1) Adg BimpliesA # 0, B # 0.

(EFe.2) A n B # 0 impliesAé4 B.

(EFe.3) Aoy BimpliesB 64 A (descriptive symmetry).
(EFe.4) Adep (BUC), ifand only if, Ade Bor Adg C.
(EF¢.5) Descriptive EfremoviC axiom:

Aé, BimpliesAg, C andB ¢, C° for someC e P(X).
The structureX, do) is adescriptive EF-proximity spader, briefly,descriptive EF spage

Theorem 2.1.Let(X, 6), (X, o) be spatial and descriptive EF-spaces, respectively, wotiempty
sets ABe P(X), AnB#0. ThenAn BC A n B.

Proof. Let A, B € £(X) and assum@&n B # 0. If x e An B, then, by definition®(x) € Q(A) and
®(x) € Q(B). By assumptioxe AnNBC AUB. Then,x e AQ B. HenceAn BC A Q B. O

Descriptive EF-proximity is useful in describing, anahgiand L
classifying the parts within a single digital image or thetpan
either near or remote sets in separate digital images. T$ie ba
approach to the study of set patterns introduced in thislarti
reflects recent work on descriptively near sets (seg, (Peters
& Naimpally, 2012 Peters 2012 Peterset al, 2013). Ap-
plications of descriptive EF-proximity are numerous (seg,
(Naimpally & Peters2013 Peters201%)).

L =B

Figure 2. Connected points.

2.2. Shape set patterns

Shape descriptors are useful in representing, extractidggaantifying shape information from
images. In general, a digital imagbape descriptois an expression that describes, identifies or
indexes an image region. Shape descriptors are usuallyematital expressions used to extract
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image region shape feature values. In this section, we Ygefisider picture points in terms of
adjacency, connectedness, and edges.

Let p,q e Z x Z be points in a grid. Pointsp andq arespatially adjacentprovided they are
joined by an edgelette & Rosenfeld2004). For example, pairs of magenta pixels in the grid in
Figure2 are spatially adjacent, since each pair of magenta pix@géisd by an edge.

Remark 2.1. Points vs. cells
Points are the standard elements in standard topologiaaksp In some discrete cases, the base
elements areells (indivisible collections of points)Quntsch & Vakareloy2007). [ |

In keeping with an interest in descriptive proximity, p@n, g in a grid aredescriptively
adjacent providedp, g have matching descriptions and there is an edge conngatqguch that
the description of the points on a connecting edge matchebkerigbtions ofp, g. For example, for
the blue lineL c X along the northwest edge of the weave in Fig@jreach pair of pixelp, g € L
are descriptively adjacent but pixels belavare not descriptively adjacent to any pixelinsince
L contains only blue pixels in Figute Let p, g be magenta points, then the descriptive closure of
L is descriptively far fronp, g and the closure of any pointe L is descriptively far from eithep
orq,i.e,

® ={¢ : ¢(X) = colour brightness ok for x € X},
ch)L:{xeX:xQ L;t(Z)},
Clor = {y € X: ®(y) = (1)},
clol 6, {P. 0},

Clor 64 P,
Clor 64 Q.

Descriptive adjacency is the heartbeat (main influencehénstudy of visual motif patterns in
pictures that are descriptive proximity spacesterset al, 2013 Peters2013a,c; Peters & Naim-
pally, 2012 Naimpally & Peters2013 (for the underlying near set theory, see, alseetérs
2013; Henry, 2010).

A 2D digital image (also called a picture) is defined on a finrectangular array of point
samples called grid. An element of a grid is a point sample or pixel. In terms of gitdied
optical sensor value, point samplgbriefly, point) is a single number in a greyscale image or a
set of 3 numbers in a colour imag8rtith, 1995. In a 2D model of an image, a pixel is a point
sample that exists only at a point in the plane. For a coloage each pixel is defined by three
point samples, one for each colour channel.

Let M be a set of grid points in a picture and let

S: po’pl’---,pi—l,pi,...,pn

be a sequence of points M. The sequencs is called apath Further, letp = po, g = p,. Then
M is connectedprovided, for all point, g € M, point p; is adjacent tq;_; in a path betweep
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Figure 3. Sample straight edges.

andqg in M. Maximally connected subsets bf are calledconnected componerni$ M (Klette &
Rosenfeld2004 §1.1.4).

The set of points i in Figure2 are connected and the remainder of the points in this weave
are also connected. Let = L U W, whereW is the set of points in the threads in the weave in
Figure2. The seX is not a connected component, since there are pairs of poiseparate threads
with no path between the points. However, taken separaeyythread W containing pixels with
the same colour is a connected component.

