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Abstract

We present a new method using multiple coarse grid computsgthnique to solve one dimensional (1D) partial
differential equation (PDE). Our method is based on a fourthradideretization scheme on two scale grids and
the Richardson extrapolation. For a particular implemonawe use multiple coarse grid computation to compute
the fourth order solutions on the fine grid and all the coarg#sg Since every fine grid point has a corresponding
coarse grid point with fourth order solution, the Richamsxtrapolation procedure is applied for every fine grid
point to increase the order of solution accuracy from foorther to sixth order. We compare the maximum absolute
error and the order of solution accuracy for our new methloel standard fourth order compact (FOC) scheme and
Wang-Zhang’s sixth order multiscale multigrid method. Teamvection-difusion problems are solved numerically
to validate our proposed method.
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1. Introduction

Numerical solutions of partial dfierential equations (PDES) play a crucial role in many simula
tion and engineering modeling applications, such as aigpfaanufacturinggametet al,, 1999,
auto manufacturingGerlingeret al., 1998, medical imagingKanget al., 2004, oil exploration
and productionl(i et al., 2005, semiconductorGareyet al., 1996, communicationsKim &
Kim, 2004, etc. Over the past several decades, computational mattoeams and engineers have
developed manyficient fast algorithms to reduce the computation time. Hexehe increasing
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demand for higher resolution simulations in less compuiee thas continuously challenged the
computational scientists to come up with mofgogent, scalable numerical algorithms to solve
PDEs.

In many scientific and engineering applications, such aglbieal ocean modeling and wide
area weather forecasting, the computational domains @e &d the grid spaces are not small. In
the context of the finite dierence methods, the standard second order discretizahem or the
first order upwind diference scheme yield unsatisfactory results because thepeed fine mesh
griddings to compute approximate solutions of acceptatteracy. In addition, the second order
scheme may also produce numerical solutions with nonpalsegcillations for the convection
dominated problemsSpotz 1995.

Higher order (more than two) discretization methods aresictamed to be useful to reduce
computational cost in very large scale modelings and sitiamsg, which use relatively coarser
mesh griddings to yield approximate solutions of comparalbturacy, compared with lower order
discretization. Generally, higher order discretizatiohesmes need more complicated procedures
and more preprocessing costs to construct théficent matrix. However, they usually yield
linear systems of much smaller size, compared with those the lower order methods.

For the development of fourth order compacffelience schemes, Gupth al. proposed a
fourth order nine-point compact (FOC) scheme to discretizéwo dimensional (2D) convection-
diffusion equation with variable ciients Guptaet al., 1984). There are also some other similar
fourth order compact schemes that have been developeddamotivection-dfusion equations.
Readers are referred thi(et al, 1995 Spotz 1995 Spotz & Carey 1995 and the references
therein for more details.

For the sixth order schemes, Chu and Fa&hy & Fan 1998 1999 proposed a three point
combined compact tference (CCD) scheme for solving 2D Stommel Ocean model,inikia
convection-difusion equation. Their scheme can achieve sixth order acgtioa the inner grid
points and fifth order accuracy for the boundary grid poir@CD scheme is considered as an
implicit scheme because it does not compute the solution of the iesiabinterest directly. It
also has a stability problem that for certain problems, ifrgé meshsize is used, the computed
solution may be oscillatoryZhang & Zhag 20095.

In contrary, theexplicit compact schemes compute the solutions of the variablestlgirén
addition, the explicit schemes have an additional advantiagt they can avoid the oscillations in
computed solutions. However, the higher order explicit paot schemes are more complicated
to develop in higher dimensions, compared with the impsiciiemes. As far as we know, there is
no existing explicit compact scheme on a single scale gatlighhigher than the fourth order.

By using the idea of multiscale computation, Sun and Zh&wu (& Zhang 2004 first pro-
posed a sixth order explicit finite fiierence discretization strategy, which is based on the Rieha
son extrapolation technique and an operator interpolada®eme. Recently, Wang and Zhang
developed anfécient and scalable sixth order explicit compact scheme BBR Poisson and
convection-difusion equations by using multiscale mutigrid method andperator based inter-
polation combined with extrapolation techniqu#’ang & Zhang 2009 2011, 2010. The How-
ever, for the operator based interpolation, if theffioent matrixA is not diagonally dominant
like the convection-dfusion equation with very large cell Reynolds number, it melyeta large
number of iterations to converge. In this paper, we preseother technique called the multiple
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coarse grid computation technique. This approach can lktassompute the fourth order solu-
tions on the fine grid and every coarse grid, which means tleatam directly apply Richardson
extrapolation for every grid point on the find grid and no @per based interpolation is needed.

