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Abstract

A single valued function of one complex variable which is analytic in the finite complex plane is called an entire
function. In this paper we would like to establish the bounds for the moduli of zeros of entire functions on the basis
of slowly changing functions.
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1. Introduction, Definitions and Notations.

Let
P(2) = ap+ a12+ ar2* + G320 + oo + Ay 27+ a2 lan] # 0

be a polynomial of degree n. Datt and Govil (Datt & Govil, 1978); Govil and Rahaman(Govil &
Rahaman, 1968); Marden (Marden, 1966); Mohammad (Mohammad, 1967); Chattopadhyay, Das,
Jain and Konwer (Chattopadhyay, 2005); Joyal, Labelle and Rahaman (Joyal, Labelle & Rahaman
1967) Jain (Jain, 1976), (Jain, 2006) Sun and Hsieh (Sun & Hsie, 1996); Zilovic, Roytman, Com-
bettes and Swamy (Zilovic, Roytman); Das and Datta (Das & Datta, 2008) etc. worked in the
theory of the distribution of the zeros of polynomials and obtained some newly developed results.

In this paper we intend to establish some sharper results concerning the theory of distribution
of zeros of entire functions on the basis of slowly changing functions.

The following definitions are well known :
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Definition 1.1. (Valiron, 1949)The order p and lower order A of an entire function f are defined

as

2l m 2l m
o = lim supogl—(r’f) and 1 = limin fgl—(”f)’
oo ogr r—co ogr

where log[k] X = log(log["_“ x) for k=1,2,3,... and log[o] X=X

Let L = L(r) be a positive continuous function increasing slowly i.e., L(ar) ~ L(r) asr — oo
for every positive constant a. Singh and Barker (Singh & Barker, 1977) defined it in the following
way:

Definition 1.2. (Singh & Barker, 1977) A positive continuous function L(r) is called a slowly
changing function if for £ (> 0),

1 L
S L((kr};) <k® forr>r(e) and

uniformly for k(> 1).

If further, L(r) is differentiable, the above condition is equivalent to lim ’i(g) =0.
r—o0

Somasundaram and Thamizharasi (Somasundaram & Thamizharasi, 1988) introduced the no-
tions of L-order and L-lower order for entire functions defined in the open complex plane C as
follows:

Definition 1.3. (Somasundaram & Thamizharasi, 1988) The L-order p* and the L-lower order A*
of an entire function f are defined as

[2] M 21 pg
" = lim sup—(rf) and A" =liminf g—(rf)
roe log[rL(r)] roc  log[rL(r)]

The more generalised concept for L-order and L-lower order are L*-order and L*-lower order
respectively. Their definitions are as follows:

Definition 1.4. The L*-order p* and the L*-lower order A*" of an entire function f are defined as

(2] [2]
L og ™ M(r, f) og ™ M(r, f)
e e

2. Lemmas
In this section we present some lemmas which will be needed in the sequel.
Lemma 2.1. If f (2) is an entire function of L-order p*, then for every & > 0 the inequality
N(r) < [rL(r)]pL+8

holds for all sufficiently large r where N (r) is the number of zeros of f (z) in |z| < [rL(r)].
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Proof. Let us suppose that f(0) = 1. This supposition can be made without loss of generality
because if f (z) has a zero of order ‘m’ at the origin then we may consider g (z) = c- f (Z) where c is
so chosen that g (0) = 1. Since the function g (z) and f (z) have the same order therefore it will be
unimportant for our investigations that the number of zeros of g (z) and f (z) differ by m.

We further assume that f (z) has no zeros on |z| = 2[rL(r)] and the zeros z;’s of f(z) in |z <
[rL(r)] are in non decreasing order of their moduli so that |z;| < |z;41]. Also let p’ suppose to be
finite.

Now we shall make use of Jenson’s formula as state below

2n

log|f (0)] = Z log ot —ﬂ log ‘ (R e*f’)' de. 2.1
0

Let us replace R by 2r and n by N (2r) in (2.1).

