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1. Introduction

We start with the following result that generalizes Ostrowski’s inequality for real valued dif-
ferentiable functions whose derivative are bounded.

Theorem 1. (Dragomir, 2003) Let f : [a,b] — R be an absolutely continuous function on |[a, b]
and x € |a,b). Suppose that there exist the functions m;, M; : [a,b] — R (i = 1,_2) with the
properties:

my (x) < f'(t) < My (x) fora.e. te€ |a,x] (1.1)

and
my (x) < f'(t) < M, (x) fora.e. t € (x,b]. (1.2)
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Then we have the inequalities:
1
2(b—-a)

1 b
Sf(x)—mf f@dt

| () (x = @)* = My (x) (b — %] (1.3)

1
<3G g M @G- -m e -7,

The constant % is sharp on both sides.
In the case that the derivative is globally bounded on [a, b] by two constants, then we have:

Corollary 1. If f : [a,b] — R is absolutely continuous on [a, b] and the derivative f’ : [a,b] - R
is bounded above and below, that is, there exists the constants M > m such that

—co<m< f'(t) <M < oo forae. t €a,b], (1.4)
then we have the inequality

1
2(b-a)

1 b
Sf(x)—mf F@dr

[m (x—a)?-M(b - x)2] (1.5)

1
£ >6-9 [M(x—a)z—m(b—x)z]

for all x € [a, b]. The constant % is the best in both inequalities.
We may rewrite Corollary 1 in the following equivalent manner:

Corollary 2. With the assumptions on Corollary 1, we have:

f(JC)—(x—aZb)(]VIer ff(t)dl

b-a
forall x € [a, b].

Remark. If we assume that || f’||., := ess sup |f’ (t)| < oo, then obviously we may choose in (1.5)
t€la,b]

m = ||f'|l, and M = ||f’||., obtaining Ostrowski’s inequality for absolutely continuous functions
whose derivatives are essentially bounded:

(1.6)

(M —m) (b - a)

\O)

1 llo
-0 [(x—a)2 +(b- x)2]

(x4 ,
Z*( b_a) b= f .

f(x)——f f@dt

for all x € [a, b]. The constant }T here is best.
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Remark. Ostrowski’s inequality for absolutely continuous mappings in terms of ||f’||,, basically
states that

e e 2 1 fb
2(b—a)[(x a) + (@ x)] < fx) P ) f(@)dt (1.7)
1/ llo
< seogle-ar -9

for all x € [a, b].
Now, if we assume that (1.1) and (1.2) hold, then — || f*||, < m; (x), m, (x) and M, (x), M, (x) <
lf']le, Which implies:

Il

S @+ (=] (1.8)
1 -

< 2 b-a) [m1 (x) (x — a)* —Mz(x)(b—x)Z] < f(x)— EL @) dt
1

=20-a | My () (x = @) = ma (0) (b = 0’|

= 2'5!00 S[G-ar 0 -07.

Thus, the inequality (1.3) may also be regarded as a refinement of the classical Ostrowski result.

a+b

An important particular case is x = = providing the following corollary.

Corollary 3. Assume that the derivative [’ : [a,b] — R satisfy the conditions:

b
—co<m < f'(t) <M, < fora.e. t € a,a; (1.9)
and
, a+b
—oo<m2£f(t)SM2<00fora.e.te( > ,b]. (1.10)
Then we have the inequalities
1 a+b 1 b
—m-M)b-a) < f ——f @ dr (L11)
8 2 b-a],
1
< g(Ml—mz)(b—a).

The constant é is the best in both inequalities.

Finally, if we know some global bounds for the derivative f” on [a, b], then we may state the
following corollary.
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Corollary 4. Under thex assumptions of Corollary I, we have the midpoint inequality:

b
‘f a+b —%ff(t)dt
—a ),

The constant % is best.

