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Abstract

In this paper we give some convergence properties of Hadamard product set of polynomials defined by several
simple monic sets of several complex variables in complete Reinhardt domains and in hyperelliptical regions too.
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1. Introduction

In 1933, Whittaker (Whittaker, 1933), (Whittaker, 1949) introduced the subject of basic sets
of polynomials of a single complex variable. This subject is developed by several authors using
one and several complex variables. It is of fundamental importance in the theory of basic sets of
polynomials of several complex variables to define some kinds of basic sets of polynomials in C".
This is the main aim of this paper. We will define and study Hadamard products of basic sets of
polynomials in complete Reinhardt domains and in hyperelliptical regions.

We start with basic concepts, notations and terminology on this paper.

Let C represent the field of complex variables. In the space C? of the two complex variables z
and w, the successive monomial 1, z, w, 2, zw, w?, ... are arranged so that the enumeration number
of the monomial z/w* in the above sequence is

1
SG+RG+B+k k=0,

The enumeration number of the last monomial of a polynomial P(z, w) in two complex vari-
ables is called the degree of the polynomial. A sequence {P;(z; w)};’ of polynomials in two com-
plex variables in which the order of each polynomial is equal to its degree is called a simple set
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( see (Kishka, 1993), (Kumuyi & Nassif, 1986) and (Sayyed & Metwally, 1998)). Such a set is
conveniently denoted by {P;(z; w)}, where the last monomial in P, ,(z, w) is Z"w".

If further, the coefficient of this last monomial is 1, the simple set is termed monic. Thus, in
the simple monic set {P,, ,(z; w)} the polynomial P, ,(z, w) is represented as follows.

m+n  k

Pun(zw)= D 3" P 2wl (P = 1P =0, > n).
k=0 j=0

Let z = (z1, 2, ..., 2») be an element of C"; the space of several complex variables. The following
definition is introduced in (Mursi & Makar, 1955a,b).

Definition 1.1. A set of polynomials {P,[z]} = {Py, P1, Pa, ..., P,, ...} is said to be basic when every
polynomial in the complex variables z,; s € I = {1,2,3, ..., n} can be uniquely expressed as a finite
linear combination of the elements of the basic set {Pn[z]}.

Thus according to (Mursi & Makar, 1955b), the set {Pp[z]} will be basic if and only if there
exists a unique row-finite matrix P such that PP = PP = I, where P = [Pyy] is the matrix of
coefficients, P is the matrix of operators of the set {Py,[z]} and I is the infinite unit matrix.

Similar definition for a simple monic set can be extended to the case of several complex vari-
ables by replacing m,n by (m) = (m, my, ms, ...,m,) , j,k by (h) = (hy, hy, hs, ..., h,) and z, w by z,
where each of (m) and (h) be multi-indices of non-negative integers.

The fact that the simple monic set {Py,[z]} of several complex variables is necessarily basic
follows from the observation that the matrix [Py, 5] of coefficients of the polynomials of the set is
a lower triangular matrix with non-zero diagonal elements. (These elements are each equal to 1
for monic sets).

Definition 1.2. The basic set {P,[z]} is said to be algebraic of degree ¢ when its matrix of coeffi-
cients P satisfies the usual identity

P +a P+ .+ = 0.

Thus, we have a relation of the form

-1
Pupn = Omnyo + Z )’S.PE::})I,
si=1

where Pf;‘l)l are the elements of the power matrix P*' and y,,, s =0,1,2,...,£ — 1 are constant

numbers. In the space of several complex variables C". Let z = (zy, 22, ..., Z,) be an element of
C"; the space of several complex variables, a closed complete Reinhardt domain of radii a,r(> 0);
s €l ={1,2,3,...,n}is here denoted by l:[ar] and is given by

[iory =T 1= {ze C":|z| <ayr ;s €I}, where a, are positive numbers. The open
complete Reinhardt domain is here denoted by I'j,s and is given by

Fior =T ]={Z€(C”:|zs|<asr ;s €l

[aq 1,2 e,
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Consider unspecified domain containing the closed complete Reinhardt domain I'j,. This
domain will be of radii a,r;; r; > r, then making a contraction to this domain, we will get the
domain D([ar™]) = D([a 7", asr?, ..., a,r"]), where r* stands for the right-limit of r; at r.