NQr) 2

~ log | (0)] = Zlog—+—ﬂ log‘f(2rei¢)'d¢.

Since f(0) = 1,.. log|f (0)] =log1 = 0.

2 1 ,
" Z log i —flog 'f(2r e‘¢)‘d¢. (2.2)
Ll 2
0
N(Q2r) N(r)
LHS. = lo > Y log L > N (r)log?2 (2.3)
Z g Z | Z g g
because for large values of 7, log > log2.
2m 2n
1 ; 1
RHS = — f log|f (2r ¢*)|d < = f log M (2r)d¢ = log M (2r). 2.4)
2n 2n
0 0

Again by definition of order p* of f (z) we have fore every & > 0, and as L (2r) ~ L(r),
log M (2r) < [2rL2A)F "> log M (2r) < [2rL(r) /. (2.5)
Hence from (2.2) by the help of (2.3), (2.4) and (2.5) we have
N (r)log2 < [2rL(r) "

2p +a/2 [I’L(I’)]p +& +£
N(n) < log2  [rL(n¥? = <lrLor

This proves the lemma. O]
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In the line of Lemma 2.1, we may state the following lemma:

Lemma 2.2. If f (2) is an entire function of L*-order p* , then for every & > 0 the inequality
N(r) < [reL(’)]pL*“;
holds for all sufficiently large r where N (r) is the number of zeros of f (z) in |z < [re™"].

Proof. With the initial assumptions as laid down in Lemma 1, let us suppose that f(z) has no
zeros on |z] = 2[re’”] and the zeros z;’s of f(z) in |z] < [re””] are in non decreasing order of their
moduli so that |z;] < |zi+1]. Also let p~” supposed to be finite.

In view of (2.1), (2.2), (2.3) and (2.4), by definition of pl and as L(2r) ~ L(r), we get for
every € > 0 that

L*+g/2

log M (2r) < [2re"®Y" +2 ie. log M(2r) < [2re 7Y
Hence by the help of (2.3), (2.4) and (2) we obtain from (2.2) that

2p1‘* +g/2 [reL(r)]pL* +e
log2  [rL(r)]¢?

N (r)log2 < [2re"" P 2 N () < < [re " .

Thus the lemma is established. OJ

3. Theorems
In this section we present the main results of the paper.

Theorem 3.1. Let P(z) be an entire function defined by

P =ap+aiz+amz> + ...+ a7 + ...

with L-order pt. Also for all sufficiently large r in the disc |z| < [rL(r)], |aN(,) # 0, lag| # 0. and

also a, — 0 as n > N(r). Then all the zeros of P(z) lie in the ring shaped region

where t, is the greatest positive root of

g(1) = |ane| VO - (|aN(r)| + M) NO LM =0

and 1}, is the greatest positive root of

f@) = laol " = (jagl + M) + M" = 0

where M = max{laol Saal, ... |aN(r),1|}

b

and M’ = max{|a1| Jasl s ... |aN(r)
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Proof. Now

P(D)~ay+az+ a2z2 + ...+ aN(r)ZN(r)

because N(r) exists for |z| < [rL(r)]; r is sufficiently large and a, — 0 as n > N(r). Then all the
zeros of P(z) lie in the ring shaped region given in Theorem 3.1 which we are to prove.
Now

|P(2)| ~ |a0 + a1z + a7+ .+ aye”

|N(r) _

N(r)—l| )

2
2 |aN(r) |Z |a0 +a1z+a7 + ...+ an-12

Also

a0 + @12+ @27 + o+ a1 Y < gl + o fangr| IO < M (14 ]+ 1Y)

"

Therefore using (3.1) we obtain that

N(r)
N 2 N(r)-1 N |2 -1
IP@)| 2 anm| "7 = |ao + a1z + @2 + ... + an-12V77Y > |an| 11V - M—|Z| 1
Hence
|Z|N(r) -1
IP@)| > Oif |ane| 1" - M—| T 0
Z —
N(@)
. Z -1
1.€., if |ClN(r) |Z|N(r) > Mllll—1
Z —

i.e., if |61N(r) |Z|N(r)+1 — |aN(r) |Z|N(r) >M (lle(r) _ 1)

