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Abstract

In this paper, we establish some new Cebyiev type inequalities for functions whose second derivatives are
(s1,my)-(s2, mp)-convex on the co-ordinates.
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1. Introduction

In 1882, Cebyéev (Chebyshev, 1882) gave the following inequality

1
T (f,8)l < E(b—a)zllf'llwllg’llw (1.1)

where f,g : [a,b] — R are absolutely continuous functions, whose first derivatives f’ and
g'are bounded, where

b

b b
1 1 1
T(f,g)=—ff(X)g(X)dx— —ff(X)dx —fg(X)dx : (1.2)
b—-a b—-a b—-a
and ||.||, denotes the norm in L, [a, b] defined as ||f||., = esssup|f (?)|.
t€la,b]
During the past few years, many researchers established various generalizations, extensions

and variants of CebySev type inequalities, we can mention the works (Ahmad er al., 2009; Bouk-
errioua & Guezane-Lakoud, 2007; Guazene-Lakoud & Aissaoui, 2011; Latif & Alomari, 2009;
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Pachpatte & Talkies, 2006; Pachpatte, 2006; Sarikaya et al., 2014). Recently the authors of
(Guazene-Lakoud & Aissaoui, 2011), established a new CebySev type inequality for functions
of two independent variables whose second derivatives are bounded. Also in (Sarikaya et al.,
2014), the authors obtained some new Cebysev type inequalities involving functions whose mixed
partial derivatives are s-convex on the co-ordinates. The main purpose of this work is to obtain
new éebyéev type inequalities for functions whose mixed partial derivatives are (s, m;)-(s2, 15)-
convex on the co-ordinates.

This paper is organized as follows: In section 2, we present some preliminaries. In the
third section, we prove a new identity for functions of two independent variables then we used
it to establish new Cebysev type inequalities for functions whose mixed partial derivatives are
(81, my)-(s2, my)-convex on the co-ordinates.

2. Preliminaries

Throughout this paper we denote by A the bidimensional interval in [0, ), A =: [a, b] X [c, d]
with a < band ¢ < d, Ag =: [0,b°] X [0,d"] with b* > b, d" > d, k =: (b—a)(d — ¢) and 2L by
f/l(x-

Definition 2.1. (Dragomir, 2001) A function f : A — R is said to be convex on the co-ordinates
on A, if the following inequality:

fAx+ (0 -Dt,ay+ (1 —a)v) < Adaf(x,y)+A( —-a) f(x,v)
+(1=-VDaft,y)+(A -0 -a)f(t,v), (2.1)

holds for all 4, @ € [0, 1] and (x, y), (x, V), (¢, y), (t,v) € A.

Clearly, every convex mapping f : A — R is convex on the co-ordinates. Furthermore, it exists
a co-ordinated convex function which is not convex.

Definition 2.2. (Alomari & Darus, 2008) A function f : A — R is said to be s-convex in the
second sense on the co-ordinates on A, if the following inequality:

fAx+ (A =Dtay+(1-a)v) < a’f(x,y)+2(1-a) f(x,v)
+1 -0’ f,y)+ (A - (A -a) f1,v), (2.2)

holds for all 4, @ € [0, 1] and (x, y), (x, ), (¢, y), (t,v) € A, for some fixed s € (0, 1].

s-convexity on the co-ordinates does not imply the s-convexity, it exist a functions which are
s-convex on the co-ordinates but are not s-convex.

Definition 2.3. (Bai & Qi, 2013; Chun, 2014) A function f : Ag — R is said (s, m)-convex on A,
if the following inequality

FQx+m(1 =D, y+m1=)v) < Xf(x,y) +m(l = P)f(t,v), 2.3)

holds for all (x,y), (t,v) € A and A € [0, 1] and for some fixed s,m € (0, 1].
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Definition 2.4. (Bai & Qi, 2013; Chun, 2014) A function f : Ag — Ris said to be (s, m,)-(s,, m,)-

convex on the co-ordinates on A, if the following inequality

fUx+m (1 -Dt,ay+my(l —a)v) < 'af(x,y) + mA’ (1 —a™)f(x,v)

+m (1 — A" f(t,y)
+mymy(1 — (1 — &) f(2,v),

holds for all (x,y), (x,v), (t,y),(t,v) € A with 4, € [0, 1] and sy, m, s2,m, € (0, 1].