Now let m = (m;, m,, ..., m,) be multi-indices of non-negative integers. The entire function
f(z) of several complex variables has the following representation:

(o)

f(z) = Z amz™.

m=0
Suppose now that the function f(z), is given by

(59

f@= ) ant"

m=0

is regular in [,y and
M|f;ar] = gup|f(z)|.

Llor]

For the basic set {Pn[z]} and its inverse {I_Dm[z]} , we have

Pm[z] = Z Pm,hzha
h

Pulz] = ) Py,
h

2" = Z PunPnlz] = Z PunPulz].
h b

.....

A basic set satisfying the condition

lim {Np)® = 1, (1.1)

(m)—o0

is called, as in (Mursi & Makar, 1955a,b) and (Kishka & El-Sayed Ahmed, 2003) a Cannon set.
Let {Pn[z]} be a basic set of polynomials of the several complex variables z; s € I, then the
Cannon sum for this set in the complete Reinhardt domains is given as follows:

QP [or]) = | [ (@)™ ™ > |Prun|M(Pm, [ax]),
s=1 h

where
M(Pu, [ar])= max|Pu[z]].

[ar]
The Cannon function is defined by:

.

Q(P.lor]) = lim {Q(Pn,lorD)} "
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When this associated series converges uniformly to f(z) in some domain it is said to represent f(z)
in that domain; in other words, as in the classical terminology of Whittaker for a single complex
variable (see (Whittaker, 1949)), the basic set Py,[z] will be effective in that domain. For more
information about basic sets of polynomials we refer to ((Abul-Ez, 2000)-(Whittaker, 1949)).

The convergence properties of basic sets of polynomials are classified according to the classes
of functions represented by their associated basic series and also to the domain in which are rep-
resented.

Concerning the effectiveness of the basic set of polynomials of several complex variables in
complete Reinhardt domains, we have the following results from (Mursi & Makar, 1955a,b).

Theorem 1.1. (Mursi & Makar, 1955a,b) The necessary and sufficient condition for the basic
set {Pmlz]} of polynomials of several complex variables to be effective in the closed complete
Reinhardt Iy, v is that

QP;ry) = ]—[ a,r. (1.2)
s=1

. . . . 2 .
In the space of several complex variables C", an open elliptical region };|_, 'i—'z < 1 is here

2 p—
denoted by E, and its closure )|, |i_|2 < 1; is denoted by E, , where ry; s € I are positive
numbers. In terms of the introduced notations these regions satisfy the following inequalities:

E, ={w:|w<1)

E, ={w:w/ <1},
where w = (Wi, Wo, W3, ..., W,) , Wy = i—, s € 1. Suppose now that the function f(z), is given by

(o)

f@) =) ana"

m=0

is regular in E,, and

M[f;r] = sup|f(2)].

Er,

Then it follows that {|z,| < rt,; |t = 1}C Es; hence

M(fipsl  Mlfips) . . M[f;ps]
lam| < = < inf —2275
omm N s Q. s
qu tS I:Il(pStS)
__ M[fips]
=
[1p5"
s=1
forall 0 < py < ry; s € I, where
(m)
1 2
Om = Inf — = {(m)}
=t m —on m
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mg

and 1 < oy < (4/n)™ on the assumption that m;> = 1, whenever m; = 0; s € I. Thus, it follows
that 1
lim sup{ - il }<m> < %
I e )™ e
s=1 s=1
and since p, can be chosen arbitrary near to ry; s € I, we conclude that

1
) a my 1
<11>m sup{ n| m! } <-—
m)—oco ( >_ s
Om l'[l(rs)m " l_[1 rs
§= s=

;0 ps<rgS€eL

Now, write

ZV: I_)m;jP ilz]

G(Pp; rg)= max sup
wy = |4
El’s J=u

b

where, r,; s € I are positive numbers. _
The Cannon sum of the set {Py,[z]} for E, will be

QPui 1) = T | |1} ™" G (P )

s=1

and the Cannon function for the same set is

QPir) = lim (Q(Pwir))™.

Concerning the effectiveness of the basic set of polynomials of several complex variables in hy-
perellipse, we have the following results from (El-Sayed Ahmed & Kishka, 2003).