Le., if |ane| 12V = |aye| 1IN = M 12V + M >0
iie..if Jane| 1" = (Jae| + M) 1" + M > 0.
Th i N(r)+1 N() .
erefore on |z] # 1, |P(2)| > 0 if |aN(,) |Z] - |aN(,) + M) |z|"" + M > 0. Now let us consider
_ 1 N
8(t) = lane| 7" = (Jan| + M) + M = 0. (3.2)

Clearly the maximum number of changes in sign in (3.2) is two. So the maximum number of
positive roots of g(t) = 0 1s two and by Descartes’ rule of sign if it is less, less by two. Clearly
t = 1 is one positive root of (3.2). So g(t) = 0 must have another positive root #;(say).

Let us take ty = max{1,t,}. Clearly for ¢t > #y, g(t) > 0. If not, for some ¢ = t, > 1y, g(t,) < 0.

Now g(t;) < 0 and g(co) > 0 imply that g(¢) = 0 has another positive root in (#,, o) which gives a
contradiction.

Therefore for ¢ > 1y, g(t) > 0 and so fp > 1.

Hence |P(z)| > O for |z| > 1.

Therefore all the zeros of P(z) lie in the disc |z] < 1. 3.3)
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Again let us consider

1 ai ane -
0(z) = szP( ) ~ {ao I _r} = apz"” + "7+ L+ g

Z Z cose ZN(V)
Le., 10@)] > laol [z = |@i2" ™" + ... + awgy| for Izl # L.
Now
|l 2O + o+ ane| < lanl 12V + L+ ay, | < M (|z|N(’)‘1 ot 1)
/ |Z|N(r) -1
=M ||—1 for |Z| # 1. (34)
|-

Using (3.4) we get that

. 1N -1
0@ = lagl " — a2 + .. + awg| = laol 12 — M (—_1 for 2| # 1.

Therefore for |z| # 1,

NGO _
10@)| > 0if lagl lzI"" — M’ (klm—_l) >0

|Z|N(r) -1
ie., if |aol |z > M’ | —+—
lz| - 1

ie., if laol |z = aol 121N — M |2V + M’ > 0

i.e., if laol |z = (laol + M") |21V + M’ > 0.
So for |z] # 1, |Q(2)] > 0 if |aol |2V = (lag) + M?) |7V + M’ > 0. Let us consider
@ = laol " = (laol + M) " + M’ = 0.

Since the maximum number of changes of sign in f(¢) is two, the maximum number of positive
roots of f(¢) = 01is two and by Descartes’ rule of sign if it is less, less by two. Clearly # = 1 is one
positive root of f(¢) = 0. So f(#) = 0 must have another positive root #, (say).
Let us take #), = max{l1,1,}. Clearly for ¢ > 1, f(¢) > 0. If not, for some 13 > £, f(z3) < 0. Now
f(t;3) < 0 and f(c0) > O implies that f(#) = 0 have another positive root in the interval (z3, o)
which is a contradiction.
Therefore for 7 > 1, f(z) > 0.
Also 7y > 1. So |Q(z)| > O for 2] > 1.
Therefore Q(z) does not vanish in [z| > #.

Hence all the zeros of Q(z) lie in |z| < ;.
Let z = zg be a zero of P(z). Therefore P(zy) = 0. Clearly zo # 0 as ay # O.

Putting z = % in Q(z) we get thatQ (%) = (ZLO)NU) P(zp) = (%)Nm .0 = 0. Therefore Q( ) = 0. So

L
20
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z= % is a root of Q(z) = 0. Hence ‘%‘ < 1 implies that |zo| > .
0
As 7y is an arbitrary root of P(z) = 0.