< é(M—m)(b—a). (1.12)

For other Ostrowski type inequalities see (Acu et al., 2011; Acu & Sofonea, 2011; Ahmad et
al., 2009; Alomari, 2011; Alomari et al., 2010; Anastassiou, 1995, 2002, 2012b,a,c; Barnett et al.,
2009; Cerone et al., 2007; Cerone & Dragomir, 2000a,b; Cerone et al., 2000; Dragomir, 1999,
2000, 2001a,b) and (Dragomir, 2008, 2014, 2013; Liu, 2006, 2012, 2011, 2010, 2009b,a; Masjed-
Jamei & Dragomir, 2011; Pachpatte, 2004; Park, 2012a,b; Sarikaya, 2010; Sulaiman, 2012; Tseng,
2012; Tseng et al., 2010; Ujevié, 2006; Vong, 2011; Wu & Wang, 2013; Wu & Yang, 2005; Xiao,
2012).

Motivated by the above results, we establish in this paper some perturbed Ostrowski type
inequalities for complex valued differentiable functions whose derivatives are either bounded or
of bounded variation. Applications for midpoint inequalities are provided as well.

2. Some Identities
We start with the following identity that will play an important role in the following:

Lemma 1. Let f : [a,b] — C be an absolutely continuous on [a,b) and x € [a, b] . Then for any
A1 (x) and A, (x) complex numbers, we have

fx)+

2 —-a) [(b—x)Z/lz(X) (x — a)* /ll(x) ——ff(t)dt 2.1

1 x 1
_mj; (t—a)[f’(t)—/ll(x)]dt+b_

- f = B)f O - ()] dr

where the integrals in the right hand side are taken in the Lebesgue sense.

Proof. Utilising the integration by parts formula in the Lebesgue integral, we have
fx t—a)[f (- (]drt (2.2)
—a-alro-1wi - [ 1Fo-wia
= (x—a)[f () = 4 (¥) x] - f f(nydr+ Eﬂl @) (+* - )
=(x—a) f(X) =4 (D) x(x—a)- j;xf(t)dt + %/11 () (x> - )

* 1
= (x—a)f(X)—f f@dr - E(x—a)z/h (x)
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and

| D O - bl 23)
= (=D - @] —f £ () - 2 (el dr

:(b—x)[f(x)—/lg(x)x]—fx f(t)dt+§/12(x)(b2—x2)

:(b—x)f(x)—fxbf(t)dt—(b—x)ﬂz(x)“%Az(x)(bz—xz)

b
1
=(b—X)f(X)—f f(t)dt+§(b—X)2/12(X).

s If we add the identities (2.2) and (2.3) and divide by b —a we deduce the desired identity (2.1). [

Corollary 5. With the assumption in Lemma 1, we have for any A (x) € C that

1 b
f(x)+(¥ —x)/l(x)— mf F@)dr (2.4)

1 x 1 b
—b—f(t—a)[f’(t)—ﬂ(x)]dt+ f(t—b)[f’(t)—ﬂ(x)]dt.
-aJ, b—a J,

Remark. 1f we take A (x) = 01in (2.4), then we get Montgomery’s identity for absolutely continuous
functions, i.e.

1 b
- f £ dr 2.5)

X b
:Lfa—a)f'(r)dw : f(r—b)f’(r)dr,
b—-aJ, b—a J,

w forxe|a,b].

a7 We have the following midpoint representation:

Corollary 6. With the assumption in Lemma 1, we have for any A, A, € C that

b
f(a;r ) s (b - a)(ﬂz—ﬂl)——ff(z)dt (2.6)

lH-

b
i [ a-atro- m]dr+—f (= b)[f () - ] dr
In particular, if 1 = A, = A, then we have the equality

f(“b) f F@)dt 2.7

a

L (t—a)[f (&) - ]dr+—f (t=Db)[f (- A]dt

b—a ],
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ss Remark. The identity (2.1) has many particular cases of interest.
If x € (a, b) is a point of differentiability for the absolutely continuous function f : [a,b] — C,
then we have the equality:

b
ﬂm%%?—ﬂfm—fszwm 2.8)