Let M be a grid that is connected and let poipig] € M. A path betweerp andq defines an
edge A path betweerp andq defines astraight edge provided every point in the path has the
same gradient orientation. The penultimate example of m@edge is a straight line segment
such as the edges along the contour of the camera tripodiéggure3. Hence, straight edges in
a picture are distinguished from ridges, valleys and, iregainarcs, where the points in the paths
defining non-straight edges have unequal gradient orientat

A shape set patteris a set pattern that results from the choices of shape gésiused in
comparing descriptions of picture elements. For exampke pairs of points along the diagonal
in the northeast corner of Figuare both spatially adjacent (each pair points along the uppe
northeast diagonal are joined by an edge) and descriptagacent (each pair poingsqalong the
diagonal are joined by an edge containing points that daseely matchp, ). Spatial adjacency
and descriptive adjacency shape descriptors are impantaeparating spatially connected points
from descriptively connected points in a picture and dag\spatial and descriptive set patterns in

pictures.
Aﬂ

N .

Figure 4. SpatialB3(t1) = {t1,t2,t3, a} & descriptivePo(t1) = {t1, ml, ri}.
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Example 2.3. Descriptive penrose tiling shape pattern

Choose® to be a set of probe functions representing shape featurs asiconnected, edge
gradient, and edge gradient orientation as well as colodiirgensity features. Also, for example,
choose tile1 in Figure4 as a shape pattern generatdfile t1 in the penrose tiling in Figuré is
descriptively near tilee1l (in the middle tiling) and1 (in the righthand tiling) as well as a number
of other unlabelled tiles that are descriptively near soaré@ftl. In generating descriptive shape
patterns, we use the descriptive closure of aAseta pictureX (denoted by @A), defined by

CI¢A:{xeX:{x}5¢A, Le.(x) n Aﬂ)}.

In effect, x clpA for x € X meansD(x) € Q(A). Then
Po(tl) = {t1, mLrl,...}.

For example, ¢/tl N cloml # 0, since the gradient orientation of edges along the bordét of
match the gradient orientation of the edges along the barfd®d.. Similarly, chtl N clerl # 0,
andsoon. H

3. Descriptive uniform topology on digital images

It was S. Leader who pointed out in 1959 that it is possibledteamine what he called a
uniform topology in a metric spacé€ader 1959. By introducing a metric on a nonempty set
of points, one obtains a metric space. Then a topology in tseicspace results from observing
which points are close to each given set of points. A printa setX is closeto a setA, provided
the distance betweexandA is zero. Adigital uniform topologyin a metric space on a digital
image is determined by observing which sets of pixels argeclo a given set of pixels.

A useful alternative form of uniform topology (called a diste uniform topology) arises in a
proximity space by defining the nearness of sets in termstohtgsection. A discrete uniform
topology in a proximity space is determined by observingollsets have nonempty intersection
with a given set. In a discrete uniform topology, sets thatcdose to a given set are calladar
sets

A descriptive form of either the Leader form of uniform topgy or discrete uniform topol-
ogy arises when the nearness of sets is based on the deswiptimembers of one set matching
the descriptions of members of another setdéscriptive uniform topologyn a metric space is
determined by finding which sets are descriptively closeaithggiven set. In a descriptive uni-
form topology, nonempty disjoint sets can be descriptivedgr each other. The introduction of a
uniform topology in a metric space or discrete uniform t@gyl or descriptive uniform topology
on a digital image provides a basis for the study of visualgpas in a image. In the sequel, it is
assumed that each of the traditional separation spaceéingdén the context of a discrete uni-
form topology and that each descriptive separation spadefised in the context of a descriptive
uniform topology on a nonempty set. From an application pofaview, the focus in this article is
on the introduction of uniform topologies that provide aibdsr the introduction of asymmetric
spaces on digital images.

2Regular structures known @mttern generatorsn pattern theory, are described in U. Grenand&refiander
1993 1996), in building patterns from simple building blocks.
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4. Antisymmetric spaces

During the 1930s, separation axioms were discovered afetldaennungsaxiomgrennung
is German forseparation by P. Alexandré and H. Hopf @Alexandrdt & Hopf, 1935 58f, §4).
Hence, these axioms are named with a subscriptadT,,n = 0,1, 2, 3,4, 5. Often these axioms
have alternate names such as Haudaormal, regular, Tychorffy and so on and there is no
unanimity in the nomenclature. In this article, we consiolely axiomsTy, T1, T,. Each of these
separation axioms concern the distinctness of points.

Remark 4.1. Distinct points
Let X be a nonempty set endowed with a proximity relatioRointsx, y € X arespatially distinct
provided the closures of andy are not neai.e., cl{x} ¢ cl{y}. [ |

The anti-symmetric axiorii, (discovered by A. Kolmogorov) is defined as follows.

To: (@) For every pair of distinct points, at least one of theffardrom
the other, or

(b) For every pair of distinct points in a topological spacethere ex-
ists an open set containing one of the points but not the qibent
(cf. (Alexandrdt & Hopf, 1935 p. 58)).

The discovery ofly topologies in digital images hinges on what is meant by theeokation
that points are descriptively distinct.