An outline of the paper is as follows. In Section 2, we illast¢r our sixth order strategy by
using multiple coarse grid computation technique. Nunatresults will be provided in Section
3. Section 4 contains the concluding remarks.

2. Sixth Order Multiple Coarse Grid Computation

Our motivation s to build anfécient and scalable method for solving PDEs like the conaeeti
diffusion equations with high order of solution accuracy. Initold, we want the new method to
have good potential to be modified to work on parallel computén Wang & Zhang 2009,
Wang and Zhang successfully increase the order of solutioaracy from fourth order to sixth
order by using multiscale multigrid method, Richardsorraptlation and an operator based in-
terpolation. Important properties of the Richardson edlation has been studied by Zlatet
al. Readers are referred tdlatevet al., 2010 and the references therein for more details. The
interpolation strategy is an mesh-refinement type of itezanethod and it is veryficient for
some PDEs like the Poisson equation. Since their disctetizacheme is based on the standard
explicit fourth order compact scheme, so their is no nonjgaysscillation in the computed solu-
tions. The proof and numerical analysis of this property lwafiound in Spotz 1995. However,
it is not dficient and scalable for some problems like the convectidliuglon equation with high
Reynolds numberd){ang & Zhang2011). For some cases, the interpolation procedure may take
thousands of iterations to converge. In addition, this mettioes not have a good potential for
parallel implementation.

The idea of using multiple coarse grid computation is fromghrallel superconvergent multi-
grid method. In addition to splitting the original grid antldring residual vector to exploit paral-
lelism, one can use the concurrent relaxation method onprautirids €hu, 1993. The multigrid
superconvergent method uses multiple coarse grids to gtenieetter correction for the fine grid
solution than that from a single coarse grid. The reasonaisftr standard multigrid method of
1D problem as in figurd, the residual of the fine grid is projected to omlyencoarse grid. But
we can also project the residualadd coarse grids. Therefore, a combination of error correction
from all the coarse grids may make the fine grid convergerféism that from a single coarse grid.
In general, for al dimensional problem, the fine grid can be easily coarsertedircoarse grids.

If the computation work for each coarse grid can be loadedsteparate processor and computed
simultaneously, we can develop an parallel solver for sg\#DES.

2.1. 1D multiple coarse grid computation

Let’s consider the multiple coarse grid computation teghaifor the one dimensional (1D)
convection difusion equation, which can be written as

Uy + b(X)uy + c(X)u = f(x), 0O0<x<I, (2.1)

where the known function¥(x), c(x) and f (x) are assumed to have the necessary derivatives up to
certain orders. EQ.2(1) can be discretized by some finitefdrence scheme to result in a system
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of linear equations

A = £ (2.2)
whereh is the uniform grid spacing of the discretized dom@ih
even @ @ L @ ® 2h
-4 -2 0 2 4
odd @ @ @ L 2h
-3 -1 1 3
fine e—90 0o 0o 0 0o 0o 0 9 |

-4 -3 -2 -1 0 1 2 3 4
Figure 1. lllustration of the multiple coarse grid for 1D problem.

In order to achieve sixth order solution accuracy, we neecdotapute the fourth order so-
lutions for the fine grid and two coarse grids like figure Then we can apply the Richardson
extrapolation. The fourth order compact (FOC) scheme weasusem (Wang & Zhang2017).

From figurel, we can find out that two coarse grids are generated in suctyahagall the
even-numbered grid points froM;, belong to coarse grife.e, and all the odd-numbered grid
points belong to coarse grid,qq. So we have

Qeven= {Xj|X; € Qn and(j = even},
Qodd = {leXj € Oy and(j = Odd)}

We note that the even indexed coarse grid is easy to be solveduble the mesh size from
to 2h. However, the coarse grid,qq only contains thdlack color grid points from fine grid but
no red color boundary grid points. It is very fiicult to develop the finite dierence schemes for
coarse grid,qq if we only have the inner grid points. One possible approadb add these red
color boundaries t@,q4 and develop special computational stencil for grid peintanduz as
shown in figure2. For the 1D problem in figur@, the computational stencil for the grid points
near the boundaries ardl@irent with other inner grid points. For the inner grid poiiks u_; and
u,, their finite diference schemes are based omishsize. However, if we take grid point;

in Qoqq @S an example, its compact finitéfdrence scheme needs the boundary grid poipand
inner grid pointu_;. The meshsize between, andu_; areh and 2h.

odd ée—o @ @ ®—® 2h
-4 -3 -1 1 3 4
fine ¢e—0 0 o0 0 o o ¢ ® h

-4 -3 -2 -1 O 1 2 3 4
Figure 2. Qyqq With two added red color boundary grid points.
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odd -— o & @ *—O 0 9 nh
-4 -3 -2 -1 1 2 3 4
fine e—O0 0 0 0 0 o0 0 9 |

-4 -3 -2 -1 O 1 2 3 4
Figure 3. Quqq With two red color boundary and two blue color inner grid psin

Lemma 2.1. For coarse grid as shown in figu the solution accuracy for the centralfiirence
operator becomes first order.