Therefore all the zeros of P(z) lie in |z| > 3.5

X =~

From (3.3) and (3.5) we get that all the zeros of P(z) lie in the proper ring shaped region tl <
0

lzl < f where #, and ) are the greatest positive roots of the equations g(r) = |aN(,> NO+L
(|aN(,)| + M) N+ M = 0and £(t) = |aol N7 = (lagl + M) N + M’ = 0 where M and M’ are
given in the statement of Theorem 3.1. This proves the theorem. U

In the line of Theorem 3.1, we may state the following theorem in view of Lemma 2.2:

Theorem 3.2. Let P(z) be an entire function defined by

PR =ag+ a1z + az> + ... + ayz" + ...

with L*-order p* . Also for all sufficiently large r in the disc |z] < [re*™], |aN(r)
also a, — 0 as n > N(r). Then all the zeros of P(z) lie in the ring shaped region

# 0, |ag| # 0. and

- < |Z| <0
0
where t is the greatest positive root of
_ 1
g(l) = |aN(r)| IN(r)+ - (|CZN(r)| + M) IN(r) +M=0
and 1, is the greatest positive root of
f@ = laol ! = (aol + M) " + M =0

where M = max{laol Sail, ... |aN(,)_1|}

.

and M’ = max{la1| Saol, ... |aN(,)
The proof is omitted.
Theorem 3.3. Let P(z) be an entire function defined by
PR =ap+aiz+ amz* + ..+ a7 + ...

with L-order p*, anyy # 0, ap # 0 and also a, — 0 for n > N(r) for the disc |z| < [rL(r)] when r is
sufficiently large. Further, for p* > 0,

L\N LAN(r)-1 L
laol (") = Jay| (VO = L > |aN(r)—1|p > |aN(r)

Then all the zeros of P(z) lie in the ring shaped region

1 1
—) <l < p (1 LS (pL)N(’)).

|aN<r>
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Proof. For the given entire function
P(2) = aop+ ajz+ arz> + .. + a2 + ...

with @, — 0 as n > N(r), where r is sufficiently large, N(r) exists and N(r) < [rL(r)]pL“.
Therefore

P(z) ~ ag + a1z + > + ... + ayp2 "

asap # 0,ay.) # 0 and a, — 0 forn > N(r).
Let us consider

R(z) = (PL)N(r)P(i) (PN (a + ali +a,—— z +ay L(r))
P pt Tl T T NN
= (ao(pL)Mr) +ay (PO 4+ aN(r)ZN(r)).
Therefore
IR@)| 2 |ane| 1217 = |ao(@N? + a1 (0O 2+ .. + angy-1p"2¥ 07| (3.6)

Now by the given condition |ag| (0X)N" > |a;| (pP)NP~! > ... provided |z| # 0,we obtain that
L\N L\N(9-1 L_N()-1 L\N Ly N1
|Cl0(p ) ") + al(p ) ") Z+ ...+t anp-102 ® | < |(10| (p ) ) + ...+ |aN(r)_1|p |Z| )

o[ 1 1
< laol ")V Iz |N<)(| R Ile(’))'

Therefore on |z] # O,

1 1
L\N L\N(r)-1 L_N()-1 L\N() [N
= |as@ N + a (@ 'z + .+ ano1p" N7 = = laol (@)Y 12N (E oot | |N(r))’ (3.7)
z

Therefore using (3.7) we get from (3.6) that

1 1
N(r) _ L\N(r) N | —
12M — Jaol (o) k|(m+m+mWJ

1 1
N I\N N
|a®—mmn“mﬂﬂ—+m+ Wy + )

|z] ||

IR2)| > |an)

> |ClN(r)

o 1
N L\N
= 12" |anc| = laol (@"** Z—k ]
k=1 |zl

1

Clearly Z o is a geometric series which is convergent for < 1l i.e., for |z] > 1 and converges

tol 1o = . Therefore Z i

e |z if |z] > 1. Hence we get from above that for |z| > 1|R(z)| >

IZI 1
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1
>0
Izl—l)

