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Abstract

This paper is concerned with functions analytic on compact sets bounded by Jordan curves having rapidly increas-
ing maximum modulus such that order of function is infinite. To study the precise rates of growth of such functions
the concept of index has been used. The g—order and lower g—order of analytic functions have been obtained in terms
of L,—approximation error. Our results improve and refine the results of Andre Giroux (Giroux, 1980) and Kapoor
and Nautiyal (Kapoor & Nautiyal, 1982) for non entire case.
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1. Introduction

Let D be a compact set containing at least two points such that its complement D" with respect
to the extended complex plane is a simply connected domain containing the point at infinity. In
view of Riemann mapping theorem, there exists a one-one analytic function z = ¢(w) which maps
{w : [w| > 1} conformly onto D’ such that ¢(co0) = co and ¢’(c0) > 0. Thus, in a neighborhood of
infinity, the function has the expansion

d_
z=pw)=d w+d0+—1+...
w
where the number d > 0 is called the transfinite diameter of D. If we define n(w) = ¢(w/d), then
n maps {w : |w| > d} onto D’ in a one-one conformal manner. If w = €)(z) is the inverse function
of 17 then Q(co0) = oo and lim,_,., Q(z)/z = 1.
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For 1 < p < oo, let L,(D) denote the space of analytic functions f in D such that

Ifllp,, = (% ffD If(Z)I”dxdy)l/p < oo, where A is the area of D.

Let L, is an analytic Jordan curve for each r > d. If D, denotes the domain bounded by L, then
D c D, for each r > d. Let H(D; R) denotes the class of all functions that are regular in Dg with
a singularity on Lg(d < R < o). Since D c Dy for R > d it follows that every f € H(D;R) is
analytic in D and so [ [/ |f(z)l’dxdy < oo and f € L,(D).

We now prove the following:

Theorem 1.1. Every f € H(D;R) can be represented by the Faber series

(o)

f@ =) aPuz), z€Dy (1.1)
n=0
with |
ay = 5 fa@éENE"'dé, d<r<R (1.2)
T Jig=1
if and only if
1
li A= = 1.3
Jim suplal!" = (1.3

The series in (1.1) converges absolutely and uniformly on every compact subset of Dg and
diverge outside Lg.

Proof. Let f € H(D;R). If z € Dy, then z € Dy, for some r satisfying d < r < R. Using Cauchy’s
integral formula,

1
f@ = — - T 5 €:+1

2ni Jyp, t— © 2mi g=r () —2z = i
Since the series under the integral sign converges uniformly on || = r, it can be integrated
term by term. Thus we have

f(t)dt 1 UGLI.. (Z f@@) , (Z)] g
|él=r

o0

f(Z) = Z a,P,(z), z € Dg.

n=0

If
M(r, f) = max ax | f (),

then (1.2) gives

la,| <

M,
U (1.4)
rl’l

which are analogous of Cauchy’s inequality for Taylor series. From (1.4), we have
1

lim sup|a,|'" < —.
n—oo r
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Since this holds for every r satisfying d < r < R, we have

lim sup |a,|'" < —.
n—oco R

We now show that inequality does not holds in the above relation. If

1 1
lim sup |a,|'" = — < =,
n—oo Ro R

let r satisfy d < r < Ry; then for every € such that 0 < € < Ry — r, we have

la| <

Ro—2/2) < Gt o2y for n = nyg.

On the other hand, for every z € L,, we have |P,(2)| < (r + €/4)" for n > n;.

Thus, for all z € L,, |a,P,(z)| < (::Z;)n <1 for n > max(ng,n).

The above inequality shows that the series ) ", a,P,(z) converges uniformly on L, and hence
on D,. Since this is true for every r satisfying d < r < Ry, it follows that the series ), a,P,(2)
converges uniformly on every compact subset of Dg, to a function, F(z), say. The function F(z)
must be regular in Dg, since each term of the series is a regular function. However, on Dg C Dg,,
the series converges to f(z) so that F(z) is the analytic continuation of f(z) to Dg,. Since this
contradicts the hypothesis that f has a singular point on Lg(R < Ry), we must have (1.3).

To show that the series (1.3) diverges outside Lg, let zy lie outside Lg. Then we have [€Q2(zp)| > R.
In view of lim,,_., |P,(2)|'/" = |Q(z)| and (1.3) we obtain lim,,_,, sup |a,P,(zo)|'/* > 1, showing that
the series Y., a,P,(z0) diverges.