Remark 4.2. Descriptively distinct points

Let ® be a set of probe functions that represent features of pgiimsa nonempty seX. Then
let X be endowed with a descriptive proximity relatiég. Pointsx, y aredescriptively distingt
providedx andy are spatially distinct and the feature vectdrx) and ®(y) are not equal. For
example, point, y in a digital imageX are descriptively distinctdescriptively fa), providedx
andy are spatially distinct and haveftiérent descriptions.,e., X ¢, V. |

Let @ be a set of probe functions representing features of merobarset and let > 0. There
is a descriptive form of, space (denoted bJ). Let adescriptive open neighbourhood,y be
defined by

Nox =y € X: O(X) = O(y) and|x -y < g} .

That is, the description of each point My, matches the description of Due to the spatial
restriction|x — y| < &, No(y is also called @ounded descriptive neighbourho@éeters 2013,
§1.19.3).

T(‘)”: For every pairx, y of descriptively distinct points in a topologic
spaceX, there exists a descriptive open neighbourhood contaimigg

of the points but not the other point.
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Figure 5. Sample visual space.

Example 4.1. T?® Visual space

Let X be represented by the checkerboard in Figuaead letx, y be black and white points iX. It

is easily verified thaX is a topological space. Then I8, be a descriptive open neighbourhood
of x. The pointy is excluded fromNg, since®(x) # ®(y). This is true for every pair of
descriptively distinct points iX. Hence X is aTy space. [ |

T1: Atopological space i3, if, and only if, distinct points are not nearI

T‘ll’: A topological space i§7 if, and only if, descriptively distinct
points are not descriptively near.

Example 4.2. Checkerboarde’ space Choosed to be a set of probe functions that represent
greyscale and colour intensities of points in an image. Liepalogical spac& be represented
by the checkerboard in Figute X is an example of a visudl space. To see this, laty € X be
points in black and white squares, respectively. The poirasdy are descriptively distinct and
Xd4 Y. In general, black and white pixels ¥iare descriptively distinct and not near, descriptively.
Hence, the checkerboard is an example &f’aspace. [ |

Lemma 4.1. A digital image X endowed with a descriptive proximity such that X contains
descriptively distinct points is ajTspace.

Proof. Let X be a digital image (a set of points called pixels) endowet eilescriptive proximity
do. ChooseDd, a set of probe functions that represent features of pairXs Let pointsx,y € X be
descriptively distinct. Them g, y, i.e., X is descriptively not neay. Hence X is aT{ space. [

Hausdoft observed that it is possible for a pair of distinct points &vdndistinct neighbour-
hoods and used this axiom in his work. The correspondingeswétb pairs of distinct points be-
long to disjoint neighbourhood$iausdoft, 1957, §40.11) is now named after him and is called
theT, or Hausdoff space.
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T,: Atopological space i$5, if and only if, distinct points have disjoin

neighbourhoods (distinct points live in disjoimuse$).

There is a descriptive counterpart of a traditiohabpace (denoted bJ;’), introduced in Peters
2013) (see, also,Naimpally & Peters2013). In aT; space, one can observe that descriptively
distinct points belong to disjoint descriptive neighbauwtls.

T5: A topological space iy if, and only if, descriptively distinct
points have disjoint descriptive neighbourhoods.

Example 4.3. AT;" Visual space Chooseb to be a set of probe functions that represent greyscale
and colour intensities of points in an image. Let a topolabgpaceX again be represented by
the checkerboard in Figue X is an example of a visudly space. To see this, laty € X be
points in black and white squares, respectively. Then densi pair of descriptive neighbourhoods
Nox. Nog) Of x andy, respectively. Neighbourhodd, contains only points with descriptions
that match the description of i.e., No(y contains only black points. Similarly, neighbourhood
No(y,) contains only points with descriptions that match the dpson ofy, i.e., Ny contains only

white points. HencelNy(x), No(y) are disjoint. |

i
I~

i
[/

&9
ui‘iﬁ:‘ll

Figure 6. Manitoba dragonfly.

Observe that &3 space is also @;° space, since, by definition, descriptively distinct points
are not near. The dragonfly in FiguBerovides an illustration of a biology-bas&g space (see
Example4.4for details). Also observe that®® space is also @&’ space, since, for every pair of
descriptively distinct points, one can find a descriptiveroget containing of the points and not
containing the other point. The penultimate example d%aspace that is also &’ space is a

4A partition is aT, space if, and only if, every class has no more than one pigéntevery class is single tenant
"house”.
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space where descriptively distinct points belong to opestidetive neighbourhoods. From these
observations, observe thef = T = T;.
Lete € R such that > 0. A bounded descriptive neighbourhood )l of a pointx in a setX
is defined by
Nop = {y € X 1 d(®(X), D(y)) = 0 andx - y| < &},

whered is the taxicab distance between the descriptionsady, i.e.,

d(@(x), D)) = D 6109 - hiY)l : 61 € P.
i=1

Theorem 4.1. A digital image X endowed with a descriptive proximigysuch that X contains
two or more descriptively distinct points is § Bpace.