3. Main result

2.4)

Lemma 3.1. Let f : A — R be partially differentiable function on A in R?. If fi, € Li(A), then

for any (x,y) € A C Ay, we have the following identity

(d-o)

1 b d . b d
_%fff(mlt,mzz)dzdt+sz(x_mlt)(y_mzz)

11
X [fff“ (Ax +mi(1 = Dt,ay —my(1 — @)z) da/d/l] dzdt,
0

0

b d
1 1
Jxy) = —ff(mlt,y)dH ff(x,mzz)dz
(b-a)

wherek = (b —a)(d—c).

Proof. For any x,t € [mja,mb] and y, z € [myc, mod] such that ¢ # x,y # z, we have

X y X
f f Jor (0, T) drdo f (fo (0,y) = fo (0, my2)) do

Sy = f(x,maz) = f(myt,y) + f (mit,myz),

which implies

x Yy
FOuy) = £ (rams) + f (mity) — f (mutums2) + f f fye (0, 7) drdor

mitmyz

Foro = Ax+ m (1 — Dt and 7 = ay — my(1 — @)z, (3.3) becomes

Sy = fxmz)+ f(mty) — f (mt,msz)

3.

(3.2)

(3.3)

11
+(x—m1t)(y—m2z)fff,m(/1x+m1(1—/l)t,ay—mz(l—oz)z)deU. (3.4)
00

Integrating (3.4) over [a, b] X [c,d] C Ay, with respect to ¢, z, multiplying the resultant equality

by o we obtain the desired equality.

]
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Theorem 3.1. Let f,g : Ay — R be partially differentiable functions such that their second
derivatives f,, and g,, are integrable on A, if |fi.| and |g .| are (s1, my)-(s,, my)-convex on the
co-ordinates, then we have

mibmyd
1 1
TUl < < (; - f)lf(lii :)"fos ; f f [MIg(x, )] + N 1f(x ]
1778 1 2
x |(x = mia)* + (mib = x)°| [ (v = mac)” + (mad — y)?|| dyd, (3.5)
where
mibmyd mibmyd mib
1 (d-oc)
() = f f gty =2 f f g(x.y) [ f £, y)dt] dydx
1

mybmad [mzd

b
I(’l’lm2ak)2 f f g(x,y) f fx, Z)dz] dydx
1

myamyc myc
mibmyd mybmad

2 2k2 {fff(x y)dydx} [ffg(l Z)dzdt] (3.6)
miamyc miamyc

M= esssup [lfio (5 )|+ fao (X, D+ 1 fao & W]+ | faa 0, 2]

x,t€la,bl,y,z€lc,d]

N=esssup [lgiac (Y + g1 (X, 2)| + g0 &) + 1810 (. 2] ,
x,tela,bl,y,z€lc,d]

(s1,my), (s2,mp) € (0,117 and k= (b—a)(d —¢).

Proof. By Lemma 3.1, we have

fx y)—— f Flomit )t - f Formo)dz + f f Fimit, moz)dzdr

b d
- % f f(x —mit) (y = ms2) ( f f fo Qx4+ mi (1= Dt, @y = ma(1 = @)2) dad/l] dzdt, (3.7)
a c 00

and

d

b b d
1 1 1
(b - a)f ’ (d-c) 8(x, my)dz + ;ffg(mlt, myz)dzdt
b d a - ¢ a ¢
- %ff(x —mb) (y —m3) [ff o (Ax +my (1= Dt ay — my(1 = a)z) da/d/l] dzdr. (3.8)
a ¢ 0 0
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Multiplying (3.7) by 2m11m2 7 g(x,y) and (3.8) by m f(x,y), summing the resultant equalities,
then integrating on [m;a, mb] X [m,c, m,d] with respect to x, y, we get