Theorem 1.2. (El-Sayed Ahmed & Kishka, 2003) The necessary and sufficient condition for the
basic set { Pz} of polynomials of several complex variables to be effective in the closed hyperel-
lipse E, is that

Q(P;ry) = 1_[ ry.
s=1

Convergence properties (effectiveness) for Hadamard product set simple monic sets of poly-
nomials of a single complex variable is introduced by Melek and El-Said in (Melek & El-Said,
1985). In (Nassif & Rizk, 1988) Nassif and Rizk introduced an extension of this product in the
case of two complex variables using spherical regions. In (El-Sayed Ahmed, 2006), the same
author has studied this problem in C" using hepespherical regions. It should be mentioned here
the study of this problem in Clifford analysis (see (Abul-Ez, 2000)). For more details on basic
sets of polynomials in Clifford setting, we refer to (Abul-Ez, 2000; Abul-Ez & De Almeida, 2013;
Abul-Ez & Constales, 2003; Aloui et al., 2010; Aloui & Hassan, 2010; Hassan, 2012; Saleem et
al., 2012) and others. In the present paper, we aim to investigate the extent of a generalization of

this Hadamard product set in C" using hyperspherical regions.
In (Nassif & Rizk, 1988), Nassif and Rizk introduced the following definition.
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Definition 1.3. Let {P,,,(z, w)} and {g,,.(z, w)} be two simple monic sets of polynomials, where

(m,n)
Pun(z,w) = Z PT]’."Z" w,
,)=0
(m,n)
Gnn(zw) = > 7w,
(i,)=0
Then the Hadamard product of the sets {P,, ,(z, w)} and {g,, »(z, w)} 1s the simple monic set {U,, ,(z, w)}
given by

(m,n)
Una(zw) = D U2,

@,)=0

where o
Ul = Py () < (mom)),
0',"]‘
and .
1 {m+n}?
O-m’” = |lt‘_1 m+n = m%n%

In this paper, we give an inevitable modification in the definition of Hadamard product of basic
sets of polynomials of two complex variables as to yield favorable results in the case of several
complex variables in complete Reinhardt domains in C”, by using k basic sets of polynomials
instead of two sets.

Now, we are in a position to extend the above product by using k basic sets of polynomials of
several complex variables in complete Reinhardt domains, so we will denote these polynomials by
{Pimlzl}, {PamlZ]}, ..., {Prml[z]} and in general write {P,, m[Z]}; 52 = 1,2,3, ..., k.

Definition 1.4. Let {P,, m[z]}; 5o = 1,2,3,...,k be simple monic sets of polynomials of several

complex variables, where
(m)

Pomlz] = > Py mnz" (1.3)
(h)=0

Then the Hadamard product of the sets { P, m[z]} 1s the simple monic set {Hy[z]} given by
(m)

Hulz) = ) Hup?", (1.4)

(h)=0

k
Houn = ([ ] Prama). (1.5)
so=1

If we substitute by k£ = 2 and consider polynomials of two complex variables instead of several
complex variables, then we will obtain Definition 1.3. It should be remarked here that Definition
1.4 is different from that used in (Metwally, 2002).

where
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2. Effectiveness in complete Reinhardt domains

In this section, we will study the effectiveness of the extended Hadamard product of simple
monic sets of polynomials of several complex variables defined by (1.4) and (1.5) in closed com-
plete Reinhardt domains and at the origin.

Let {P,, m[Z]} be simple monic sets of polynomials of several complex variables z;; s € I, so

that we can write
(m)

Pomlzl = ) Poymn?", 2.1)
(h)=0

where
prvmeestin = 1. 00 = 1,2, .., k.

§2,M1,M2,...,Mp

The normalizing functions of the sets {P,, m[z]} are defined by (see (Nassif & Rizk, 1988))

. o
W(Py,s agr) = <11>m sup{M[PsZ,m;asr]} , (2.2)

where M| Py, m; a,r| are defined as follows:

M[PS2,m;asr] = S_up Psz,m[z]|-

r[m‘]

Notice that the sets {P,, m[z]} are monic. By applying Cauchy’s inequality in (2.2), we have

1
|Psz,m,h| < - sup
[T(®™ o
s=1

Py, mlz]],

which implies that
M[Pg,m; asr] > rl(afsr)<m>.
s=1

It follows from (2.2) that

u(Py,; agr) > 1_[ a,r. (2.3)
s=1
Next, we show if p is positive number greater than r, then
fjas
U(Ps,sap) < —— (P agr),  ap > a,r. (2.4)
[Tar
s=1

In fact, this relation follows by applying (2.2) to the inequality

n
[Tap o

s=1

M[Pg,m; agr] < K( M[ Py, m; ayr],

n

[T a,r
s=1
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which in its turn, is derivable from (2.2), Cauchy’s inequality and the supremum of z™, where
K =0(m) + 1).