Proof. Let X be a digital image (a set of points called pixels) endowet widescriptive proximity
do. Choosed, a set of probe functions that represent features of pain%s iLet pointsx,y € X
be descriptively distinct. LelNq (), No) be descriptive neighbourhoods xrfy, respectively. If
a € Ny(y, thend(d(a), d(x)) = 0,i.e., each member dfly(,) must descriptively matck Similarly,
eachb e Ny, descriptively matcheg. Then,Ng N Nog) = 0. Hence X is aTy space. O

Figure 7. Dragonfly edges.

Example 4.4. DragoanyT‘ZI’ Shape space

Choose® to be a set of probe functions that represent the gradieantation of the points in
an image. Let a topological spa&ebe represented by the dragonfly in Figéesndowed with
a descriptive proximity relatiod,. X is an example of a complex visu@l shape space. To
see this, letx,y € X be points along the edges of the filtered dragonfly image inr€ig. The
pointsx andy are descriptively distinct, since these points haiedent gradient orientations. In
addition, points, y are centers of disjoint descriptive neighbourhobigg), No(y), respectively, in
aTy Shape Space.

Proof. We assume thab(x) # ®(y), i.e., x andy have diferent gradient orientations in Figure
The descriptive neighbourhodd,y of point x (with no spatial restriction) is defined by

Nop = {ae X: d(x) = O(a)},
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i.e., the gradient orientation of matches the gradient orientation of each paiit No(. Hence,
y ¢ No(y, Since the gradient orientationptloes not match the gradient orientatiorxoSimilarly,
observe thak ¢ Ngy). ThenNg, No) are disjoint. This is true of every pair of pointsthat
have unequal gradient orientations. HenXés an example of a descriptiig’ shape space. [

Figure 8. T‘ZI’ Shape space.

Remark 4.3. No), Tg’ Implementation details.

A Matlab® 7.10.0 (R2010a) script written by C. Uchime has been useti®driagonfly image in
Figure6 to extract the edges shown in FigufeFrom Examplet.4, we know that the dragonfly
in Figure 7 provides a basis for & shape space. Next, bounded descriptive neighbourhoods
No(x. Nog) Of pointsx,y, respectively, are found by selectixgy, radiuse, and pixel gradient
orientation as the shape descriptor. For simplicity, dfy is shown in Figures.

Using C. Uchime’s Matlab script, the selectionxfy is done manually by clicking on two
points of interest on the dragonfly wings (see Fig8ye Starting withNg(y, for example, the
construction of the shape pattelhy(No(y) is carried out by using Matlab to search through the
image for points (outside the motif neighbourhood) withdyeat orientations that match the gra-
dient orientation ofk. For each pixelk’ ¢ Ny such thatd(x’) = ®(x), a new neighbourhood
is constructed. In practice, only a restricted number ofimeourhoods are found, namely, those
neighbourhoods with centers that are reasonably close tadhif neighbourhood centar [

4.1. Descriptive nearness structures

Herrlich nearness structures are extended to descripgaeess structures in this section. One
begins the study of such structures by choosna set of probe functions that represent features
of members of a nonempty skt Let X be endowed with a descriptive proximity relatidn By
way of illustration, the honey bee in Figu8egrovides a basis for a shape nearness space relative
to the bee image edges shown in Figliegsee Exampld.5for details).
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Figure 9. Bee | Figure 10.&p = {Aq, ..., As}

For descriptive nearness, we use the following notation.

X = nonempty set of points
= {probe functions representing featuresaf X},
A, B denote collections of subsetsXy i.e., A, B € P*(X),
Q(A) ={Q(A) : Ac A},
N, A, or A €n, i.e, members ofA are descriptively near
Q@?{, i.e., members ofA are not descriptively near
An, B=rn,{A B} (Adescriptively neaB),
AVB={AUB: Ac A Be 8},
cl, E ={xe X:{x E} en,} (xdescriptively neak),
cly, A = {c,A: QA) € QA)}.

A descriptive nearness structure (denoted §)yis defined by
o =AcPX): [ JIA:Ac A £0
0]

In the following axioms, letA € &4. It can be shown that the descriptive nearness strugture
satisfies (dN.1)-(dN.5):
(dN.1) ﬂ {A:Ae A} + 0= n,Ais not empty,

(dN.2) 77 A andn B=nAV B),
(dN.3) %ﬂ and, for eaclB ¢ B, thereisamlAe A: AcB=1,8,
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(dN.4) 0e A=n A,
(dN.5) n,(cl,A) = n,A (descriptive Herrlich axiom).

