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Abstract

This paper studies the existence of solutions for a coupled system of nonlinear fractional integro-differential
equations involving Riemann-Liouville integrals with several continuous functions. New existence and uniqueness
results are established using Banach fixed point theorem, and other existence results are obtained using Schaefer fixed
point theorem. Some illustrative examples are also presented.
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1. Introduction

The differential equations of fractional order arise in many scientific disciplines, such as
physics, chemistry, control theory, signal processing and biophysics. For more details, we re-
fer the reader to (Kilbas & Marzan, 2005; Lakshmikantham & Vatsala, 2008; Su, 2009) and the
references therein. Recently, there has been a significant progress in the investigation of these
equations, (see (Anber et al., 2013; Bengrine & Dahmani, 2012; Cui et al., 2012; Wang et al.,
2010; Zhang, 2006)). On the other hand, the study of coupled systems of fractional differential
equations is also of a great importance. Such systems occur in various problems of applied sci-
ence. For some recent results on the fractional systems, we refer the reader to (Abdellaoui et al.,
2013; Bai & Fang, 2004; Gaber & Brikaa, 2012; Gafiychuk et al., 2008).
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In this paper, we discuss the existence and uniqueness of solutions for the following coupled
system of fractional integro-differential equations:

D*u(t) = fi (t,u(r),v(®) + 21 I S (5) g1 (s, (5) v (5)) ds,

Dy () = fou(.v(0) + 5 [ G0 (5) i (50 (9) v (9) s, (1.1

u(@=a>0,v0)=56>0,tre0,1]

where D® D? denote the Caputo fractional derivatives, 0 < o < 1,0 < 8 < 1, a;,8; are non
negative real numbers, ¢; and ¢, are continuous functions, m € N*, fi, f> and g; and h;,i = 1, ..., m,
are functions that will be specified later.

The paper is organized as follows: In section 2, we present some preliminaries and lemmas. Sec-
tion 3 is devoted to existence of solutions of problem (1.1). In the last section, some examples are
presented to illustrate our results.

2. Preliminaries
The following notations, definitions and lemmas will be used throughout this paper.

Definition 2.1. The Riemann-Liouville fractional integral operator of order @« > 0, for f €
L'([a, b], R) is defined by:

t o a1
I“f(t)=f %f(r)dr, a<t<bh, 2.1

where I' (@) := fooo e“u'du.

Definition 2.2. The fractional derivative of f € C"([a, b],R), n € N*, in the sense of Caputo, of
order @, n — 1 < a < n is defined by:

t (l, _ T)n—af—l
D'f(t)= | ———F"(0)dr, telab). (2.2)
a r (I’l - a)
For more details about fractional calculus, we refer the reader to (Mainardi, 1997). The following
lemmas give some properties of Riemann-Liouville integrals and Caputo fractional derivatives

(Kilbas & Marzan, 2005; Lakshmikantham & Vatsala, 2008):

Lemma 2.1. Given f € L'([a, b], R), then for all t € [a, b] we have I'I° f(t) = I"* f(¢), for r, s > 0.
DIFf(t) = f(t), for s > 0. D'I*f(t) = I*" f(t), for s > r > 0.

To study the coupled system (1.1), we need the following two lemmas (Kilbas & Marzan,
2005):
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Lemma 2.2. Forn — 1 < a < n, where n € N*, the general solution of the equation D*x (t) = 0 is
given by
x(t) =co+cit + > + ooy 7, (2.3)

wherec; e R,i=0,1,2,..,n—1.

Lemma 2.3. Letn — 1 < a < n, where n € N*. Then, for x € C"([0, 1], R), we have
I°Dx (1) = x() + co + cit + o’ + oo + €™ (2.4)
forsomec; e R,i=0,1,2,...n—1,n=[a] + 1.
We prove the following auxiliary lemma:

Lemma 2.4. Let f,R;,K; € C([0,1],R),i =1, ..., m. The solution of the problem

m t a;—1
Dx(t) = f(t)+ ;fo %Ri K (s)ds,0<a<l1l, a>0 (2.5)
with the condition,x (0) = x; € R, is given by
(t S)a 1 (t _ S)a/+a, .
x(t) = f @ —f (s )ds+Zf Fa+a R ($) K; (s)ds + x,,. (2.6)

Proof. Setting
y(@) = x(1) = I f(1) - Z I R; (1) Ki(0). 2.7
i=1

Thanks to the linearity of D, we get

D*y(t) = Dx(t) — D*I°£(t) - Z DI R, (1) Ki(2). 2.8)
i=1

By lemma 2.2, yields

Dy(1) = Dx(1) — f(1) — Z IUR; (1) Ki(0). (2.9)
i=1
Thus, (2.5) is equivalent to D*y(¢) = 0
Finally, thanks to lemma 2.3, we obtain that y(?) is constant, i.e., y(¢) = y(0) = x(0) = x, and
the proof of lemma 2.4 is achieved. ]
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3. Main Results

We introduce in this paragraph the following assumptions:
(H1) : There exist non negative real numbers u;,v;; j = 1,2 and , [;, m;,n;, k;,i = 1, ...,m, such
that for all ¢ € [0, 1] and (u;, v;) , (42, v2) € R?, we have

|f; (o ua,v2) = f (G, vi)| < il — wy] + v lva =il j = 1,2

lgi (t,u2,v2) — gi (t,uy, v < lilup —wg| +mjlva —vil,i=1,...,m,

and,
|hi (2, u2,v2) — hi (t,ur, vl < njlus — g | + kilva —vil,i=1,..,m

with
L = max(uy, po, vi,va, liymi,ni, ki i = 1,...,m.)