Conversely, if (1.3) holds, then as above, we can show that the series ., a,P,(z) converges
uniformly on compact subsets of Dy to a regular function, f(z), say. If f(z) had no singular point
on L then it would be possible to extend f(z) analytically to a bigger domain Dg,, say. But then
the first part of the theorem would give that

lim,,_,., sup |a,|'’" < 1/Ry < 1/R, a contradiction. Hence the proof is completed. O

In view of above theorem, there exists a sequence of polynomials converging uniformly on
compact subsets of Dg to f(z), it follows that this sequence converges in the norm of L,(D) also
to f. If p,—; denotes the collection of all polynomials of degree not exceeding n — 1 and we set

EN(f)= inf |If =glpp, n=12,...,
8€Pn-1

then it is clear that E7(f) is a non increasing sequence tending to zero as n — oco. Our next theorem
holds for 1 < p < co.

Theorem 1.2. If f € H(D;R), then

lim sup [E;(f)]'" = % (1.5)
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Proof. If f € H(D; R) we have, by (1.5)

1/p l/p
B = ot ([ [1r0-soraa) <( [ [ ro-onoras)
-1 D D

AP max | f(z) = Qw1 (D),

zeD

IA

where Q,_1(z) is the polynomial of degree not exceeding n — 1 and A is the area of domain D.
Using a result of (Markushevich, 1967), p. 114 ford < ¥ <r < R and n > n, we get

/

r

EL(f) < A”pﬁ(r,f)( )(r’/r)" (1.6)

r—r

where M(r, f) = max,, |f(z)|. This leads to lim,_, sup [Ef,’(f)]l/" <r/r
Since the above relation holds for all 7/, r satisfying d < ¥’ < r < R, we must have

lim sup [EP(f)]"" < %. (1.7)

To obtain the reverse inequality in (1.7), we note that, since every f € H(B; R) is in H>(D),
there exists a closed orthonormal system {y,(z)},., of polynomials in H(D) such that f can be
represented by its Fourier series with respect to the system {y,(z)},-, that converges uniformly on
compact subsets of Dg to f. Thus

[

f@= Z anxn(z) 7z € Dg, (1.8)

n=0

where a, = f fD f@xn(2)dxdy.
If g € p,-1, then

1/p 1-1/p
@l = ] f f (f(z)—g(z))E(z)dxdy‘ < ( f f If(z)—g(z)lpdxdy) ( f f lxn<z>|f’“”dxdy) .
D D D

Using (1.3) and the fact that the above inequality holds for every g € p,_;, we get, for r* > d,
ladl < ES(H)-M(r. f)(5) A7V7, by (1.7) we get lim, o sup [EF()]"" 2 £ lim, . supa, [ =
dZ

ﬁ .
Since the above inequality is valid for every r* > d, we must have

lim sup [EP(f)]"" > %. (1.9)

Combining (1.7) and (1.9) we get (1.5). O]
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2. Fast Growth and Approximation Errors

We now obtain relations that indicate how the growth of an f € H(D; R) depends on E”(f) and
vice versa. .
For function f € H(D; R), set

log'"! M(r, f)
WP ogRr/(R = 1)

Pr(q) = }Ln; 2.1)

where log!™ M(r, f) = M(r, f) and log!” M(r, f) = log (log[q_l]ﬁ(r, f)) ,q =1,2,.... To avoid
the trivial cases we shall assume throughout that M(r, f) — co as r — R.

Definition 2.1. A function f € H(D;R), is said to have the index ¢ if pg(g) < oo and pg(g — 1) =
oco,q =1,2,.... If g is the index of f(z), then pr(g) is called the g—order of f.

Definition 2.2. A function f € H(D;R) and having the index—g¢ is called to have lower g—order
Ar(q) if

o log” M(r, f)
Ar(g) = liminf =1,2,.... 2.2
#(¢) = limin ogRr/R—-r)’ =1 2.2

Definition 2.3. A function f € H(D; R) and having the index q is said to be of regular g—growth if
Pr(q) = Ar(q),q = 1,2,..., f(z) is said to be of irregular g—growth if pr(q) > Ax(q),q = 1,2,....

In 1980 Andre Giroux (Giroux, 1980) obtained necessary and sufficient conditions, in terms
of the rate of decrease of the approximation error E}(f), such that f € L,(D),2 < p < oo, has an
analytic continuation as an entire function having finite growth parameters. In 1982 Kapoor and
Nautiyal (Kapoor & Nautiyal, 1982) considered the approximation error E?(f) on a Caratheodory
domain and had extended the results of Giroux for the case 1 < p < 2. All these results do not
give any specific information about the growth when function is not entire and for the functions
having rapidly increasing maximum modulus such that order of function is infinite. Although,
Kumar (Kumar, 2004, 2007b,a, 2010, 2011, 2013) and Kumar and Mathur (Kumar & Amit, 2006)
obtained some results in this direction but our results are different from all those of above papers.