Example 4.5. Descriptive Herrlich nearness
Let the seiX be represented by the set of edge pixels in Figurand letd contain a single probe
function representing pixel orientation. Each member efdbllection of subset#l contains ridge
pixels, where

o = A ={A1, A2, Az, Ay, As},

since each pair of sets A contain pixels with matching orientation. Observe thaterere other
collections of subset® in Figure 10 containing pixels with matching orientations that are not
the same as the pixels orientations in the subseid.irHence &, contains more collections of
descriptively near subsets that are not shown in Figore H

5. Visual patterns in descriptive separation spaces

Visual patterns arise naturally from thef@rent forms of descriptive sep-
aration spaces. We illustrate this in terms of patternslatrally occur in
TP and T3 spaces. Lef?(X) denote the set of collections of subsetsXin
and let pattern € P2(X), motif M € P(X). Let ® be a set of probe func-
tions that represent features of members<adnd letX be endowed with a
descriptive proximitys. For example, the 1870 Punch dancing delivery boy
image in Figurell provides a basis for a visual pattern (see Exanspidor

A =M details). Further, a visual pattefd, is a descriptive motif pattern, provided
Figure 11.T9. | the following axioms are satisfied.

(motif.1) Sets iy, are pairwise disjoint.

(motif.2) Ais descriptively neaM (A 64 M) for eachA € Py.

(motif.3) If there are pairg\, B € B3 that are copies o/, there is an isomethof the plane that
mapsA onto B.

A descriptive motif pattern is an example of what is known adistrete pattern in the study
of patterns in tilings and weaving (seeg, (Grinbaum & Shepardl987). Observing visual
patterns in an image is aided by various forms of image filggrsharpening the features of pixel
neighbourhoods, making it more possible to detect thogs p&an image that are either close or
remote from each other.

SLet A and B be sets of pixels in digital images endowed with metdgsanddy. An isometryis a distance-
preserving mapEeckman & Quarlesl953. For any pair pixelx, y € Awith descriptionsb(x), ®(y) found inB (i.e.,
f(®(X)), f(®(y)) € B), amapf : A — Bis an isometry, provided

dy(F(@(x), (D)) = dx(P(X), D(y))-
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Figure 12.B¢ = {A, B1, B2}.

Example 5.1. Sample descriptive motif pattern

Let sets of point, Y endowed with a proximity relatiot be represented by Figufi2. Choose
® to be a set of probe functions that represent greyscale dadrdeatures of points iX, Y. The
setM in Figurel2 represents a motif in a set pattern. Observe A&, B2 are pairwise disjoint
and each of the ses B1, B2 is descriptively neaM. For exampleM is descriptively neaB1,
sinceM andB1 contain subsets with red and green pixels. Again, for exanvis descriptively
nearA, sinceM and A contain subsets with red pixels. There is also an isometiyden the
descriptions of points ixX and the descriptions of the points Yh From these observation, we
obtain the descriptive motif pattefi, = {A, B1, B2}. [ |

5.1. Visual patterns in descriptive T1 spaces
To find visual patterns in descriptivig spaces, do the following:

(1) Chooseb, a set of probe functions representing features of poirasTifi spacex.

(2) Select a pair of descriptively distinct pointsy € X. By definition, x ¢, y. Hence, theT
space property is satisfied.

(3) Let My, M, denote point sets«}, {y}, respectively.

(4) Determine all subsets &f containing points that descriptively matéh, and then determine
all subsets of points that descriptively matdh.

As aresult of the above steps, we can identify a pair of deseei motif patterng3qs,(My), Bo(M2)
in a Ty spaceX. In addition, each such a motif pattern is a member of a debezi Herrlich
topologyés defined onX.

Let X be endowed with a proximity, such thatX is aT;" space and lem = {x} be a motif
containing a single poink € X, which defines a descriptive motif pattejf,(M). If AB €
Lo(M), thenA Q B # (0. From this, we obtain the following result.

Theorem 5.1. Let (X,5) be a T space with nearness structugg on X and let}34(M) be a
descriptive motif pattern determined by a motif M contagrarsingle point x in X. Thef$o(M) €

£o.
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5.2. Visual patterns in descriptive T2 spaces

To find visual patterns in descriptiie spaces, do the following:

(1) Chooseb, a set of probe functions representing features of poirasTifi spacex.

(2) Select a pair of descriptively distinct pointsy € X. By definition, Ngx 64 Nag), Since the
description of each point in a descriptive neighbourhootthes the description of the point
at the centre of the neighbourhood axd, y). That is, neighbourhoodSy( J, Nogy) are
descriptively disjoint. Hence, tHEY space property is satisfied.

(3) LetM;, M, denote neighbourhoodds,, ¢, Nogy), respectively.

(4) Determine all subsets of that are descriptively ned; and then determine all subsets of X
such that descriptively ned,.

Figure 13. SampIeTg’ visual edge patterns.

As a result of the above steps, we can identify a pair of dees motif patternsfo(M,),
Po(My) in a TP spaceX. In general, each such a motif pattern is not a member of thre sa
descriptive Herrlich nearness structggedefined onX. To see this, consider a pair of neighbour-
hoodsNgx), Ny that are descriptively neddq . We know thatNg de Nocy but it is possible
that No(x) 64 Nax), if, for example, we compare pixel colourlly,y may have a mixture of red
and green colours, wheifd,) has pixels with red colours but no green colours &lyg. has
pixels with green colours but no red colours. In other wordany diferent Herrlich nearness
structures can be found in the same digital image.

