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Abstract

In this paper we study the action of a double infinite matrix A on f € H! (weighted Banach space, 1 < p < o0)
and on its wavelet coefficients. Also, we find the frame condition for A—transform of f € HJ whose wavelet series
expansion is known.
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1. Introduction

The mathematical background for today’s signal processing applications are Gabor (Feichtinger
& Strohmer, 1998), wavelet (Daubechies, 1992) and sampling theory (Benedetto & Ferreira,
2001). Without signal processing methods several modern technologies would not be possible,
like mobile phone, UMTS, xDSL or digital television. In other words, we can say that any ad-
vance in signal processing sciences directly leads to an application in technology and information
processing. A signal is sampled and then analyzed using a Gabor respectively wavelet system.
Many applications use a modification on the coefficients obtained from the analysis and synthesis
operations. If the coefficients are not changed, the result of synthesis should be the original signal,
i.e., perfect reconstruction is needed. One way is to analyze the signal using orthonormal basis.
For practical point of view it is noted that the concept of an orthonormal basis is not always useful.
Sometimes it is more important for a decomposing set to have other special properties rather than
guaranteing unique coefficients. This led to the concept of frames introduced by Duffin and Scha-
effer (Duffin & Schaeffer, 1952). Now a days it is one of most important foundations of Gabor
(Moricz & Rhoades, 1989), wavelet (S.T. Ali & Gazeau, 2000) and sampling theory (Aldroubi &
Grochenig, 2001). In signal processing applications frames have received more and more attention
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(H. Bolcskei & Feichtinger, 1998; Kronland-Martinet & Grossmann, 1991; Munch, 1992; Sheikh
& Mursaleen, 2004).

Frame provide stable expansions in Hilbert spaces, but they may be over complete and the
coefficients in the frame expansion need not be unique unlike in orthogonal expansions. This
redundancy is useful for the application point of view that is to noise reduction or for the re-
construction from lossy data (Daubechies, 1992; Duffin & Schaeffer, 1952; Matz & Hlawatsch,
2002). The construction of stable orthonormal basis are often difficult in a numerical efficient way
than the construction of frames which are more flexible. Sometimes it is reasonable to use the
frames to analyze additional properties of functions beyond the Hilbert space. These properties
are encoded in the frame coefficients. Wavelet frames encode information on the smoothness and
decay properties or phase space localization of functions by means of the magnitudes of the frame
coeflicients. The aim is to study these properties in Banach space norms. Moreover, to charac-
terize an associated family of Banach spaces of functions by the values of the frame coefficients
which play an important role in non-linear approximation and in compression algorithms (DeVore
& Temlyakov, 1996). However, in (Grochenig, 2004) Grochenig showed that certain frames for
Hilbert spaces extend automatically to Banach frames. Using this theory he derived some results
on the construction of non-uniform Gabor frames and solved a problem about non-uniform sam-
pling in shift-invariant spaces. Recently, Kumar (Kumar, 2013) studied the convergence of wavelet
expansions associated with dilation matrix in the variable L” spaces using the approximate iden-
tity. In an another paper Kumar (Kumar, 2009) studied the convergence of non-orthogonal wavelet
expansions in L”(R),1 < p < co.

The space L*(R) of measurable function f is defined on the real line R, that satisfies L O:o |f(x)]Pdx <
oo. The inner product of two square integrable functions f, g € L*(R) is defined as

< f.g>= f f)g(dx, IIfIF =< f,f>"*.

Every function f € L?(R) can be written as f(x) = 2 ike: Cikpjk(x) (z is the set of integers).
This series representation of f is called wavelet series. Analogous to the notation of Fourier
coeflicients, the wavelet coeflicients cj; are given by c;; = f_ o; FX)@jx)dx =< f,pjx >, @i =
212p(27x - k).
Now, if we define continuous wavelet transform as (W,(f))(b, a) = |a|™'/ f_ o; F(x) (%b)dx, fe

L*(R) then the wavelet coeficients are given by c;x = (W,(f)) (%, %) .