(H2) : The functions fi, f>, g and &; : [0, 1] x R? — R are continuous for eachi = 1, ...,m
(H3) : There exist positive real numbers L;, L,, L}, L”,i = 1, ...,m, such that

Ifi tu,v) < Ly,lgi (tu,v)| < L | (L u,v)| < Ly,
i (t,u,v)| < L,te[0,1],(u,v) € R

Our first result is given by:

Theorem 3.1. Assume that (H1) holds and setting

Y 1 N llpillo

1 ==t -
I'a+1) — INa+a;+1)

M, il

:F(ﬁ+l)+;r(ﬁ+ﬁi+l)'

If
L(M, + M,) < 1, (3.1)

then, the system (1.1) has exactly one solution on [0, 1].

Proof. Setting X := C([0, 1],R). This space, equipped with the norm |.|[x = ||.|| defined by
I[fllc = supflf(x)|, x € [0, 1]}, is a Banach space. Also, the product space (X X X, ||(&, v)||xxx) 1S a
Banach space, with ||(u, V)[[xxx = llully + VIl -

Consider now the operator ¥ : X X X — X X X defined by

W) (@) = (¥ ) (), P w0 () ), (3.2)

where

_ )l _o\atai—
%wmm:jw%f)ﬁuwwwmw+2jwt” (8 (5,u(5), v (D ds +a.
0
3.3)
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and

wi(s)gi(s,u(s),v(s))ds+b.

3.4
We shall show that ¥ is contractive: Let (u1,v1), (1#2,v2) € X X X. Then, for each t € [0, 1], we
have

(t— sy s
W (1) (1) = f T P V(S))d”Z o TB+A)

¥y (u2, v2) (1) =¥ (uy,v1) ()] <

v el
f U2 sx sup |y (s, uz (5),v2(5)) = fi (s, 01 (5),v1 (5))]
o T(@)

0<s<1

m t _ \atai-1
#Dsup (ol [ L

=7 O<s<l o I'(e+a)
X sup |gi (s, u2 (5) , v2 (5)) = &i (8, u1 (5), Vi ())]). (3.5)

Therefore,

[y (U2, v2) (1) =1 (u1,v1) ()] <

T D o 1fi (52 (8),v2 () = fi (501 (), v ()] (3.6)

F(cvllJrLcllﬁrl)oig |gi (5, 12 (5), v2 (5)) = &i (5,1 (5), vi ().

Using (H1), we can write:

¥y (2, v2) (1) =¥y (uy,v1) (D] £

— (sup |tz (1) — uy (D] + sup |v2 () — vy (l)l) (3.7)
I'(a+ 1) \ossi 0<rsl
O el L
+ Z FaresD (oi‘?ﬂ 2 (1) = g (O] + 0P v (1) = vy (r>|)
This implies that
(W1 (12, v2) (£) = W1 (e, v1) (O] < ML (luz =l + [Iv2 = willx) - (3.3)

And consequently,

¥y (2, v2) =1 (g, vi)llx < Mlz”(uz =1, v2 = V)llxxx - (3.9
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With the same arguments as before, we can write

195 (2, v2) — ¥ (ur, vi)lly < MoL||(2 = g, vy — vl - (3.10)
Finally, using (3.9) and (3.10), we deduce that

W (u2, v2) = W (a1, v)llxx < LMy + Mo) (2 = 11, v2 = v)llxx - (3.11)
Thanks to (3.1), we conclude that ¥ is a contraction mapping. Hence, by Banach fixed point
theorem, there exists a unique fixed point which is a solution of (1.1). ]

The second result is the following:

Theorem 3.2. Assume that (H2) and (H3) are satisfied and L} < L,L! < L,,i = 1,...,m. Then
problem (1.1) has at least one solution on [0, 1].