Proof. It can be easily verified by using Taylor series expansion.
(]

Since the second order centraffdrence operator is degraded to the first order, the FOC
scheme which is based on the approximation for the secoret tedns will be degraded to the
second order for these near boundary grid points. In ordeomnopute fourth order solution for
every coarse grid point, we add two more grid points to®Qg like the blue color grid points in
figure 3.

By adding these four grid points, now we can discretize egeiy point in Qqqq With fourth
order accuracy using FOC scheme. Let's assum@thgcontainsN x grid points

Uodd(0), Uodd(1), .. , Uodd(N'X)

as in figured. Then theQg,enWill containsNx — 3 grid points and fine grid will containd\ex — 7
grid points. The grid points of2,4q are approximated as follows:

e Forje{1,2,Nx—2 Nx—1}, Uyq(]) is approximated by three-point computational stencil
from FOC scheme using grid poinigq(j—1) anduygq( j+1) with meshsizé. The truncation
error isO(h%).

e Forj = 3, Uyd(]) is approximated by three-point computational stencitrfleOC scheme
using grid pointslygg(j—2) anduegqe(j+1) with meshsize 2 The truncation error i©((2h)*).

e Forj e [4,Nx— 4], uwq(]j) is approximated by three-point computational stencitfieOC
scheme using grid pointgqq(j — 1) anduggg(] + 1) with meshsize R The truncation error
is O((2h)*4).

e For j = NX— 3, Uyq(]) is approximated by three-point computational stenciifrBOC
scheme using grid pointgqq(j — 1) anduggg(] + 2) with meshsize R The truncation error
is O((2h)4).
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Figure 4. Representation of modified,qgq for 1D problem.

By using above discretization strategy, we can approxiretdéourth order solution for every
grid point onQ,qq. After we get fourth order solutions for the fine grid and tvoarcse grids, each
grid point on the fine grid will have a corresponding grid gan eitherQeyen0r Qoqq. Then we
apply Richardson extrapolatio€lieney & Kincard1999 for every fine grid point to approximate

the sixth order solution like
16u*j1 - uj2h
~h
n_ 1 2.3
u 15 (2:3)

whereu*j1 is jth grid point from fine grid an(mj2h is the corresponding coarse grid point.

3. Numerical Results

Two 1D convection-dtusion equations are solved using the multiple coarse grigpctation
strategy discussed in the previous sections. We compaeettuhcated error and the order of
accuracy by using our multiple coarse grid computationnepie (MCG), standard fourth order
scheme (FOC), and the sixth order operator based inteipoktheme (SOC) infang & Zhang
2011.

The codes are written in Fortran 77 programming languageraman one node of the Lip-
scomb HPC Cluster at the University of Kentucky. Each node3&GB of local memory and
runs at 2.66GHz. The initial guess for our test cases is the&ztor. The stopping criteria for
the iterative methods we tested and the operator basegataéion procedure is 1. The errors
reported are the maximum absolute errors over the discret@fthe finest level.

For the order of solution accuracy, we dené&h) and E(H) to be the solution error with
meshsizér andH, respectively. The order of accuraeyis calculated from the formula

E(h) h"
E(H) H"

The order of accuracy is formally defined when the meshsipecaighes zero. Therefore, when
the meshsize is relatively large, the discretization sehemay not achieve its formal order of
accuracy.

Problem 1. Let’s consider the examples from Sun’s previous w@ur( & Zhang 2004, which

is a 1D convection-diusion equation like

Pu_du_

X% Ox
Eg. 3.1 has the Dirichlet boundary conditions &®) = u(r) = 0. The analytic solution for this
problem isu(x) = sinx.

u=-cosx—2sinx, 0<x<m. (3.2)
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—*—FOC
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.l —=— MCG

Maximum error
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Figure 5. Comparison of maximum errors of FOC, SOC and MCG methodBfob-
lem 1.

The computational results are listed in Tattland figure5. From Tablel, we can see that
the multiple coarse grid method (MCG) is more accurate thanfourth order scheme (FOC).
Although the MCG method is not as accurate as the SOC but aclaieve the sixth order solution
accuracy when the number of intervals is bigger than 8. Tasorewhy MCG is less accurate than
SOC is that there are two near boundary grid point using neshs$o approximate instead oh2
in Qoda-

Table 1. Comparison of maximum errors and the order of accuracy bygusOC,
SOC, and MCG methods for EcB.().