In this paper an attempt has been made to study the growth of f € H(D; R) involving EZ(f) for
1 < p < oo when f is not entire and having M(r, f) — co as r — R. To obtain the results in general
setting we shall assume that f € H(D;R) is represented by the gap power series f(z) = o A"
where {4,} " is strictly increasing sequence of integers and a,, # 0 for all n.

Theorem 2.1. If f € H(D; R) having the index—q and g—order pr(q), then

log[q—ll A,
log 4, — log" log"™ ((E} (f)(R/d)*)

where, A(q) = 1ifqg=2and A(q) =0ifqg=3,4,....

pr(q) + Alg) = lim sup g=23,..., (2.3)
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Proof. If fe H (D; R) is of g—order pgr(q), given € > 0, there exists ry(€) such that, for ry < r <R,

we have
_ Rr \Pr@+e
log " " M(r, f) < (—R d ) .

Using inequality (1.6) forn > npandd < v <r < R,ry < r’, we obtain

1 o \PR@+E v ’
log E?(/)R/d)" < ~ logA + exp'd-?! (R—) +log
" P

—-r r—r

1 R PrR(g)+e / ' —d R -
< —log A + expld™ (_r) + log r +/l,,(r )+/ln( r)'
p R r—r d r

Let us consider r such that

R

= = (10g 2 (LR /pr(g) + ©)
R-r
¥ = d+ (1 — D(RA/r),0 < A< 1.

1/pr(q)+A(g)+e
) , and

For g = 2 the inequality (2.4) with (2.5) gives for n > ny,
log* E? (f)(R/d)" < M(A,R)Pr+o)/or@)+1+e)

where M is a constant. It gives

, log" log™ Ef, (NR/dY"™  pp(2)
lim sup < .
n—oo log 4, pr(2) +1

For g = 3,4,..., the inequality (2.4) gives for n > n;, with (2.5) that
log" E} (f)(R/d)" < expl’ (log" > (4,R/pr(q) + £)) [1 + 0(1)],

from which a simple calculation would yield

lOg[q_l]/l
> lims 2 )
PR 2 m S e  og log” E (/)Rd)"

To prove that reverse inequality, use (1.8) and (1) to get, for z € D,,d<r*<r<R,

> ladll,, @)

n=0

MA-1/P Z EP(f) (g) X, (@
n=0

lf (@)l

IA

IA

It is known that for any r* > d there exists a constant M' such that

(| < M'(F/d)'n =0,1,2,...,z € D.

r R
+/l,,logg+/lnlog—
P

(2.4)

(2.5)

(2.6)

(2.7)
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Now ford < r* <r <R, we get

o] <2 An
M, * - rr
M(r, f) < M*MIA'"1? ;:O EX(f)R/d)" [ﬁ] .

Taking r* = YA+ (1 — A)(R/r),0 < A < 1, the above inequality gives

(/lr+(1 —/l)R’G)

M(r, f) < BM , (2.8)

where B is constant, G(s) = X..> o EV(f)(R/d)* s* and M(t,G) = maxy-, |G(s)|. It can be easily
seen that G(s) is analytic in |s| < 1. If the g—order of G(s) in unit disc is py(g) then

@ =1i log ! M(r.f)__ i oo 108 MUr + (L= DR/R).G) _ -
= lim su im su = .
PR R TogRrJR =) = ok log(Rr/(R — 1)) PO
Applying Theorem 1 of (Kapoor & Gopal, 1979) for py(q), we obtain
' logle!1 2,
+ A(g) < lims =2,3,..., 2.9
Pr(q) +Alg) < lim sup log 1, — log" log" E2 (N(R/d)" q 29
combining (2.6), (2.7) and (2.9) we get (2.3) i.e., the proof of theorem is completed. O

Theorem 2.2. Let f € H(D;R) having the index—q, g—order pg(q) and lower g—order Br(g)(0 <
Br(q) < ), then for any increasing sequence {n;} of natural numbers,

