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Abstract
In this article, the author tries to make primarity testing and factorization of integers by using Fourier transform

of a correlation function generated from the Riemann zeta function.
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1. Introduction

In number theory, integer factorization or prime factorization is the decomposition of a com-
posite number into smaller non-trivial divisors, which when multiplied together equal the original
integer. When the numbers are very large, no efficient, non-quantum integer factorization algo-
rithm is known; an effort by several researchers concluded in 2009, factoring a 232-digit number
(RSA-768), utilizing hundreds of machines over a span of 2 years. The presumed difficulty of
this problem is at the heart of widely used algorithms in cryptography such as RSA (Rivest et
al., 1978). Many areas of mathematics and computer science have been brought to bear on the
problem, including elliptic curves, algebraic number theory, and quantum computing.

In this article, the author tries to make primarity testing and factorization of integers by using
Fourier transform of a correlation function generated from the Riemann zeta function.
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2. Frequency Spectrum of a Correlation Function generated from the Riemann Zeta Func-
tion

Riemann zeta function is an analytic function defined by ζ(s) =

∞∑
n=1

n−s, which can also be

given by (Hardy & Riesz, 2005).

ζ(s) =
1

Γ(s)

∫ ∞

0

xs−1

ex − 1
dx (Re[ s ] > 1) , (2.1)

where Γ(s) is a Gamma function.
We define the Fourier transform of zσ(t, τ) shown as

Zσ(t, ω) = lim
T→∞

∫ +T

−T
zσ(t, τ)e−iωτdτ , (2.2)

where zσ(t, τ) is a time-dependent autocorrelation function (Yen, 1987) defined by

zσ(t, τ) = ζ(σ − i(t + τ/2)) · ζ∗(σ − i(t − τ/2)) .

In this formula, ζ∗(s) is a conjugate of ζ(s) .

From the infinite sum of the Riemann zeta function given by ζ(σ − it) =

∞∑
n=1

exp(it log n)
nσ

, we

have

Zσ(t, ω) = lim
T→∞

∫ +T

−T

∞∑
k=1

1
kσ

exp
[
i (t + τ/2) log k

]
·

∞∑
l=1

1
lσ

exp
[
−i (t − τ/2) log l

]
e−iωτdτ

= lim
T→∞

∫ +T

−T

∞∑
k,l=1

1
(kl)σ

exp
[
i log(k/l)t

]
exp

[
i log(kl)τ/2

]
e−iωτdτ.

For the integer n , put n = kl , then we can write

Zσ(t, ω) = lim
T→∞

∞∑
k,l=1

1
nσ

exp
[
i log (k/l) t

] ∫ +T

−T
exp

(
iτ log n/2

)
e−iωτdτ ,

where
∫ +T

−T
exp

(
iτ log n/2

)
e−iωτdτ =

2T sin
(
ω − 1

2 log n
)

(ω − 1
2 log n)

.

When we let a(n, t) =
∑
n=kl

exp
[
i log (k/l) t

]
, Eq.(2) can be rewritten as

Zσ(t, ω) = lim
T→∞

∞∑
n=1

a(n, t)
nσ

2T sin
(
ω − 1

2 log n
)(

ω − 1
2 log n

) =

∞∑
n=1

a(n, t)
nσ

2πδ
(
ω − 1

2 log n
)
,
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where a(n, t) is a real valued function given by

a(n, t) =
1
2

∑
n=kl

{
exp

[
i log (k/l) t

]
+ exp

[
i log (l/k) t

] }
=

∑
n=kl

cos
[
log (k/l) t

]
and δ(ω) is a Dirac’s delta function.

Lemma 2.1. a(n, t) is a multiplicative on n .

Proof. As we can write a(n, t) =
∑
n=kl

exp[i log(k/l)t] , the multiplicative property of which can be

shown from
a(n, t) =

∑
k|n

exp
(
it log(k2/n)

)
=

1
nit

∑
k|n

k2it ,

where the subscript k|n indicates integers k which divide n .
If f (n) is multiplicative, then F(n) =

∑
d|n

f (d) is multiplicative. From which, we have a(mn, t) =

a(m, t)a(n, t) for the case when satisfying (m, n) = 1 , because k2it is multiplicative.