FOC SOC MCG
h Error | Order| Error | Order| Error | Order
/8 | 5.02e-5| 4.0 | 1.30e-5| 59 | 2.08e-5| 5.7
/16 | 3.18e-6| 4.0 | 2.10e-7| 6.0 | 3.94e-7| 6.1
7/32 | 2.00e-7| 4.0 | 3.32e-9| 6.0 | 5.81e-9| 5.8
n/64 | 1.25e-8| 4.1 | 5.20e-11] 6.0 | 1.06e-10| 6.0
/128 | 7.83e-10 4.1 | 8.73e-13| 6.0 | 1.71e-12| 6.0

Problem 2. We solve another classical 1D convectioff@lion equation

o’u  du

W_G_X_O, O0<x< 1l (32)
The boundary condition for Eq.3(2) is Uy = 0 andu; = 1. The analytic solution isi(X) =
(e=1)/(e-1).
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Figure 6. Comparison of maximum errors of FOC, SOC and MCG methodsrfaiy-P
lem 2.

The numerical results of Problem 2 are listed in Tablend figure6. We note that when
n > 32, the order of solution accuracy is not high enough as we hdge reason is that the
computed solutions with = 1/64 andh = 1/128 are not as accurate as they should be, due to the
stopping criteria we set. Once again, the solutions fromM@G method are more accurate than
the FOC method and can achieve the sixth order wher64.

Table 2. Comparison of maximum errors and the order of accuracy hygusiOC,
SOC, and MCG methods for Ed3.0).

FOC SOC MCG

h Error | Order| Error | Order| Error | Order
1/8 | 7.76e-5| 3.9 | 2.24e-9| 59 | 2.789 | 57
1/16 | 5.12e-6| 4.0 | 4.0le-11| 6.0 | 5.29-11| 6.0
1/32 | 3.27e-7| 4.0 |5.91e-13| 6.0 | 8.27-13| 5.9
1/64 | 1.91e-8| 4.0 | 2.34e-14| 4.9 | 3.21-14| 4.8
1/128 | 1.19e-9| 4.0 | 7.93e-15] 1.6 | 1.02-14| 1.6

We want to mention here that the SOC method for both test easkghtly more accurate than
the MCG method, but the MCG method has a very good potentigkfallel implementation. The
computing tasks for MCG procedure can be divided to threepeddent processors (one for find
grid and two for coarse grids). In addition, since the MCG hodtdoes not need the operator
based interpolation procedure to approximate the sixtbrdide grid solution, it will save a large
amount of CPU costs for some high Reynolds number problgvasg & Zhang20117).
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4. Concluding Remarksand Future Work

We presented a new sixth order solution method based on tinéhforder discretization and
multiple coarse grid computation for solving 1D convectitiffusion equation. Our numerical
experiments show that the new sixth order strategy is margrate than the standard fourth order
scheme and can achieve the sixth order solution accuracy.

It is worth pointing out that our solution strategy can beleggpto solve many other types of
PDEs, because it does not require the additional work tosrigdehe discretization schemes. The
advantage of using multiple coarse grids is that we can useiiicrease the order of accuracy
without using operator based interpolation scheme. Howévere is still a lot of work that needs
to be done to develop a useful multiple coarse grid compmrtatiethod that can be applied to
real-world problems. In this paper, we just use the stan@adss-Seidel iterative method for
MCG strategy, because our goal is to test whether the MCGadeathn achieve the sixth order
accuracy or not. For some real applications, we should usegmd method and implement the
multiple coarse grid computation in the multigrid cycle.

For the future research work, we will extend our 1D multipbarse grid computation method
to higher dimensional problems. For 2D problems, we willgyate four course grids by the index
of x andy direction as ¢venever), (evenodd), (odd ever and ©dd odd). Here, evenever) is
the course grid in standard multigrid method. Like 1D stggi®nly the évenever) course grid
has the full boundary conditions. We need to find a way to atficzal boundary grid points for
other three course grids. Another possible solution is éoalgebraic multigrid method instead of
geometric multigrid method, this is also one of our reseamntdrest in the future.

For the parallelization, the parallel multiscale multth(MCG) method has been discussed in
(Xiao, 1994 Zhu, 1993. However, these parallel MCG methods are only used to sppdtie
convergence. As we mentioned in previous section, the ctatipo of each course grid and the
fine grid is independent. If we want to solve a 3D problem, weltse nine processors to solve the
fourth order solutions on the fine grid and eight coarse gridsen an Richardson extrapolation,
which can also been parallelized, can increase the ordexcofacy to sixth order.
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