Proof. First of all, we show that the operator 7 is completely continuous.
Step 1: Let us take ¥y > 0 and B, := {(u,v) € X X X; ||(&, V)llyxx < ¥}. Now, assume that (H3)
holds, and L} < L, L < L. Then for (u,v) € B,, we have

¥ (u,v) (D] < @+ gy SUPoyen Lfi (G u (1), v (D)

(3.12)
+ z Bl SUpyeyey Igi (11 (1) v (1)) € [0, 1.
Hence, we obtain
V1 (u, Vlly < LiMy +a < +o0. (3.13)
With the same arguments, we have
Vs (u, V)lly < LoMy + b < 400, (3.14)
Then, by (23) and (24), we can state that ||T" (u, v)||xxx 1s bounded by C, where
C:=LiM +L,M>+a-+b. (315)

Step 2: Let 1,1, € [0,1],# <, and (u,v) € B,. We have

W) () (12) = P, v) (1) <] )7 S22 i s, u(s),v(s))ds - (I f (s (s), v () ds |
L SRR 9 & s u(s), v (s) ds - z I o () g (5.1 (5). v () ds |
(3.16)

Thus, we get

Ly (1§ = 9+ (1, — 1)) (157 = 67+ (1 = 1))

v v 3 Ly llgille
| W1 (u,v) (02) =¥ (u,v) (1) IS T+ 1) + Z F(a v+ 1)

(3.17)



Z. Dahmani et al. | Theory and Applications of Mathematics & Computer Science 5 (1) (2015) 5361 59

Analogously, we can obtain

L(E-£+@-1Y) & Llel (57 =67+ @6 - 0"

[¥s (u,v) (1) =¥ (u,v) (11)] < TG + 2 TG ETD
(3.18)
Therefore,
- v - L, (tg' -1+t - tl)“) n Ly [lgille ( A A N tl)‘”f"‘)
[V (e, v) (£2) = ¥ (u,v) (1)] < Ta+ D) + 2 et D)
L Z'B_Zﬁ th—1 m T, ioolﬁ+ﬁi_l.3+,3i t — 1, BB
Jelbofir@ony) Ll (67 - 47 + (- 0)) (3.19)

T +1) - T3 +pi+1)

As t, — t, the right-hand side of (3.19) tends to zero. Then, as a consequence of Steps 1, 2,
and by Arzela-Ascoli theorem, we conclude that ¥ is completely continuous.
Next, we consider the set:

={(u,v) e XX X;(u,v) = AT (u,v),0 < A < 1}. (3.20)

We shall show that Q is bounded:
Let (u,v) € Q, then (u,v) = AW¥ (u,v), for some 0 < A < 1. Hence, for ¢ € [0, 1], we have:

u(t) =AY (u,v) (@), v(t) = AY, (u,v) (7). (3.21)
Thus,
[1Cet, Vllxxx = AN @t V)l - (3.22)
Thanks to (H3),
I, Vllxxx < AC, (3.23)

where C is defined by (3.15). Therefore, €2 is bounded.
As a conclusion of Schaefer fixed point theorem, we deduce that ¥ has at least one fixed point,
which is a solution of (1.1). O

4. Examples

Example 4.1. Consider the following fractional system:

1 _ sin(u(®)+v(1)) T (- s)2 exp(—s) sin(u(s)+v(s))
D2u(r) = (m + 6) f ) (18(s+1) 18(5+5) )ds,t € [0, 11,

1 §1nu(v)+smv(s) T (- s)2 eXP(—SZ) sin u(s)+sin v(s) (41)
DZV(t) 16(texp(t2)+1) f I-( ) (32 /1+572 16(sexp(52)+1) ds,t € [O, 1] ’

u(0) = V3,v(0) = V2,
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We have a = ﬂ 1:%,ﬁ1:%,a: \/_’b: \/E,f](t,u,v)z%4'6,]‘2(1‘,%\/):

” < t exp
T 410 = ?’;5’;13 and 61 1) = SEH Ao, for (). (1, v2) € R 1 € (0.1, we have

Ifi (8, u2,v2) = fi (Lug,vi)l < 1—8(|M2—M1| + v =vil),
|2 (8, uz,v2) = fo (8, up,vi)| < T (luz — 1| + [va = v1l),
lg1 (¢, uz,v2) — g1 (t,ur,v1)| < E(|M2—M1| +va = vil),
1
\hy (t, up, v2) — hy (t,up,vy)| < T (luy — g + [va =il
Hence, M, :2271 M, =2.261,u; =v, = 18,,uz—vz= 116,11 =m = 18, = ki = 1¢. Thus,

we obtain L = 16, L (M, + M,) = 0.283. The conditions of the Theorem 3.1 hold Therefore the
problem (4.1) has a unique solution on [0, 1].

Example 4.2. Consider the following problem:

Diu(t) = e cos(u@)v () +In (¢t + 4)
ol (zr(cg) | & cos (su(s)v ()| ds.1 € [0,1],
Dy (¢) = sinh (-7 Iu(t)v(t)l) 4.2)
+ Jy e [ Vs exp (— ()] = v ()] ds. 1 € [0, 11,
u(0) = V2,v(0) = V5.
For this example, we have @ = 2,8 = 2,4 = V2,b= V5, and forall r € [0,1], ¢, (r) = L ()=
V1, and for each (u, v) € R?,

e'cos(uv)+In(t+4),
sinh (—m2 |uv|) .

fi(t,u,v)
fZ(t’ u, V)

The conditions of Theorem 3.2 hold. Then (4.2) has at least one solution on [0, 1].
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