1 X 1 b
=5——j‘a—muwo<fuﬂm+———j"a—mu«n<fuﬂm
—-aJ, b-a J,

In particular we have

f(“b) f f@ar 2.9)
+b
=72 (t—a)[f (1) — f( )]dt
-a
1 “ ) (a+Db
baf(%ﬁbﬁ*f(z)ﬁ
s provided f’ (%) exists and is finite.
For x € (a, b), if we take in (2.1)
1= D@ ) 92 LOT )
then we get, after some elementary calculations,
b
1[f(x)+ (b_X)f(b)+(x_“)f(“)] _ f F(de (2.10)
2 b—a b-alJ,
= fo(t—a)[f’(t)— M]Ch
+——f¥wmpa>f@ ﬂﬂ
In particular, we have
1[ (a+b\ f®)+f() 1 (7
E[f( > )+ > ]_b—a af(t)dt (2.11)
asb ath) _
- (t—a)[f’(t)—w dt
b-a ”2—“

b a

(b) - f (222
f‘a—mpwn—i—jéii)
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If we assume that the lateral derivatives f] (a) and f’ (b) exist and are finite, then we have from
(2.1) for 4, (x) = f] (a) and A, (x) = f’ (D)

el e WA AT ——ff(r)dr 2.12)
——f (=) [f O = f (@] dr
+ f E=B)[F ()= f B)]dr

so forall x € [a,b].
In particular, we have

b
f(“; ) -0 0) f (@] ——ff(z)dz 2.13)
- L ol - £ @]d

+—f =B O - f B)di

If we take in (2.1) A, (x) = A, (x) = f (%) , provided this derivative exists and is finite, then

we get
f(x)+(a+b x) (a+b) ff(t)dt (2.14)
—f (t—a)[f’(t)—f’(—) dt
b
f(t—b)[f (1) - f( s )
s+ forall x € [a,b].

If we assume that the derivatives f] (a), f’ (b) and f’ (x) exist and are finite, then by taking

()= O ; IO ond y () = LD B) ;f -®)
in (2.1) we get
1 b
f(x)+§(a; )f(x)——ff(r)dr (2.15)
vt (U A ORI CETUN AT

1 * , fi@+ f" (%)
mf[; (t—a)[f (l)—f]dl

b ’ /
L f(t_b)[f,(t)_f(x)+f_(b)]dt
b—a J, 2
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In particular, we have

a+b\ 1 ) ) 1 b
1(52)+ g o-olr o - r@l- 5= [ o 2.16)
L @ ()
== (z—a)[f (t) - ; dt
b [ Fr(e2)+ (b)]
o [ a-nlro- d.
b-a atb 2

s2 3. Inequalities for Bounded Derivatives

53 Now, for y,I' € C and [a, b] an interval of real numbers, define the sets of complex-valued
s« functions

U (7, ) = {f : [a, b] — |Re [(F - f(@) (m - )‘/)] > Oforalmostevery? € [a, b]}

and
- vy+I| 1
Apapy (v, 1) =9 f : [a,b] = C| |f () — > < 3 ' —y| forae. t€[a,b];.
55 The following representation result may be stated.

s Proposition 1. For any y,I € C, y # T, we have that U,y (y,T) and Ay (y,T) are nonempty,
57 convex and closed sets and

ICAVENAICANY (3.1)
Proof. We observe that for any z € C we have the equivalence

vy+T
2

Z—

1
<_--
’ < 5=l
if and only if
Re[(T-2)(z-%)]=0.
This follows by the equality

2

1 +I I

—IP=yP == L2~ =Re[T -2z -7)

4 2
ss that holds for any z € C.
59 The equality (3.1) is thus a simple consequence of this fact. [
60 On making use of the complex numbers field properties we can also state that:

Corollary 7. For anyy,I € C, y # I',we have that

Us) 7. T) ={f : la,b] - C| (Rel’ — Ref (1)) (Ref (t) — Rey) (3.2)
+ (ImI" — Imf (t)) (Imf (t) — Imy) > O for a.e. t € [a, b]}.
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Now, if we assume that Re (I') > Re (y) and Im (I') > Im (), then we can define the following
set of functions as well:

Stap) (v, D) :={f : [a,b] » C|Re () > Ref (t) > Re(y) (3.3)
and Im (I') > Imf (t) > Im (y) for a.e. t € [a,b]}.
61 One can easily observe that S, (y,T) is closed, convex and
0 # St (7. 1) € oy (0.1). (3.4)

Theorem 2. Let f : [a,b] — C be an absolutely continuous on [a, b] and x € (a, b) . Suppose that
Y Ti € Cwithy; # Ui, i = 1,2 and ' € Upaq (y1,11) N Upeyy (2, 12), then we have