Example 5.2. Edge motif pattern inT® space
Let X be the set of edge points in Figut8, extracted from the 1870 Punch image in Figlife
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using the edge function with the Canny fift@vailable in Matlab. Choosé to be a set of probe
functions representing the orientation (gradient dimegtiof edge pixels inX. Observe that if
pixels x,y in X have diferent orientationsi.€., x andy are descriptively distinct), ther ¢, y.
ThenNg(x, No, are descriptively disjoint neighbourhoods. Herés an example of 3 space.

Then letM;, M, denote motif neighbourhood edge point 9€tg,), Noy,) Of pointsx, y, respec-
tively. An indication of the descriptive motif patterf%;(Mi), Po(M2) determined byM;, M, is
suggested by the edge regions containing poihtg. In the pattern representifige(M;), for ex-
ample, notice thax’ is the centre of bounded descriptive neighbourhbiggh containing points
with matching orientations. And thil; edge point neighbourhood is descriptively ndgi(x'),
since the orientation of one or more edgedin, match the orientation of one or more edges in
N¢(X/), ie.,

Noy 0o Now) * M1 = Nox-

Similarly, there is a descriptive neighbourhadsgl, in the edge patteri,(M,) so that
Nay) o Nagy) * M2 = Nagy).

Continuing this process, one can observe many other edgi¢ patterns in this particulaily
space. [ |

Theorem 5.2. A descriptive T space contains distinct descriptive motive patterns.

Proof. Immediate from Lemmad.1and the definition of descriptive motif patterns. O

6. Stability in pattern constructions

A meaningful theory of stable pattern selection requiresiet® of pattern-forming mecha-
nisms that are simple enough to be understood in dédaié (& Langey 1983. An approach to
achieving pattern selection stability in propagating ¢xaus$ in eithef; or T, spaces is introduced
in this section. Basically in this study of descriptive patis in a pair of digital imageA, B, it is
necessary to propagate a pattern in imBgeith some assurance that the pattern generatél in
will belong to the class of images containing the imagend each new set added to a pattern does
not wander or drift away from the pattern generator. Thagigen a pattern generatdd, each
new setA added to patterf3, (M) must be stficiently nearM, spatially.

P.E. Forsseén and D. Lowe observe that shape descripeorslable in detecting maximally
stable extremal regions in digital imagdso(sseén & Lowg2007, 1-8. In this work, descrip-
tive motif set pattern growth is stable, provided the shiagged description of each set added to
the pattern matches the shape-based description of therpatbtif. This interpretation of pattern
stability is comparable to U. Grenander’s notion of confagion transformation stabilityGrenan-
der, 1993 §4.1.1). To arrive at a formal definition of pattern stabijlitye introduce the descriptive
distance between collections in terms of @ech distance between sets.

5The Matlab canny filter is based on J.F. Canny’s approach ge etection introduced in his M.Sc. thesis
completed in 1983 at the MIT Artificial Intelligence Labovag (Canny 1983. For details about this considered in
the context of a topology of digital images, s&e{ers2013, §6.2).
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Let A, B € C be nonempty sets in a spaCend let
D(A,B) =inf{la—bl:ae A be B}

be theCech distance betweévnandB. That s, a configuration transformati®ron a configuration
spaceC is stable, if, for any > 0, there exists a such that

D(A,B) <6 = D(T(A), T(B)) < &.

Let (X, d5) be a descriptive proximity Hausdbispace and lef, B € P, A, B € P3(X). Next,
consider a descriptive form of a Grenander configuratiomsfirmation, namelyl,. That is, the
transformatioriTy = Po : P(X) — P*(X) is defined by

Po(M) =A: M b Bfor Be A,andD(M, B) < &.

Definition 6.1. Pattern stability sufficiently near criterion.

Let Po(M) be a descriptive motif pattern constructed on a nonemgtxse > 0 and letA e
TLo(M). The pattern,(M) is stable, provided the distance requiremB(i¥l, A) < ¢ is satisfied.
That is,Po(M) is stable, provided\ is syficiently near Mfor eachA added t6l34(M). [ |

Let B < A denote the fact tha is aproximal neighbourhooaf A, providedA c B. From
Def. 6.1, we obtain the following result.

Lemma 6.1. Let M c X, a Ty space and lef3,(M) be a descriptive motif pattern. Let B €
Lo (M). Bo(M) is stable, if and only if, DM, A) < £ and B« A implies OM, B) < &.

From Def.6.1and Lemmab.1, we obtain the following result.

Theorem 6.1. Descriptive pattern stability.

Let Py be a pattern configuration transformation used to constreaitections of patterns on
X, a Ty space endowed with a descriptive proximiysuch that® is a set of probe functions
representing shape descriptors, letdMP(X), € > 0. Then the following are equivalent.

(1) Bo(M) is stable.

(2) D(M, A) < ¢ for each Ac By (M).