Now, let {P,, m[Z]}; s» = 1,2, 3, ...,k be simple monic sets of polynomials of several complex
variables, and that {H}, [z]} is the set defined as follows

k
Hylz) = | | Pomlz]. (2.5)
s2=1
The following fundamental result is proved.

Theorem 2.1. If, for any a,;r > 0

M(Psz;a'sr) = 1—[ asr, (2.6)

s=1

then .
u(H; agr) = n a,r. 2.7)

s=1

Proof. We first observe that, if p be any finite number greater than r, then by (2.1), (2.2) and (2.9),
we obtain that

u(Pyiap) = | | awp. 2.8)
s=1
Now, given r* > r, we choose finite number 7’ such that
a,r < a,r’ < agrt. (2.9)
Then by (2.1) and (2.6), we obtain that
M(Pyp;or) <n| [ )™ where 5> 1, (2.10)
s=1

where (h) = hy + hy + hs + ... h,,. Also from (2.4), we can write

(m) &

Hylz) = > | | PomnPonlzl.

(h)=0 s,=1

Hence (2.9) and (2.10) lead to

n
[

: ny\—n
s=1

M|H,; ar] < nK(l —( - ) ) M|Pg, m; asr’],
[Tar
s=1
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Making (m) — oo and applying (2.7), we get
. o -
u(H; agr) = <h)m sup{amM[an;a/sr]} < u(Py,; agr’) = l—[ ar’,
m)— oo =1

which leads to the equality (2.6), by the choice of r* near to r, and our theorem is therefore
proved. [

Remark. From Theorem 2.1, if we consider the simple monic sets {Py, m[2]} accord to condition
(2.6), then it is not hard to prove by induction for the j-power sets {P(SJZ)’m [z]} that

u(PY; ayr) = 1_[ ar. 2.11)
s=1

Now, we give the following result.

Theorem 2.2. Let {P,, m[z]}; 52 = 1,2,3, ...,k be simple monic algebraic sets of polynomials of
several complex variables, which accord to condition (10). Then the set will be effective in the
closed complete Reinhardt domain l_“[m].

Proof. Suppose that the monomial z™ admit the representation

" = ZI_Jm,hPh[Z]-
h

Since the set {P, m[z]} is algebraic, we find there exists a relation of the form

k
Pimn = ) a;P) 5 () < (m)), (2.12)
j=1
where k is a finite positive integer which together with the coefficients (a j)’J‘.zl, is independent of
the indices (m), (h). The coeflicients P(IJ:nh are defined by
Pz = Y P 1<j<k
(h)=1
It follows that _ _
P W)™ < owM[PY s ar]. (2.13)

According to (2.11) for given r* > r and from the definition corresponding to u(P(lj);asr), we
deduce that

M[PY}; a,r] < K(ar)™. 2.14)
Applying (2.13) and (2.14) in (2.12), we obtain that
. [T (@)™
[P o] < 8K ——r (2.15)

[T(a,r)™
s=1
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where
B =max{la;;0< j<k} and ¢ isaconstant. (2.16)

In view of the representation

" = Z PmnPnlz],
b

the Cannon sum of the set {PY}Il [z]} will be

(m)

QP ) = Y PaylM[P):arl, (2.17)
(h)=0

where, . ‘

M[P\: a,r] = sup [P\ [2]]. (2.18)
Diar)
Therefore (2.14), (2.15) and (2.17) (for r* > r) give
PV s @) < (KB [(ar™. (2.19)
s=1

Hence the Cannon function of the set {P(I{:n[z]} turns out to be
ﬁ n
QPsaur) = Tim {Q(Pan]” = [ Jaur
s=1
which, by the choice of r*, implies that

Q(PY; ar) = l_[ ar.
s=1

As very similar, we can obtain that the sets {P(fon[z]}; y =2,3,4, ...,k will be effective in the losed
complete Reinhardt domain I'[,,;. Our theorem is therefore proved. []

3. Effectiveness in hyperelliptical regions

Now, we are in a position to extend the above product by using k basic sets of polynomials of
several complex variables, so we will denote these polynomials by {P n([z]}, {PomlZ]}, ..., {PrmlZ]}
and in general write {P,, m[Z]}; 52 = 1,2,3, ..., k.