1 b
'f(X)—mf f@dt (3.5
1 2F2+72 2F1+y1

Y= [“"x) —y T @-a T]

1| —a\ b-x\
s1_|r1—71|(%) +|F2—)’2|(ﬁ) }(b—a)

1
Sng—a)

y :(ﬁ)zp (bT_;C)Zp]l/P [|F1 — |9 + |5 — 72|q]1/q

Ly |2
[2 + ' b-a

Proof. Since f’ € Uy (v1,T1) N Uy (72, 12) , then by taking the modulus in (2.1) for 4; (x) =

][m il + D=l
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r r
22 and A, (x) = 252 we get

1 b
'f(x)—b—f f@dt
_a a

1 r2‘*‘)’2
+2(b—a)[( - x)’ - (x—a)

v 1+')’1
_b_afa(t—a)[f(t)— > ]dt|
b
—f(r—b)[f’(t)—rz”z
_b— f(t—a)
+Tf (t—b)
I I - 71|f(t 1 |F2 )’2|f(b 0 dr
b a
b —
[m m( a)+|r2—)’2|( ”(b a)

2 and the first inequality in (3.5) is proved.
The last part follows by Holder’s inequality

2

dt‘

f@®-

1
mn + pq < (m® + p®)'* (n'B + qﬁ) "
63 wherem,n,p,qZOanda>1withé+;—3:1. O
Corollary 8. Let f : [a,b] — C be an absolutely continuous on [a, b] and x € (a, b) . Suppose that
y,T € Cwithy # T, and f’ € U,y (y,T), then we have

‘f(x)+(a;b—x)r+y ff(t)dt (3.6)
<11“ L Elule s 2 b -
<5l —7|—+(b a) (b-a).
64 In particular, we have
a+b 1 b 1
f( : )_mfaf(t)dzsglf—ﬂ(b—a). 3.7

Remark. 1f the derivative f” : [a,b] — R is bounded above and below, that is, there exists the
constants M > m such that

—co<m< f'(t) <M < ooforae. t€[a,b],

s then we recapture from (3.6) the inequality (1.6).
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Remark. Let f : [a,b] — C be an absolutely continuous on [a, b] . Suppose that y;,I'; € C with
vi#T,i=1,2and f € U[a’%] (vi, TN U[#’b] (72,T), then we have from (3.5) that

'f(a+b)——ff(t)dt+—(b— 2) F2+72 rl‘;%)

(I —yil+ 10 = yal] (b —a).

(3.8)

1
16
s 4. Inequalities for Derivatives of Bounded Variation

Assume that the function f : I — C is differentiable on the interior of /, denoted I, and
[a,b] c I. Then, as in (2.15), we have the equality

1 a+b
f(X)+§( > ) (X)——ff(f)dt “4.1)

+4(b—a)[(b_x) £ (b)=(x-a) f (a)]
_ LAy L@+
b_afao a)[f(t) > ]dt

b ’ /
A f(t—b)[f'(r)——f (x”f(b)]dr,
b—a J, 2

&7 forany x € [a,b].

Theorem 3. Let f : I — C be a differentiable function on I and [a,b] c 1. If the derivative
f" 1 — Cis of bounded variation on [a, b] , then

1 b b
|f (x) - s f f@de+ = (—+ - x)f (%) 4.2)
-aJ, 2

vt (G R ORI CERNEO]
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1’ _ 9 X b— 2 b
<3| V(=) \/(f’)}(b—a)
1_ a X
Sz(—b—a)
L+ (5 )H%\/(f’)+ \/(f’)—\/(f’)],
[\ (2P |P b a1l/a
Al @ Vo] e
p>15+0=1 '
r—atb |1 b
el v o,
e forany x € la,b].
Proof. Taking the modulus in (4.1) we have
fx )——f f@de+ ( )f’(X) (4.3)

4(b Sle-0"7 B - -’ f @)

N ORPC)
< EU (t—a)[f (t)—f]dt|

b , /
I f(t_b)[f,(t)_f(xﬂf(b)]dt
b—all, 2

1 * , f (@) + f (x)
sb_afa(r—a)f(r)—fd
b , /
Lf(b_t) —M|dl‘.
-aJ, 2

e Since [’ : [ — C is of bounded variation on [a, x] and [x, b], then

f,(t)_f’(a);f'(X) If’(t)—f’(a);rf'(t)—f’(X)l

1
< 5 [If &) = f (@] +1f (x) = f @]

< %\:/(f’)

for any ¢ € [a, x] and, similarly,

L @B 1\,
f(t)—f‘si\x/(f)
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forany r € [x,b].