(3 D(M,A) < £ and B« A implies OM, B) < ¢.

Proof.

(1) © (2): Bo(M) is stable, if and only if, from Def6.1, D(M, A) < ¢ for eachA € By (M).

(1) @ (3): Bo(M) is stable, if and only if, from Lemmé.1, D(M, A) < ¢ andB < A implies
D(M,B) < e.

(2) © (3): D(M, A) < ¢ for eachA € B¢(M), if and only if, B € B¢ (M), providedB <« A. O

Remark 6.1. Pattern stability and clustering stability.

Observe that descriptive pattern generation is a form dftehing. Recall that data clustering is a
natural groupingof a set of patterns or points or objeciigify 2010. Let X be aT; space and let
M € P(X). Then the use o to generate the pattefd,; (M) can be considered a natural grouping
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of sets in the pattern relative to the pattern generitoiThat is,A € Be(M), providedA 5, M.
Hence, an obvious research path in the study of descripéttenmn generation is to consider the
parallel between clustering stabilitg.¢, (Ben-Huret al., 2002 Wang 201Q Reizet 2011)) and
descriptive pattern generation stability. For exampleag been foundBen-Huret al., 2002 that
pairwise similarity between clusterings of sub-samples dataset provides a basis for clustering
stability. A partial guarantee that descriptive patternegation is stable, stems from the fact that
A € PBo(M), if and only if, Ais descriptively neaM. But this is only a partial guarantee of pattern
generation stability, since subset similarity in a dedorgpattern does not prevent subsets from
drifting or wandering awapatially from the pattern generatdv. To achieve full descriptive
pattern generation stability, we consider distance-bas¢tern generation in keeping with recent
work on the stability of distance-based clustering @eg,(Wang 2010). In the distance-based
approach to descriptive pattern stability, we introducedilyficiently nearcriterion in Def.6.1

[

6.1. Multiple pattern generation stability

Since we are interested in constructing multiple patteaness disjoint regions of digital im-
ages that resemble each other iljaspace, we introduce a stability criterion for the generatio
of multiple patterns. Again, the goal is to arrive at a viewstdbility of multiple patterns in a
T space such that patterns do not wander or drift away from etier. LetA, B € P(X) be
collections containing set, B € £(X), respectively. To complete the definition of pattern sta-
bility, we introduce the descriptive distanBg, which a descriptive form of the distance between
sets introduced by ECech Cech 1966 §18.A.2). The distancB, is used to define the descrip-
tive distanceéDq between collections of sets. The descriptive distdbge P(X) x P2(X) — R
between collectionsd, 8 is defined by

De(A, B) = inf {Dg(A, B) : A€ A, B e B}, where
Do(A, B) = inf {d(®(a), P(b)) : a€ A,b e B}.

The descriptive distand®, can be used to measure the distance between descriptiveseioti
patterns, since such patterns are collections of nonerepi\tisat are descriptively near each other.
Let {A}, {B} denote collections, each containing one set. TRens astable descriptive pattern

if, for any £ > 0, there exists & > 0 such that

Do({A}, (B}) <6 = Do(Bo(A), Bo(B)) < &.

Thatis, whenever sefsandB are descriptively near, then the corresponding patiBg(#\), ‘Lo (B)
are descriptively near. This form of set pattern stabilityrke well in comparing regions of pairs
of digital images, where we need to guarantee that the wamstion that produces the descriptive
set patterns in separate image regions is stable.

Definition 6.2. Multiple pattern stability criterion .
Let B4 be a pattern configuration transformation used to constaltgctions of patterns oK, a
TS space endowed with a descriptive proximityand lets > 0,6 > 0. Letx,y € X be distinct
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points and leM;, M, be disjoint neighbourhoods ofy, respectively. Further, lefl, B € P?(X).
Patternsi3o(M,) € A, Po(M,) € B are stable, provided

De(A, B) <6 = Do (Bo(M1), Bo(M2)) < &. u

To achieve stability in comparing image regions in the saméad image regions in pairs
of images, it is necessary to consider pixel features thatbeareliably matched, regardless of
the appearance of the surroundings of a region. In thideytice focus is on constructing motif
set patterns containing neighbourhoods of points definezbhypected point sets that are straight
edges. Neighbourhood selection is determined by the gradiéentation of the focal point of a
pattern motif neighbourhood. The construction of a patteatif (a descriptive neighbourhood of
point) reduces to finding a connected set of points along ge edch that the edge points have
matching gradient orientation. Hence, a gradient oriemtabased motif set pattern results from
finding neighbourhoods of points containing straight edgihk pixel gradient orientations that
match the gradient orientation of the points in the motifjiiourhood of the pattern.