A sequence {x,} in a Hilbert space H is a frame if there exist constant ¢; and ¢;,0 < ¢; <
¢y < oo, such that c1||fI? < Y,e.l < frxn > [* < collfI, for all f € H. The supremum of all
such numbers c¢; and infimum of all such numbers ¢, are called the frame bounds of the frame.
The frame is called tight frame when ¢; = ¢, = 1. Any orthonormal basis in a Hilbert space H is
a normalized tight frame. The connection between frames and numerically stable reconstruction
from discretized wavelet was pointed out by (Grossmann et al., 1985). In 1985, they defined that
a wavelet function ¢ € L*(R), constitutes a frame with frame bounds ¢; and ¢, if any f € L*(R)
such that ¢ || f]]* < Diker| < frpix > > < ¢||fII>. Again, it is said to be tight if ¢; = ¢, and is said
to be exact if it ceases to be frame by removing any of its element. For more details see (Chui,
1992; Daubechies et al., 1986).
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2. Notations and Auxiliary Results

Let N and y be countable index sets in some R?> and both y and N are separated i.e.,
inf,, ney:mzn IMm — n| > 6 > 0, and likewise for N.
Weight Functions of Polynomial Growth. A weight is a non-negative continuous function
on RY. An s—moderate weight v is called polynomially grows, if there are constants C, s > 0 such
that v(z) < C(1 + [t])*.

Lemma 2.1. If f(x) = X jken Cixjk(X) is a wavelet expansion of f € L*(R?) with wavelet coeffi-
cients cjy = f_o:o FOix()dx =< f,p;x > and A(apunjr) = [(1 +|m— j)(1 +|n— k)175-%¢ for some
g > 0and j,k € Nym,n € y, then the operator A defined on finite sequences (C;x)jren by matrix
multiplication (A¢)py, = Z;’;O Direo AmnjkCjx extends to a bonded operator from IP(N) to ID(y) for
all p € [1, 0] and all s—moderate weights v.

Proof. To prove the result we have to show the boundedness of A from li(N) to l},()() and from
[>(N) to I;7(x). Then using the interpolation technique of [4] for weighted L —space, the lemma
holds for all p € [1, co].

First we consider

Ml = D5 D @mpcix|vimmy < 37 37 [(1+lm = (1 +In— kD™~ lejxlvim, n)
m,n€y |jkeN m,n€y jkeN
< sup [ DA+ m = )1+ - k|>]‘“) x
m,ney

Jj.keN

( sup  [(1 +Jm = jD( + |n = kDI [v(j, k)]~ v(m, n)) X Z lc v k).

m,ney; j,keN J.keN

Using (Grochenig, 2004), Lemma 2.2 in above inequality we obtain

< sup (C(1+1j - k) (sup C+1j- k|)-5) X

JokeN jkeN

V(G T vm, mx > lejadv(i, k) = Clalln)-
J.keN
The first supremum in right hand side of above inequality is finite by (Grochenig, 2004),
Lemma 2.1] and second supremum in finite due to s—moderate and sub multiplicavity of the
weights. Now we have

lACklli=y = sup An jiC je| v(m, n)
m,ney jkeN
< sup Y [(1+ lm = JD(L+1n = kDT leulvim, m)
m,nE)(j’keN
< (Sup DA +m= D+ - k)]-d—e] X

m,ney JkeN
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sup (14 lm — jD(L +n = kD™ .v(m, m)v(j, k)™ | % (Sup ¢V k)) -
m,n ey J.keN
ke N

Again, using (Grochenig, 2004), Lemma 2.2 in above inequality we get

< (C sup (1 +1j - kl)‘d‘g) (sup(1 + 1 = k)~ *v(m, myv(j, k)™") x

Jj.keN

(sup lcjxlv(ji k)) < CC'lle;illis -

Jj.keN

Let {¢;« : j,k € N} be a Riesz basis of H with dual basis {?q;j,k : J,k € N} and v be a weight
function on R? of polynomial type. O

Definition 2.1. Assume that I(N) C [2(N). Then the Banach space H? is defined to be

Hl ={feH:f= ) cupi for cjxe L))
J.keN
with norm || f{|zz = llc;llz. It should be noted that ¢4 is uniquely determined, in fact, ¢ =<
frdjun >
By assumption I/(N) C 2(N), it means HY is a (dense) subset of H. On the other hand, if
0 SZ lﬁ and p < oo, we define H? to be the completion of the subspace H, of finite linear combi-

nations, i.e., Ho = {f = X jxen Cja®jx : supp c is finite }, with respect to the norm || f{|z» = ||c[[,p. If
p=coandlf ¢ I?, we take the weak completion of Hy to define HY. In these cases HY ¢ H.