From the definition of a(n, t) , we can obtain the following recurrence formula given by
(Musha, 2012).

a(pr, t) = a(pr−1, t) cos(t log p) + cos(rt log p) (r = 1, 2, 3, · · · ). (2.3)

From which, it can be proved that a(pr, t) =
sin[(r + 1)t log p]

sin(t log p)
. (2.4)

From Eq.(3), we have Zσ
(
t, 1

2 log n
)

=
2πδ(0)

nσ
a(n, t) .

For the integer n given by n = paqbrc · · · , we have

Zσ
(
t, 1

2 log n
)

=
2πδ(0)

nσ
sin[(a + 1)t log p]

sin(t log p)
sin[(b + 1)t log q]

sin(t log q)
sin[(c + 1)t log r]

sin(t log r)
· · · ,

from Lemma.1 and Eq.(5).

From the Fourier transform of Za

(
t, 1

2 log n
)

given by Fn(ω) =

∫ +∞

−∞

Zσ
(
t, 1

2 log n
)

e−iωtdt , we

can obtain the following Lemma.

Lemma 2.2. If n = p1 p2 p3 · · · pk , where p1, p2, p3, · · · , pk are different primes, Fn(ω) is consisted
of 2k−1 discrete spectrum.

Proof. From Eq. (4), we have

a(n, t) = 2 cos(t log p1) · 2 cos(t log p2) · 2 cos(t log p3) · · · 2 cos(t log pk).
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By the trigonometrical formula shown as cosα · cos β =1
2 {cos(α − β) + cos(α + β)} , we have

a(n, t) = 22 ×
1
2

{
cos[t(log p1 − log p2)] + cos[t(log p1 + log p2)]

}
· 2 cos(t log p3) · · · 2 cos(t log pk)

= 22
{
cos[t(log p1 − log p2)] cos(t log p3) + cos[t(log p1 + log p2)] cos(t log p3)

}
· · · 2 cos(t log pk)

= 22 ×
1
2

{
cos[t(log p1 − log p2 − log p3)] + cos[t(log p1 − log p2 + log p3)]

+ cos[t(log p1 + log p2 − log p3)] + cos[t(log p1 + log p2 + log p3)]
}

2 cos(t log p4) · · · 2 cos(t log pk)

By repeating the above computations, we have

a(n, t) = 2
2k−1∑
i=1

cos[ t(λi1 log p1 + λi2 log p2 + · · · + λik log pk)],

where λi1 = +1 and λi j = +1 or −1 for j > 1.
As log p1, log p2, log p3, · · · , log pk are linearly independent over Z (Kac, 1959), thus Fn(ω)

is consisted of 2k−1 different spectrum.

Then we obtain following Theorems.

Theorem 2.1. If and only Fn(ω) is consisted of a single spectra for ω ≥ 0 , then n is a prime.

Proof. The Fourier transform of cos(t log p) can be given by π[δ(ω − log p) + δ(ω + log p)] , and
thus it is clear from Lemma 2.2.

Theorem 2.2. If and only Fn(ω) is consisted of two spectrum for ω ≥ 0 , then n has either form of
n = p · q (p , q) , n = p2 or n = p3 .

Proof. From Theorem I, there is only a case for the integer n = p1 p2 · · · pk , when Fn(ω) is
consisted of two spectrum, that is n = p · q (p , q) .

From Eq.(4), we have following equations for a(pr, t) ;

r = 1, a(p, t) = 2 cos(t log p)

r = 2, a(p2, t) = 1 + 2 cos(2t log p)

r = 3, a(p3, t) = 2 cos(t log p) + 2 cos(3t log p)

r = 4, a(p4, t) = 1 + 2 cos(2t log p) + 2 cos(4t log p)

r = 5, a(p5, t) = 2 cos(t log p) + 2 cos(3t log p) + 2 cos(5t log p)

r = 6, a(p6, t) = 1 + 2 cos(2t log p) + 2 cos(4t log p) + 2 cos(6t log p)

r = 7, a(p7, t) = 2 cos(t log p) + 2 cos(3t log p) + 2 cos(5t log p) + 2 cos(7t log p)
...