1 mybmyd S
> V)dydx —
mlmzkffg(x P (% ))dydx 2 mum 2szfg(x y)
miamyc e
b b mibmyd
i mpamyc

mybmyd

2m1m2k2 f f f(x,y) f g(mt, y)dt]dydx
mpampc a

(b ) mybmod d

—da

2mlm2k2fff(-x )’) fg(x,mzz)dz]dydx
mibmyd

2mymk? f 8(x,y) f f fmyt,myz)dzdt | dydx
myamyc

1 mybmyd
+Wfff()6,y) ffg(mlt myz)dzdt |dydx
mpamyc
mybmyd
= 2mlank2ffg(x y) lff(x mlt)(y mZZ)
mjamyc

dydx

[fff“ (Ax + m(1 = Dt,ay — my(1 — @)z) da/d/l] dzdt

mybmyd

| [0 | [-mo-mo

myamyc

dydx. 3.9

X [ff o (Ax+m(1 =Dt ay —my(1 — a)z) dad/l] dzdt
00
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By Fubini’s Theorem, we obtain

mibmyd

1.9 = 5 [ [ e y)[ | f (= mit) (5 = )

miamyc

X [fff‘” Ax +m(1 = Dt,ay — my(1 — @)2) dad/l} dzdt} dydx

0
mybmyd
+2m1mzk2fff(x Y lff(x m1) (y = myz)

dydx.  (3.10)

X [ff o Ax +mi(1 = Dt,ay —my(1 — a)z) dad/l] dzdt
0 0

Using the (sy, my)-(s,, my)-convexity and modulus, (3.10) gives

mibmyd
TG0l < g [ [ lst y)[ | f =y by — 2]
1 1
X f f (as'asz fuo G|+ mad (1= @) |f,, (x,2)| +mi(1 =A™ |f,, (t,Y))
0 0
+mymy(1 = (1 — a™) fm(tzﬂ)dadz]dan]dydx
mibmyd
2m1m2k2 f f e f f Ix = mytlly - myd
1 1
X ff(/ls'a/” 8. (x,y)| + my A% (1 _a,sz)|gm (x,z)| +m(l -A2")a" g, (t,y)|
0 0
+mimy(1 = A")(1 - a”)|g,, (1.2)]) dad| dzdt| dydx. 3.11)

By a simple calculation, we have

mibmyd

T ol < A Frms)d+ms,) M f 190, y)IX[ f f = il ly — maz| dzdt

dyd
2mumak® (1 + s1) (1 + ) yax

miampc

mibmyd

b
(I +mys)) (1 +mpsy) N ff f
ok (s (Lt 5p ) JVCIIX|| [l = mutlly = mozl dzd

myamyc

dydx.(3.12)
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Noting that
b

1
flx—mltl dt = — [(x = ma)* + (mib - x| (3.13)
2m1
f ly ~modldz = 2— [ = mae)* + (mad = y7]. (3.14)
Combining (3.12), (3.13) and (3.14), we obtain the required inequality. O

Corollary 3.1. Let f,g : Ay — R be partially differentiable functions such that their second
derivatives f, and g,,, are integrable on Ay. If |fi.| and |g..| are (s1, s2)-convex on the co-
ordinates, then we have

b d
1
(.l g f f [M [g(x. )| + N IfCe ] (=) +(b—x)° X[ (- ) +(d—y)?] dydx, (3.15)

where

I(f,g) = f )ffg(x y)[ff(t y)dt]dydx
S f 2(xy) [ [ z)dz] dydx
+% [fff(x,y)dydx] [ffg(l,z)dzdt], (3.16)

M, N, k are defined as in Theorem 3.1 and (sy, s3) € (0, 1]2 .

Proof. Applying Theorem 3.1, for m; = m, = 1, we obtain the desired inequality. ]

Corollary 3.2. Under the same hypothesis of Theorem 3.1, if |fi.| and |g,.| are m;-my-convex on
the co-ordinates, then we have the following inequality

mibmyd
(1 +my) (1 +my) ff
T M N
IT(f,g)l < Y | [M |g(x, )| + N | f(x, »)]
X [(x —ma)* + (mb — x)z] [(y —myc)? + (mod — y)z] dydx, (3.17)

where T(f, g), M, N, k are defined as in Theorem 3.1 and (my, m;) € (0, 1.