Frame Operators and Localization of Frames. Let [ = {¢,,,, : m,n € x} be a frame for H
and S f = X5y < f>@Pmn > @mn be the corresponding frame operator. Each frame element has a
natural expansion with respect to the given Riesz basis as

Pmn = Z <‘10m,n’ 5j,k> ¢j,k = Z < ©m,ns ¢j,k > aj,k-

J.keN JkeN

The frame operator S is invertible on H. Our problem is how to extend the mapping properties
of § on Banach spaces H;. For this purpose we take f = Y. ;; fix¢;x such that

Sf = D <Fbmn>Pun= D, D fik <PiksPun > G

m,ney m,n€y jkeN

- Z Z Z fik < jses Omn > <(;0m,m$i,l> bii

m,ney i,leN jkeN

= Z [Z [Z < Qjks Pmn > <¢m,m$f,l>] fj,k) bi-

il Jk \mn
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Now let A = a;; be infinite matrix defined as

Qitjie = Z < @jk>Pmn > <90m,m$i,z> = <S¢j,k»$i,l>- (2.1)

m,ney

Define a mapping I such that T : H — B(N), (T'f)x = <f, aj’k> )

Since {¢;} 1s a Riesz basis, I" is invertible and an isometric isomorphism between H! and
I(N). Therefore, S = I'"'AT carries over to the Banach spaces HY. To study the behavior of frame
operator S on H?, it is sufficient to study the infinite matrix A on sequence space I2(N). For this
purpose we will use the following fundamental theorem of Jaffard [14].

Theorem A. Assume that the matrix G = (Gy )i ey satisfies the following properties:
(a) G is invertible as an operator on />(N), and
(b) |Gyl < C( + |k =1)7", k, 1 € N for some constant C > 0 and some r > d. Then the inverse
matrix H = G™! satisfies the same off-diagonal decay, that is
|Hyl < C'(1+k—1I)", k1€ N.
Using above theorem we can prove:

Theorem 2.1. Assume that the matrix A = (ayiji)is,jren Satisfies the following properties:

(a) A is invertible as an operator on I*(N), and
(b) laypl < CI(1 + i —jDA + |l =kDI™",i,1, j,k € N for some constant C > 0 and some r > d.

Then the inverse matrix T = A™! satisfies the same off-diagonal decay, i.e.,
|Tuj| < CTA +li = j)(A + 1= KkDI7, i, L, j.k € N.

Definition 2.2. The frame ' = {¢,,, : m,n € x} is said to be polynomially localized with respect
to Riesz basis {¢;,} with decay s > O (or simply s—localized), if

| < @mns Bjic > 1 < CLA + Im — jD(A + In — kD™
and
| < gom,,,,gj,k >|<C[(1+|m—jh)(1 +n—kD]*Vi,ke N and m,n € y.
Now we prove:

Proposition 2.1. Let [ = (@, : m,n € x) is an (s + d + &)—localized frame for € > 0,r > 0 and
1 < p < ocoThen

(i) the analysis operator defined by Cof = (< f\@mn >)mney is bounded from H} to Il ().
(ii) the synthesis operator defined on finite sequences by Dec = 3., e, CnnPmn €xtends to a
bounded mapping from I (y) to HY,.
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(iii) the frame operator S = S; = D.Cy = },1ne, < fr@Pmn > Pmn maps H into Hy, and the
series converges unconditionally for 1 < p < co.

Proof. (i) Assume that f = 3 ew fir®is | < fr@mn > | = | jken fik < Gjts @mn >| . In view of
Definition 2.4, we get < C 3 e |fi| [(1+Im—jD(1+n—kD] 7472 <CC’ 3 jyen | fisl (1+]j—K) 5742

If £ € HY, then | fllzr = ||(f3) ,-,keN||1£, oy @nd Lemma 2.1 gives that [IC. flly,, < CC’ {627 j,k€N||lc ™=
CClIf N

(ii) Now we have (D.¢)keny = <Zm,ne)( ConnPrmns :I;j,k> or

(Decrsant < 3 emal (o )| < € 3 lemall 1+ = 01+ = k1>
m,ney m,ney
< CC Y femal(1+1j = k)™ = CC (A%l .