[g-1]
log7  Au., . (2.10)
_ + + 14 /ln
log 4,, —log™ log E/lnk(f)(R/d) k

Br(q) + A(g) = ]}im inf

Proof. Let the right hand side of (2.10) be 6. Without loss of generality we can assume ¢ > 0. For
any € such that 0 < € < ¢, and for all k > ky = ko(g), we get

log" Ef, (HR/d)Y"™ > 4, (Iog™ 4, )70,

Choosing a sequence ry such that r; < r < ry,;, where R;—k"' = Llogl" A, )¢9,

Using inequality (1.6) we obtain ‘

/ /

_ 1
logM(r, ) > logEl, (f)R/dy" - logA ~ log - . =~ A, log% — A, log R/r
1 / /
> log Ef, (f)(R/dy" - logA —log — — 1, log% — A, log R/7,
R —
> Ay (log™ 2, )0 —, ( rk) = (1 = 1/e)A, (log™? 4, )~/

(e o)

Now after a simple calculation the above estimate yields

Br(q) + A(g) = 6. (2.11)

Hence the proof is completed. O]
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To prove our next theorem we need the following lemma.

Lemma 2.1. Let f(z) = Yoo a2 be analytic in unit disc having index q, g—order p(q) > 0 and
lower g—order B(q). Further, let (n) = |a,/a,.|"/ "+ =" forms a non-decreasing function of n for
n > ngy and

L log[q_l] v(r)
A(g) =1 f—=—-. 2.12
B(g) + A(g) = limin “Jog(1 = 1) (2.12)
Then
logl“™! a,

+ A(g) = liminf
B+ 4@ ey log A, — log" log" |a,|

where for |z| = r, u(r) = max,so{|a,|r*}, v(r) = max{A, : u(r) = la,|r},0 < r < 1.

Proof. The proof of this lemma follows on the lines of a result in (Kapoor, 1972), so we omit the
details. ]

A function f, analytic in unit disc is said to be admissible if its lower g—order satisfies (2.12).

Theorem 2.3. Let f € H(D;R) having the index—q, g—order pr(q) and lower g—order Br(q).
Further let p(n) = |Ey, | E,. |V~ forms a nondecreasing function of n for n > ny. Then

o log[q—l] /ln
P+ A@) < B e, log log® B (D(RJd) 1)
Proof. Using (2.8), we get
o logd "M@ g M(((Ar + (1 - DR)/R))
Br(q) = llrrIL 1Rnf TogRr/ R — 1) < hrrrl 1Rnf ToeRr/R—7) = Bo(q)-
O

It can be easily seen that G(s) satisfies the hypothesis of Lemma 4. Applying Lemma 2.1 for
Bo(q), it gives

logl™1" 2,
log 4, —log" log™ EY, (f)(R/d)"

Br(q) + A(g) < liminf q=2,3,...,

combining Theorem 2.2 and 2.3 we get the following theorem:

Theorem 2.4. Let f € H(D;R) having the index—q, g—order pg(q) and lower g—order Br(q).
Further, let o(n) = |a,/a,.1|"“+~*) forms a nondecreasing function of n for n > no. Then

logle-11 4,

. 2.14
log 4, —log" log™ E (f)(R/d)" (219)

Br(@) + A(g) = lim inf
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Theorem 2.5. Let f € H(D; R) having the index—q, g—order pg(q) and lower g—order Br(q). Then

Br(@) + A(q) lim inf log ™ (2.15)
= max |limin , :
ki D=1 | e log 4,, — log*log™ E! ()(R/d)"
ng

where maximum in (2.15) is taken overall increasing sequences {n;} of natural numbers.

Proof. Let S(s) = Yoo Effnk (H)R/d) st |s| < 1, where {4,}7, is the sequence of elements
in the range set of v(r). It can be easily seen that G(s) and S (s) have the same maximum term.
Hence, the g—order and lower g—order of S (s) are the same as those of G(s). Thus, S (s) is of lower
g—order Bg(g). Further, let £&(ny) = max{r : v(r) = 4,,}. Then, é(n;) = ¢(ny), and consequently,
¢(ny) is an increasing function of k. Therefore, S (s) satisfies the hypothesis of Theorem 2.4 and
so by (2.15) we get

1Og[£]—l] /1"k—1 (2 16)

+ A(g) = liminf '
Br(q) + A(q) k= log A, —log*log® EY (f)(R/d)"
nk

But from Theorem 2.3, we get

ﬁ ( )+A( ) S lim inf IOg[q—l] /lnk_l (2 17)
> max |limin . .
RO T AP =TT 0% log Ay, — log* log” EZ_(f)(R/d)™
g
Combining (2.16) and (2.17) we get (2.15). Hence the proof is complete. ]
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