Including the spectra at ω = 0 , there are cases for r = 2 and r = 3 when a(n, t) has two
spectrum.
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Theorem 2.3. If Fn(ω) is consisted of two spectrums at frequencies ω1 and ω2 and n = p · q , we
can obtain factors of an integer n given by p = exp

(ω2 − ω1
2

)
and q = exp

(ω1 + ω2
2

)
.

Proof. If n = p · q , then we obtain Zσ
(
t, 1

2 log n
)

=
4πδ(0)

nσ × cos(t log p) · cos(t log q) =

2πδ(0)
nσ

{
cos[(log q − log p)t] + cos[(log q + log p)t]

}
.

When we let ω1 = log q− log p , ω2 = log q+ log p , we have p = exp
(
ω2−ω1

2

)
, q = exp

(
ω1+ω2

2

)
.

3. Primarity Testing and Factorization from Fourier spectrum

From Theorems 2.1, 2.2 and 2.3, we can make primality testing and factorization of the integer
n consisted of two primes from the Fourier spectrum Fn(ω) (ω ≥ 0) by following procedures;

At first, compute the Fourier transform Zσ(t, ω) =

∫ +∞

−∞

zσ(t, τ)e−iωτdτ, where zσ(t, τ) = ζ(σ −

i(t + τ/2)) · ζ∗(σ − i(t − τ/2)) , from which we can obtain the Fourier spectrum by Fn(ω) =∫ +∞

−∞

Zσ
(
t, 1

2 log n
)

e−iωtdt. Then we can make primality testing and integer factorization of an integer

n, the process of which is shown in Figure 1.

Figure 1. Process to conduct primality testing for the integer n.

From this process, we can recognize the prime as a single spectra from the frequency analysis
result. If there are two spectrum observed from the calculation result, n has either form of n = p ·q
(p , q), n = p2 or n = p3 .

In this case, we can obtain factors of an integer n from Theorem 2.3.

As the Fourier transform Zσ(t, ω) =

∫ +∞

−∞

zσ(t, τ)e−iωτdτ can be computed by using discrete

FFT (fast Fourier transform) algorithm for the calculation of Wigner distribution function (Boashash
& Black, 1987), (Dellomo & Jacyna, 1991) because Zσ(t, ω) can be regarded as a Wigner distribu-
tion of the Riemann’s zeta function, we can obtain the Fourier spectrum of Fn(ω) by conducting
FFT calculations.
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By using this method, we can propose some possible applications which use the theory pre-
sented in this paper.

• Primary testing of large numbers such as Mersenne numbers 2m − 1 can be conducted by
using the algorithm shown in Figure 1 from the approximation, ω = 1

2 log(2m−1) = m
2 log 2−

1/2m+1 − 1/22m+2 − · · · .

• Factorization of an integer n consisted of two primes can be conducted by using this method.
By using FFT algorithm, there is a possibility to complete the computation within a poly-
nomial time, whereas there is no known efficient algorithm that runs in polynomial time
(Ribenboim, 1991).

• Breaking the public-key crypto system, which is considered to be hard by using the conven-
tional computer systems, because the RSA crypto-system depends on the factorization of an
integer composed of two large primes.

It is also known that Fourier transform can be conducted by the quantum computer, the schematic
diagram for the quantum Fourier transform is shown in Figure 2 (Nielsen & Chuang, 2000).

Figure 2. Schematic diagram for the quantum Fourier transform.

In this figure, H is a Hadamard gate and Rk is a unitary transformation given by

Rk =

[
1 0
0 e2πi/2k

]
.

Hence it can be seen that primality testing and integer factorization of an integer n consisted
of two primes can be conducted efficiently by using quantum computation besides the notably
Shor’s integer factorization algorithm (Yang, 2002), which gives us the possibility to break the
RSA cryptosystem.
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4. Conclusion

From the spectrum obtained by the Fourier transform of a correlation function generated from

the Riemann zeta function given by Fn(ω) =

∫ +∞

−∞

Zσ
(
t, 1

2 log n
)

e−iωtdt, we can see the primarity of

an integer n if and only the Fn(ω) has a single spectra. Moreover we can factorize the integer n
consisted of two primes by using this method.
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