Then
L%—@f@—ﬁ@%igdts%&Nﬁlﬁhmm
1 .
= Z(x—a)z\a/(f)
and
N P M C R 0] P B PP A
fx( —t)'f (t)—f‘ o< EY(f)fx( ~ 0 dt

1 b
= Z(b—x)ZY(f)

and by (4.3) we get the desired inequality (4.2).
The last part follows by Holder’s inequality

mn + pq < (m* + p™)''* (nﬁ + qﬁ)]/ﬂ,

wherem,n,p,qZOanda/>1withé+é:1. L

Corollary 9. Let f : I — C be a differentiable function on [ and [a,b] c I. If the derivative
f' I — Cis of bounded variation on |a, b], then

a+b 1 b 1 , )
'f( > )—mj;f(t)dﬁﬁ(b—a)[f ) - f ()] 4.4)

1 o
SE(b—a)\a/(f)-

V4 b
Remark. If p € (a, b) is a median point in bounded variation for the derivative, i.e. \/ (f') =\ ('),
a p
then under the assumptions of Theorem 3, we have

1 b 1 b
'f(P)—mf f(f)dl‘l‘i(%—}’)f’(l?) 4.5)
1
‘To=a (b= p) £ (b) = (p—a) f (@]
<l(b_ ) l p_# 271 » /
sgl-a|7+|7— a(f)
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75 5. Inequalities for Lipschitzian Derivatives

We say that v :

Theorem 4. Let f :
derivative f’
[x,b], then

7 Proof. Since f’ :
77 [x,b], then

@~

[a, b] — C is Lipschitzian with the constant L > 0, if it satisfies the condition

v(t) —v(s)|< L|t—s| forany ¢, s € [a,b].

I — C be a differentiable function on I and [a,b] C [. Let x € (a,b). If the
: I — C is Lipschitzian with the constant K, (x) on [a, x] and constant K, (x) on

1 b b
|f(x)—mf f(t)dr+—(L—x)f<x> 5.1)

2

vl (G ORI CERONEO]
1 b

Sg[(z_a) K1<x>+(b_ )Kz(ao](b a’
1 2

Sg(}b—(l)

= 2

] [K) () + K> (0]

1
2

I - Cis Lipschitzian with the constant K; (x) on [a, x] and constant K, (x) on

F@+f® O @+f0-F @)
2 2
1
< SUF O F @+IF - F 0]
1
< EKI ) [lt—al+|x—1]
. %Kl ) (x—a)

7s for any t € [a, x] and, similarly,

-

/ 4 1
JM < K @llr=a + b 1]

%Kz (x) (b = x)
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forany r € [x,b].

Then
fx(t—a) f’(t)—w dt < %Kl(x)(x—a)fx(t—a)dt
1
= g(x—a)3 K (x)
and
b / / b
f(b—t) f’(t)—w'dt < %Kz(x)(b—x)f (b-1)dt

1
3 (b-x K (x).
Making use of the inequality (4.3) we deduce the first bound in (5.1).

The second part is obvious. [

Corollary 10. Let f : I — C be a differentiable function on I and [a,b] C I. If the derivative
f’ I — Cis Lipschitzian with the constant K on [a, b] then

a+b

| 1 )
|f(x)—mfaf(t)dt+§( 7 —x)f(x) (5.2)

1 / !
YT |6 =27 f () - (x - @) f' (@)

1[(x—ay (b-x\ 5
S§|(b—a) +(b—a)}K(b_a)
forany x € [a,b].

In particular, we have

a+b\ 1 , ) 1 b

'f( > )+E(b—a)[f (b)—f(a)]—m‘[a f@adr (5:3)
1 2

S3—2K(b—a) .
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