1
=P aol g 2 0

|610|
|z| -

a
le lf |Z|_1>(p )N(r) | 0|
an)

a
ie.,if |7 > 1+ ()Y = laol oy
ane)

N(r) (

12" (lanes| = 0¥ lag| L) - Now for || > 1,

— ("N |ay|

IR > O if [z (Iam

Le., if |ay

ie., if |aN()| > (oMM ——

Therefore |R(z)| > 0if |z] > 1 + (pL)le laol mt So all the zeros of R(z) liein |z] < 1 + l'“O' (LN D,

aAN(r)
Let zo be an arbitrary zero of P(z). Therefore P(zp) = 0. Clearly zy # 0 as ag # 0. Putting z = p*z,
in R(z) we have R(p%z) = (0X)N.P(zp) = (oH)NV.0 = 0.

Hence z = plz is a zero of R(2). Therefore|p z0| < 1+ '“0' (pL)N Mie., |zl < # ( a'i?')| eHY (’)).
Since zj is any zero of P(z) therefore all the zeros of P(z) he 1n
1 a
2l < — ool eyn] (3.8)
P |CZN(r)
Again let us consider F(z) = (pf)NOV (’)P( ) Now F(z) = (pH)NO N0 p (p%z)
~ (pL)N(r>ZN(r) {ao + /;lle S T + (pc:g’;,m} = ao(pL)N(’)ZN(’)+a1(pL)N(’)_1ZN(r)_1+...+aN(r)- There-

N — _
fore [F(@)] > laol (0" 2 — |ar (0D OO 4+ a,

. Again

L\N(r)-1_N(r)—-1 L\N(r)—1 N(r)—-1
|ar (VOO v | < lanl NN YO + L+ Jawe

L -1 N(r)-1
<larl PO (1N L+ e+ 1)

provided |z] # 0. So |al(pL)N(r)‘l NO-T 4+ aney
l2l # 0.JF(2)| = laol (0™ 12" ~ lay| (pL)N“) el (et i)

Izl

= (LN |7V [|a0|pL — |ay| (|Z| ot o |N<’))] . Therefore for |z] # 0,

NI
< larl YO YO (& + . + s - So for

(o)

1
laol o = lar] ) e
<

k=1

IF@)I > ("N 2" (3.9)

The geometric series Z o is convergent for i < li.e., for |z] > 1 and converges to
k=1

I 1 1

Izll—ﬁ N
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Therefore

S 1
Z_k = if [zl > 1. (3.10)
el <

Using (3.9) and (3.10) we have for |z| > 1, [F(z)] > (LN~ [z7V" [|a0|pL - ll‘l‘—_‘ll] Hence for
Izl > 1,

i 12V (ol |

ie., if |ao| p* >
lz| -1

la|

lao| p*

re,if |z > 1+ > 1.

Therefore |F(z)] > 0 for |z > 1 + 24 So F(z) does not vanish in |z] > 1 +

lail
laolo® laglo™
lail

the zeros of F(z) liein |z] < 1 + Tl Let z = 7y be any zero of P(z). Therefore P(zy) = 0. Clearly
ag # 0and zy # 0.
N(r)

. N(r)
Now let us put z = ,£>+Z() in F(z). So we have F(p%zo) = (pkV® (p%zo) P(z9) = (1) .0=0.

20

. Equivalently all

Therefore z = ;)L%o is a root of F(2).

Hence
1

przo

. 1 L( |a1| )
e, —<p |1+
|zl lao| o~
ie., |zo| > ———.
L a1
P (1 + Iaol,UL)

As 79 is an arbitrary zero of P(z), all the zeros of P(z) lie on

|ai]

lao| ot

2| > (3.11)

pH(1+ o)

From (3.8) and (3.11) we get that all the zeros of P(z) lie on the proper ring shaped region

W < |Z| < l% (1 + %@L)N(r)) where |a()| (pL)N(r) > |a1| (pL)N(r)_l > .= |aN(r) for pL > 0.
P\ "

laole

This proves the theorem. []