Proof. Using Theorem 3.1, for s; = s, = 1, we obtain the desired inequality. ]
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Theorem 3.2. Under the same hypothesis of Theorem 3.1, we have the following inequality

49
~ 3600

(1 + mlsl)(l + m2S2)
(1+s)+sp)

IT(f, g < ] MNIK*mim; , (3.18)

where T(f,g), M, N, (s1,my), (52, my) and k are defined as in Theorem 3.1.

Proof. Let F,G, F and G be defined as follows

B
I

f(x y)——ff(mlt y)dt — —ff(x my2)dz + — fff(mlt myz)dzdrt,

1 1 1
G = gxy) - b_a) ) Emi a0 f glx,ma)dz + + f f g(mt, myz)dzdt,

1

b d 1
%ff(x—mlt)(y—mzz)x fff’“ (Ax +m(1 = Dt,ay — my(1 — @)z) dadA | dzdt,

0 0

=
I

a

b d 11
~ 1
G = sz(x—mlt)(y—mzz)x ff o Ax +m(1 = Dt, 0y — my(1 — @)z) dad | dzdt.
a ¢ 0 0

By Lemma 3.1, we have

F=Fand G =G, (3.19)
which implies o
FxG=FxQG. (3.20)
Integrating both sides of (3.20) over [ma, mb] X [m,c, mpd] with respect to x, y, multiplying
the resultant equality by —-—, using Fubini’s Theorem and modulus, we get
mibmyd
Tl < [ f [ | f Ix = mytlly = my
mlmzk
miamyc a
1 b
X ff £, (Ax + my (1= Dt @y — my(1 - a)z)|dad/1] dzdt x fflx myt] |y — myz
0 a

1 1

X f f |8, (Ax + my(1 = Dt, @y — my(1 — @)2)| da/d/l] dzdt|dydsx. (3.21)
0
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Using the (s, my)-(s,, m,)-convexity, we obtain

mibmyd
rGol < | [ [fflx by - mzzl[ff ria®

fo D]+ my(1 = e |f,, (0.
fu (@, Z)|] dad/l] dzdt]

b d 11
x[fflx—mltl [y — maz] {ff[/l“a”
a c 0 0

+ma (1 — @) . (.Y
+mymy(1 — A")(1 —a™)|g,, (¢, z)” dad/l] dzdt] dydx

(1 +mys;) (1 +nmasr) > MxN
(T+s) + 52)

mib myd [ d 2
f flx mltldt} dx flfly—mzzldz
a myc c

mia

mib
flflx mt| dt

ma a

mod
inE=r

myc L ¢

JER)]

+my A5 (1 — @)

+mymy(1 — A*)(1 — ™)

g, (x.y)|

8. (5, 29| +mi(1 - 2"a”

mi m2k3

(3.22)

Taking into account that

dx| = m1 (b—a) (3.23)

and

dy| = —m2 d-c). (3.24)

The desired inequality, will be obtained by combining (3.22), (3.23) and (3.24). L]

Corollary 3.3. Let f,g : Ay — R be partially differentiable functions such that their second
derivatives fy, and g,,, are integrable on Ay. If |fi.| and |g..| are (s1, s2)-convex on the co-
ordinates, then we have

49
IT(f,2)| < 3600 M x N x k, (3.25)

where T(f, g), M, N and k are defined as in Theorem 3.1.
Proof. Applying Theorem 3.2, for m; = m, = 1, we obtain the desired inequality. L
Corollary 3.4. Under the same hypothesis of Theorem 3.1, if |f1.| and |g..| are m;-my-convex on

the co-ordinates, we have the following inequality

[(1+my) (1 +my))* M X N x k*m} X m3 , (3.26)

4
IT(f, 8l < 57600
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where T(f, g), M, N and k are defined as in Theorem 3.1 and my,m, € (0,1].

Proof. Applying Theorem 3.2, for s, = s, = 1, we obtain the desired inequality. ]
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