Definition 3.1. Let {P,, m[z]}; 5o = 1,2,3,...,k be simple monic sets of polynomials of several

complex variables, where
(m)

Psz,m[z] = Z Psz,m,hzh' (3.1)
(h)=0
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Then the Hadamard product of the sets {P,, m[Z]} 1s the simple monic set {Hy[z]} given by

(m)

Hpylz] = Z Hm,hzh, (3.2)
(h)=0
where
ookl k
Hm == Ps mh | 3.3
2] () o

If we substitute by k = 2 and consider polynomials of two complex variables instead of several
complex variables, then we will obtain Definition 1.3. It should be remarked here that Definition
1.4 is different from that used in (Metwally, 2002).

Let {P;, m[Z]} be simple monic sets of polynomials of several complex variables z; s € I, so

that we can write
(m)

Pomlzl = )" Py, mu?", (34)
(h)=0

where
prvmeestin = 1. 0 = 1,2, .., k.

§2,M1,M2,...,Mp

The normalizing functions of the sets {P,, m[z]} are defined by (see (Nassif & Rizk, 1988))

/l(Psz; rs) = <n1]l>r_l’>loo Sup{O-mM[PsZ,m; rs]}<m> ’ (35)

where M[P, m; r¢| are defined as follows:

M[Pg,m; 15| = sup
Ers

Py, mlzl|-

Notice that the sets {P,, m[z]} are monic. By applying Cauchy’s inequality, we deduce

Om
|Ps, mnl < e sup| Py, m[z]],
Ers

T
which implies that
[T 7™
M[Psz,m; rs] > L
Om
It follows from (3.4) that
(P 1s) 2 1. (3.6)

Next, we show if p; are positive numbers greater than r, then

n

[[lps

U(Pyy;05) £ —— p(Pyyi1y),  ps > 1y (3.7
rS
u
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In fact, this relation follows by applying (3.4) to the inequality

fir

(m)
M[Psz,m;ps] S K( ) M[Psz,m; rs],

n
[17s
s=1

which in its turn, is derivable from (3.4), Cauchy’s inequality and the supremum of z™, where
K =0(m) + 1).

Now, let {P;, m[z]}; 5o = 1,2, 3, ...,k be simple monic sets of polynomials of several complex
variables, and that {H},[z]} is the set defined as follows

k
Hylz) = | | Pomlzl. (3.8)

sp=1
The following fundamental result is proved.

Theorem 3.1. If, for any r; > 0

n

p(Poir) = | (3.9)

s=1
then
u(H;ry) = rs. (3.10)

s=1

Proof. We first observe that, if p be any finite number greater than r, then by (3.4), (3.5) and (3.7),
we obtain that

u(Pyips) = | | ps (3.11)
s=1
Now, given r; > r,, we choose finite number 7| such that
re <r.<r. (3.12)
Then by (3.4) and (3.8), we obtain that
MPywir) < L[ [ 171™ where 7> 1, (3.13)
Oh

s=1
where (h) = hy + hy + hy + ... h,. Also from (3.7), we can write

(m) &k

Hylzl = Y [ [ PamnPonlzl.

(h)=0 5,=1

Hence (3.9) and (3.10) lead to
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1 n
u(H*;ry) = lim sup{()'mM[an;rs]}< ) < u(Py,sr) = l_l ri,
(m)—o0 i
which leads to the equality (3.8), by the choice of r; near to r,, and our theorem is therefore
proved. [

Remark. From Theorem 3.1 if we consider the simple monic sets {Py, m[z]} accord to condition
(3.8), then it is not hard to prove by induction for the j-power sets {P(SJZ)’m [z]} that

n

u(PPir) = | | . (3.14)
s=1
Remark. It should be remarked that the results of this paper improve some results in (El-Sayed
Ahmed, 2006, 2013).

4. Conclusion

We have obtained some essential and important results for the effectiveness of the Hadamard
product set of polynomials in complete Reinhardt domains and in heperelliptical regions. From the
established theorems, representations and convergence of power set of the the Hadamard product
set are introduced in complete Reinhardt domains and in heperelliptical regions too. Various
problems relating to the properties of the Hadamard set of simple basic sets of polynomials are
treated with particular emphasis on distinction between the single and several complex variables
cases. An important result is established for the relationship between the Cannon functions of
simple sets of polynomials in several complex variables and those of the directly Hadamard sets.
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