In the line of Theorem 3.3, we may state the following theorem in view of Lemma 2.2 :
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Theorem 3.4. Let P(z) be an entire function defined by
PR =ap+aiz+ amz> + ..+ a7 + ...

with L*-order p*, anyy # 0, ap # 0 and also a, — 0 for n > N(r) for the disc |z| < [re "] when r
is sufficiently large. Further, for p* > 0,

* * -1 *
laol (0" )V = lay | (" VO > 2 |awer- | 0" 2 |awe

Then all the zeros of P(z) lie in the ring shaped region

1 .
<zl < - (1 n laol (pL )N(r)].
P

|aN(r)

L* lai]
P (1+ o)
The proof is omitted.

Corollary 3.1. From Theorem 3.3 we can easily conclude that all the zeros of
P2 =ap+aiz+..+a,7"

of degree n, |a,| # 0 with the property |ag| > |a;| > ... > |a,| lie in the proper ring shaped region

1
—— <7< (1 + |a0|)
(1 + M) |a

just on putting p- = 1.
Corollary 3.2. From Theorem 3.4 we can easily conclude that all the zeros of
P)=ay+aiz+..+ a,z"

of degree n, |a,| # 0 with the property |ay| > |a| > ... > |a,| lie in the proper ring shaped region

just on putting p* = 1.

Theorem 3.5. Let P(z) be an entire function with L-order p*. For sufficiently large values of r in
the disk |z| < [rL(r)], the Taylor’s series expansion of P(z)

P(R) = ay + a,, 2" + a,z’” + ...+ a,, 7" + anp ", ao # 0
be such that 1 < py < p,... < pm < N(r) = 1, p;’s are integers and for p* > 0,

laol @V > |ay, | @Y > . = [a,, | (0EVO
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Then all the zeros of P(z) lie in the proper ring shaped region

1
< |Z| < —1y
Py p*

where ty and t; are the unique positive roots of the equations

g = |aN(r)| NP |aN(r)| NPl _ lao| (pL)N(r) =0and
£@) = laol (H) 1 — laol (1) ™' ~|a,, | = 0

respectively.

Proof. Let

P(z) =ap+ ap 7" + ...+ a,,2" + anin?" ", lane| # 0. (3.12)

Also for pt > 0, |ag| (o")N?) > |a,,1| (EHNOPr > > |aN(,) . Let us consider

R(z) = (L0 P 2 = (pLyV® b zPm N0
(2) = (p) oL =(p") Qo+ ap oy o D

T ane T
by NGO
— ao(pL)N(r) + apl(pL)N(r)—Plzpl + .+ apm(pL)N(F)—PmZPm + aN(r)ZN(r)'

Therefore
IR@)| = |anya" | = |ao@" ) + ap, (0772 + L+ @y, (NP (3.13)
Now for |z] # 0,

|a0(pL)N(r) + apl(pL)N(r)—Plzpl + .+ apm(pL)N(r)—PmZPm|
L N L N — L N ~Fm m
< laol (@ + |ap, | @O 2P+ L+ ay, | (0O (2

L N m
< laol (@) (1 + 12 + ... + I2")

1 1 1 1

_ L\N(r) | |pm+1
= |a Z — 4.+ + + . 3.14

| Ol (p ) | | (lzl |Z|Pm+1—l’2 |Z|I7m+1—l71 |Z|pm+1 ) ( )

Using (3.13) and (3.14), we have for |z] # 0
R 2 Janeo] 127~ laol (@1 24t b
= N(r) 0 |Z| |Z|Pm+1—Pl |Z|pm+1
> |ango| 1IN = laol (0")N 21! Ly oL L.
N(r) 0 |Z| |Z|Pm+1—171 |Z|Pm+1
1

= |aneo 12" = laol (017" > (3.15)

—.
k=1 Iz]
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The geometric series Z o is convergent for < li.e.for |z| > 1 and converges to l;—ll% = |z|+l
TH