Keeping in mind the underlying descriptive uniform topoldg a Hausdaif T;” spaceX en-
dowed with a descriptive proximit§s, an image pixel belongs to a neighbourhood of poixt
provided the gradient orientation gfmatches the gradient orientation xf Let ® be a set of
shape descriptors that includes pixel gradient orientatio addition, let the descriptive neigh-
bourhoodNy(y be a pattern motiM that is a connected set of points belonging to a straight,edge
I.e., Y € Ngw, providedd(y) = ®(x). Then the patter3,(M) is a collection of straight edges
defined by

PBo(M) = {N‘I’(Y) € P(X) : Noy) oo M}.

Pattern stability is achieved by guaranteeing that onlychiag straight edges belong to the pattern
Po(M). In comparing regions across pairs of digital images,ibtyls achieved by comparing
straight edge patterns. L&ty € X, Y be a pixels in a pair of digital images Y, respectively.
Further, lety4(M1), Bo(M,) be straight edge shape patterns in image¥, respectively, such
that M1 = Ny, M2 = Nggy). Pattern3o(M,) is close to patterf3q,(M,), provided the straight
edges represented by neighbourhoods in the patterns haekinggedge-neighbourhood motifs,
ie.,

PBo(My) 6o Bo(My), if and only if,
Nd)(x) 0o N¢(y), if and only if,
O(x) = D(Y). O

From Def.6.2and Theoren6.1, we obtain the following result.

Theorem 6.2. Multiple pattern generation stability.

Let Py be a pattern configuration transformation used to constreaitections of patterns on
X, a Ty space endowed with a descriptive proximiysuch that®d is a set of probe functions
representing shape descriptors, let N1, € P(X), and lets > 0. Further, letA, 8 € P?(X). Then
the following are equivalent.

(1) Po(M1) € A, Bo(M,) € B are stable.

(2) D(My, A) < &, D(M,, B) < & for each Ac B4(M;) and for each Bz B¢ (My).
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6.2. Comparison with existing clustering stability anadys

One of the most widely used clustering techniques is k-medustering. This is a non-
hierarchical clustering approach, which aims to partiigrdimensional observations inkxlus-
ters k < n) by minimizing a measure of dispersion within the clustémsk-means clustering, the
selection of the number of clusterffects the clustering stability significantlén-Huret al.,
2002. Letk be the true number of clusters in an image. If the number dftets is greater than
k, then some of the true clusters will be split into smalleistdus during clustering. On the other
hand, if the number of clusters is less tHarthen some of the true clusters will be merged into
bigger clusters during clustering. Both cases will leadnstable clusterings. Hence, clustering
stability can be used as a quality measure of the clustetgogithm.

Ben-Hur, Elisseff and Guyon propose distribution of pairwise similarity beém clusterings
of sub-samples of a dataset as a stability measure of aipartiien-Huret al,, 2002. Another
notion of stability as proposed inLéngeet al, 2004 is based on the average dissimilarity of
solutions computed on two fiierent data sets. While the aforementioned approaches @tus
maximizing the within-cluster similarity and within-cles dissimilarity, Wang proposes a new
measure of the quality of clusterings based on the clugienstability from sample to sample
(Wang 2010. On the other hand, Reizer proposes to measure the quélitysiering through
stability from sample to sampl&gizer 2011).

In contrast to the traditional clustering methods, the dp8ee-based pattern generation method
proposed in this article does not require the number of eiggb be pre-determined. The pattern
Lo (M) may grow as long as it satisfies the condition that each new added to patterii;(M)
is suficiently nearM, both spatially and descriptively. However, similar tostkring stability, we
may say that the pattern generation is stable, provideddywes similar patterns on data originat-
ing from the same source. Based on this argument, a defirfidrgattern stability can be derived
from the clustering stability model given iRéizer 2011).

Since we are interested in determining when a generatedrpatt a sample digital image
Y serves as an indicator thatbelongs to the class of digital images represented by arpatte
generated in a query imagé we define pattern stability in terms of the expected deseep
distance betweeft, (M, X) (pattern generated i) andB(M, Y) (pattern generated ivi).

Definition 6.3. Pattern Stability.

Let th > O denote an expectation threshold andHg{ denote the expected value of Further,
let Po(M, X) be a pattern generated b in X and34(M, Y), pattern generated by in Y. The
stability of any description-based pattely, (M) (denoted bys talf’34(M))) is defined by

1, if E[De(Po(M, X), Bo(M,Y))] < th,

StalfPBe(M)) = {0, otherwiseio(M) is unstable.

whereX andY are two independent samples from some unknown distribuatterrtl3s(M) is
stable, provide® tal{’34(M)) = 1. |

Furthermore, given two patterid,(M;) andB34(M,), pattern generation will be stable, pro-
vided My §¢ M, and Stalfl3+(M;)) = StalfP+(My)) = 1. In addition, for any seh, A d, M; and
Ad, My will ensure that sef will always be added to pattefio(M;). This is advantageous in
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achieving pattern stability for the method proposed in #hnigle compared to the traditional clus-
tering methods such as k-means clustering, since pati@ilist, in our case, derives its strength
from the fact that each sétadded to a pattern haescriptive proximityo the pattern generator
M in a descriptive proximity space.
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