m,ney

Now Lemma 2.1 (by interchanging N and x) gives ||D.cllzr = [|A%|clllipny < 1A lopllcllz -

(iii)) The boundlessness of frame operator S follows by combining (1) and (ii). For un-
conditional convergence of the series defining S, let £ > 0, choose Ny = Ny(e), such that
Il < £, @mn >mnoreny) Il < €. Then for any finite set Ni 2 Ny, from (i) and (ii), we obtain

Sf= D, <f-bmn> s

m,neN

< Cellopll < fs @mn > I < NCellop-£-

H}
Which implies that the series ., .e, < f>®mn > @ma converges unconditionally in HY. ]

Proposition 2.2. Assume that [ = {¢,,,, : m,n € x} is polynomially localized with respect to the
Riesz basis {¢;x} with decay s > d. Then

Al = lagil < C(A +|j—=kD)™ for i,l,jkeN.

Proposition 2.3. From (2.1) we get

lagul < C Z [(1+|m—=jDA +|n—=kDA + i —m))(1 + |l =nD]™*
m,ney
< cC Z[(l +li— DA+ -k <CC'C"(A+1j- k).
i,leN

3. Main Results
The following definition is due to Moricz and Rhoades (Moricz & Rhoades, 1989).

Definition 3.1. Let A = (a;jx) be a double non-negative infinite matrix of real numbers. Then,
A—transform of a double sequence x = {x;;} is Z;’;O Direo AmnjkX jx Which is called A—means or
A—transform of the sequence x = {x;}.
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Sheikh and Mursaleen (Sheikh & Mursaleen, 2004) study the frame condition by using the
action of frame operator A on non-negative infinite matrix in Hilbert space. In this paper our aim
is to extend these results on weighted Banach space in R,

Now we prove our main results:

Theorem 3.1. Let A = (ayj) be a double non-negative infinite matrix. If f(x) = X, ey Cmn®Pmn(X)
is a wavelet expansion of f € HY with wavelet coefficients c,,, =< f,@mn >, then the frame
condition for A—transform of f € HY is

cillfllzr < < cllfllgr

D, <Afonn>

m,ney

Ly
where {@,,,, : m,n € y} is an (s + d + g)—localized frame for e > 0,5 > 0and 1 < p < co.

Proof. We take f =} ;ien fix® x> then

DAL @ua> 12D > Afik < GitoPmn >| < D IAFll < Gt Pun > |
mney Jj.keN m,ney Jj.keN
<c )AL+ Im = DA+ =KD < CC Y ALl + 1 — k)
Jj.keN JkeN

If f € Hy, then || fllzr = I(fj4) jkenllr- Hence we get

D <Afigma>|| < CCAlI i < el fllag-

m,ney

P
Ly

Now, for any f € HY, define

-1 -1
f = Z <Af, Qun >|| f <Af,Qmn >= Z <Af,Qmn >|| <Af, Qmn >
m,ney l{,’ m,ney lg
then
D <Afigua>|| <1
m,ney l{,’
Hence, if there exists a positive constant @, such that
-1 -1
a
WMenally < |l > <Afsgma>| | Menally e\ > <Afogma>{ | Wl < {7
mney g m,ney " op

it follows that ||, < Af. @ >||zc] > c1ll fll-
Hence the proof is completed. []
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Theorem 3.2. If f = 3 ey CjxPjx and {pp,, - m,n € x} forms a frame with respect to Riesz basis
{¢jk}, then the a i are the wavelet coefficients of Af, where {d,} is defined as the A—transform of
{cjx} such that

diy = Z AiljkCj ks
J.keN

@jk = § dis < Pjxpis > -
iley

Proof. Using the definition of A—transform of f = >, ciipi; by assumption we get

<Af,pi; >= Z AijkCik < Pk iz >
Jj.keN

or

i, = i, Jikos i, - i, ks i, .
D <Afigu>= Y (A < Gt pir >= D diy < bisopis >

iley iley iley

Therefore, the wavelet coefficients of A f with respect to Riesz basis {¢;,} are given by

Qi = Z dig < Qjp>pin > .

iley
Hence the proof is completed. []
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