Therefore Z lk = Izl_—l for |zl > 1.Soon |z > 1,

mt1
|Z|N(r) _ |Cl()| (pL)N(r) |Z|p "

IR(2)| > Oif |awg) A= >0
|Cl()| (pL)N(r) |Z|Pm+1

ie., if |aym|lzV >

| ( )| |Z| -1
. . N 1 N LN\NN m+1
ie., if |aN(,) |V — |a1v(r) 1™ > |aol (") |2
: : m+1 N(r)—pm N(r)=pm—1 LN
ie., if |zP* (|aN(r) |z NP — |aN(r) 2N O7Pn = — | (o) (r)) 2 0.

Let us consider g(f) = |aN(,) [¢|N =P — |aN<,)| eVt gl (BN = 0. Clearly g(f) = 0 has one
positive root because the maximum number of changes in sign in g(¢) is one and g(0) = — |ao| PV
1s —ve, g(o0) is +ve.
Let 1y be the positive root of g(t) = 0 and #, > 1. Clearly for t > #,, g(t) > 0. If not for some #; > 1o,
g(r) <0.
Then g(#;) < 0 and g(co) > 0. Therefore g(#) = 0 must have another positive root in (¢, co) which
gives a contradiction .
Hence for ¢ > 1y, g(t) > 0 and 7y > 1. So |[R(z)| > O for |z| > t,.
Thus R(z) does not vanish in |z| > 1.

Hence all the zeros of R(z) lie in |z| < 1.

Let z = 7o be any zero of P(z). So P(z) = 0. Clearly z5 # 0 as ay # 0. Putting z = p’z, in R(z)
we have R(p*zy) = (01N . P(zp) = (01)N".0 = 0. Therefore R(pLzO) = 0 and so z = ptzy is a zero
of R(z) and consequently |p zO| < to which implies |zo| < I . As z¢ is an arbitrary zero of P(z),

1
all the zeros of P(z) lie in |7| < —i. (3.16)
0

Again let us consider F(z) = (pf)NOV (’)P( ) Now

1 1 1
— (pLyN() NG _ - _
F(z)=(")""z .{ao +ap, PO + ot ap, Do + ay (pL)N(r)ZN(r)}

= ao(pL)N(V)ZN(r) + am(pL)N(r)—mZN(r)—m + .+ apm(pL)N(r)—meN(r)—pm + ane.-
Also

|ap (pL)N(r)—plzN(r)—pl +..+a, (pL)N(r)—meN(r)—pm + aye
. .

L N - N - L N —Fm N “Fm
< |Clp1|(,0 ) (N-p1 Izl M-pr 4 4 ap,,,|(p ) (N-p, I2 r)=pm 4 |aN(r)|

< |Clp1| (pL)N(r)—Pl (|Z|N(r)—171 + |Z|N(r)—172 + o+ |Z|N(r)—p,,, + 1).
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So for |z] # 0,
IF(2)| > |aol (pL)N(r) |Z|N(r) _ |apl(pL)N(r)—P1ZN(r)—P1 + .+ apm(pL)N(r)—PmZN(r)—Pm + ang

L\N N INN(r)— N()- N(r)— N)=pm
> lag| () () Izl (r)_|ap1|(P) (N-p1 (lzl (N-p1 + Iz] (N=p2 + ..+ =pm 4 1)

1 1 1
N(r) |, |N(r) N(r)=p1 | N(r)—p1+1 I -
= laol 0" 2" = |a [ (0" I (|z| e ot |Z|N<r>_m+l)

i.e.,onlzl #0, |[F(2) > lag| (0H)V oM - |ap1| (PN O=Pr | N=pi+] (kzl Izl") The geometric series

Z o is convergent for = < lie., for |zl > 1 and converges to —

IZI—1

|| . Therefore Z Lk =

@
for |z] > 1. Therefore for |z > 1

IZI

1
L\N() 1N EYNO=pr Nt
F@L > laol 0V V) — [ay, | (oM Ve (Izl—l)

| |z]

N(r)—-p1+1
2] -1 )

L\N(r)- L N
= (" ((p Y laol 2 = fay,

_ _ i _ |ap1|
= (o1 ! (|ao|(PL) o - —]

lz| =1
For |z] > 1,
ie., if |Clo|(p el 1 |||a%|1
ie. if laol (01 [zl = laol (01" 127 = || = 0. (3.17)

Therefore on |z| > 1,|F(z)| > 0if (3.17) holds. Let us consider £() = |ao| (0%)"' "' —|ag| (o*)P' 7~ -
|ap]| = 0. Clearly f(z) = 0 has exactly one positive root and is greater than one. Let 7 be the
positive root of f(z) = 0. Therefore 7, > 1. Obviously if # > 7 then f(¢) > 0. So for |F(z)| > O,
|z| > 1;,. Therefore F(z) does not vanish in |z| > .

Hence all the zeros of F(z) lie in [z] < £,.
Let z = zg be any zero of P(z). Therefore P(zy) = 0. Clearly zo # 0 as ay # 0.

Now putting z = % in F(z) we obtain that F (%) = (pHN» ()LLZO)N(” P(z) = (i)N(r) P (zo)

N(r)
= (ZO) "0 = 0. Therefore z = - 1s a zero of F(z). Now |pL ‘ <tie., ‘ ‘ < plf ice.,| zol > 7
As z¢ 1s an arbitrary zero of P(z) therefore we obtain that

1
all the zeros of P(z) lie in |z| > (3.18)
P

l./

0
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Using (3.16) and (3.18) we get that all the zeros of P(z) lie in the ring shaped region p%t, < |zl < [%
0

where 1, 1, are the unique positive roots of the equations g(7) = 0 and f(¢) = 0 respectively whose

forms are given in the statement of Theorem 3.3. This proves the theorem. [

In the line of Theorem 3.5, we may state the following theorem in view of Lemma 2.2 :

Theorem 3.6. Let P(z) be an entire function with L*-order p* . For sufficiently large values of r in
the disk |z| < [re""], the Taylor’s series expansion of P(z)

P(z) = ap + ap, 2" + ap,z” + ... + a,, 2" + anep?* ", ao # 0

be such that 1 < py < p,... < pm < N(r) — 1, p;’s are integers and for p© > 0,
L*\N L*\N(r)— L\NN(r)=pm
laol (0" > |ay, | (0" > > ay, | 5V,

Then all the zeros of P(z) lie in the proper ring shaped region
1

P L

1
<lzl < —to
P

where ty and 1) are the unique positive roots of the equations

8(0) = ane| 7P~ aye | MO~ Jaol (o) = 0 and
F® = lagl (@) 7" = lagl (") 7" = |a,, | = 0

respectively.
The proof is omitted.

Corollary 3.3. In view of Theorem 3.5 we may state that all the zeros of the polynomial P(z) =
ap + ap 2’ + ... +a,, 2’ + a," of degree n with 1 < py < p, < ... < p, <n—1,p;’s are integers
such that

lagl > |a,| > ........ > |ayl
lie in ring shaped region

1
t_’<|zl<t0
0

where 1y, 1, are the unique positive roots of the equations
= “FPm - m_l —
8(0) = lay| """ = la,| """~ = |ag| = O

and
_ -1
f@®) = laol ' = laol "' = |a,,| = 0

respectively just substituting p* = 1.
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Corollary 3.4. In view of Theorem 3.6 we may state that all the zeros of the polynomial P(z) =
ap + ap 2’ + ... +ap,, ' + a," of degree n with 1 < py < p, < ... < p,, < n—1,p;’s are integers
such that

laol > |a,| > ........ > |ayl
lie in ring shaped region
1
t_’ < |Z| < t()
0

where 1y, t, are the unique positive roots of the equations
= “FPm - m_l —
g(0) = lay| """ = la,| """~ = |ag| = O

and
_ -1
f@) = lagl " — lao "'~ — |ap1| =0

respectively just substituting p* = 1.
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