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Abstract
This article introduces a measure of the quality of Voronoï tessellations resulting from various mesh generators.

Mathematical models of a number of mesh generators are given. A main result in this work is the identification of
those mesh generators that produce the highest quality Voronoï tessellations. Examples illustrating the application of
the quality measure are given in comparing Voronoï tessellations of digital images.
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1. Introduction

This article introduces a measure of the quality of Voronoï tessellations resulting from various
mesh generators. A Voronoï tessellation is a collection of non-overlapping convex polygons called
Voronoï regions. It is well-known that creating meshes is a fundamental and necessary step in
several areas, including engineering, computing, geometric and scientific applications (Leibon
& Letscher, 2000; Owen, 1998; Liu & Liu, 2004). Meshes assume simplex structures or volumes
based on the geometry of the surfaces, dimension of the space and placement of sites of the meshes
(see, e.g., (Ebeida & Mitchell, 2012; Mitchell, 1993; Persson, 2004)). This work is a natural
outgrowth of recent work on Voronoï tessellation (Persson, 2004; Persson & Strang, 2004; Bern
& Plassmann, 1999; Du et al., 1999; Brauwerman et al., 1999; Peters, 2015b).

Seeds, generating points or sites of meshes for non-image domains may be chosen randomly,
deterministically on grids (Persson, 2004), using distribution sampling e.g. (Ebeida & Mitchell,
2012), using the centroids of tessellation regions. In the search for a measure of mesh quality, it is
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useful to identify the best or most suitable mesh generators (also called sites) for mesh generation.
A principal benefit of this work is the identification of those generators that produce the highest
quality Voronoï tessellations.

A natural application of the proposed mesh quality measure is given in comparing and classi-
fying digital images Voronoï tessellation covers. Each Voronoï region is a closed set of points in a
convex polygon. A Voronoï tessellation cover of a digital image equals the union of the Voronoï
regions.

2. Related Work

Numerous mesh generation algorithms have been developed for several purposes including im-
age processing and segmentation (Arbeláez & Cohen, 2006), clustering (Ramella et al., 1998), data
compression, quantization and territorial behavior of animals (Persson, 2004; Persson & Strang,
2004; Du et al., 1999). These methods tackle a wide variety of geometrical representations for
meshing the surfaces. In addition, a number of mesh generation algorithms are iterative in nature,
so that the algorithm adjusts the meshes iteratively to approach fulfilling predefined conditions,
thereby terminating on meeting the criterion up to some limits (Persson, 2004; Persson & Strang,
2004). In some adaptive mesh algorithms (Persson, 2004; Persson & Strang, 2004; George, 2006),
the mesh sites are variable. For example they may be displaced to attain force equilibrium. In
one such scenario the algorithm starts by partitioning the space based on the initial distribution
of sites but iterates through them according to preset conditions on an element size function until
the equilibrium and stopping conditions are satisfied (Persson, 2004). This essentially is refining
and solving for optimality of the meshes (Rajan, 1994; Peraire et al., 1987; Rivara, 1984; Ruppert,
1995) according to the preset conditions.

Voronoï diagrams introduced by the Ukrainian mathematician G. Voronoï (Voronoï, 1903,
1907, 1908) (elaborated in the context of proximity spaces in (Peters, 2015b), (Peters, 2015c), (Pe-
ters, 2015a)) provide a means of covering a space with a polygonal mesh. In telecommunica-
tions, Voronoï diagrams have furnished a tool of analysis for binary linear block codes (Agrell,
1996) governing regions of block code, performance of Gaussian channel among others. In music,
Voronoï diagrams have once again demonstrated their utility (McLean, 2007). For example, they
been successfully applied in automatic grouping of polyphony (Hamanaka & Hirata, 2002). Other
works bordering on applications of Voronoï meshes in reservoir modeling (Møller & Skare, 2001),
attempts at cancer diagnosis (Demir & Yener, 2005) are also available.

Ever since utility of Voronoï diagrams was demonstrated in several applications including the
post office problem where given a set of post office sites in furnished the answer in determining
the nearest one to visit and other few works of application of 56 meshed surfaces an area, Voronoï
tessellation has been useful in the study of the territorial behavior of animals, image compression,
segmentation etc no works or very few have focused on their application in proximity and classifi-
cation analysis of digital images. This work proposes to explore the utility of meshes in the study
of proximal regions as a means of image classification.

Mesh applications in image analysis are not widely studied in the open literature. In that regard,
we seek to contribute to the application of meshes in image classification by (a) identifying the
best forms of generating points for meshes, (b) arriving at a measure of the quality of meshes, and
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(c) characterizing meshes best suited for image classification. In addition, it is anticipated that this
research will yield useful theorems that are a natural outcome of measuring mesh quality. Such
theorems provide a formal foundation for the study of image mesh quality.

3. Preliminaries

Since the discovery that Voronoï tessellations are the secret working formula of bees, humans
have sought to bring similar benefits and applications of Voronoï tessellations in their applications
to image processing, image compression, clustering, territorial behaviour of animals etc (Persson,
2004; Persson & Strang, 2004; Bern & Plassmann, 1999; Du et al., 1999; Brauwerman et al.,
1999). Several forms of polygonal meshes exist due to Voronoï and Delaunay tessellations and
since Delaunay triangulation is a dual of Voronoï, our focus will be on the former.

Assume a finite set S of locations called sites si in a space Rn. Computing the Voronoï diagram
of S means partitioning the space into Voronoï regions V(si) in such a way that V(si) contains all
points of S that are closer to si than to any other object s j, i ≠ j in S .

Given the generator set
S = {s1, , sk ∶ i ∈ N},

where each member of S is called a mesh generating point, let si ∈ S . The Voronoï region V(si) is
defined by

V(si) = {x ∈ Rn ∶ ∥x − si∥ ≤ ∥x − sk∥, sk ∈ S , i ≠ k},

where ∥., .∥ is the Euclidean norm (distance between vectors). The set

V(S ) = ⋃
si∈S

V(si)

is called the n-dimensional Voronoï diagram generated by the points in S . In R2, this effectively
covers the plane with convex and non overlapping polygons, one for each generating point in S .
A centroidal Voronoï tessellation is a special case of V(si), where the sites are the mass centroids
of regions computed by

ci =
∫Vi

xρ(x)dx

∫Vi
ρ(x)dx

where ρ(x) is the density function of V(si). The mathematical utility of centroidal tessellations
lie in their relationship to the energy function (Brauwerman et al., 1999) defined as:

E(z,V) =
n

∑
i=1
∫

Vi

ρ(x)∣x − zi∣2dx.

The energy function E(z,V) for a Voronoï region depends on the density function ρ(x) of the
regions and the squared distances between the generating site zi and nearby points x in the region.
The total energy for a Voronoï diagram is the sum of integrals of the individual energies of the
regions comprising the Voronoï diagram.

Voronoï regions are cells of growth from a certain view point. This view point is equivalent to
considering the vertex of each region as a nucleus of a growing or expanding cell. Cells propagate
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simultaneously outward from their nuclei at uniform rates until they intersect with others. They
then freeze giving the boundaries of the regions defined by the tessellation.

Ultimately, cells whose nuclei are on the convex hull of a vertex grow until they intersect the
outgrowth of others. It is interesting to note that since all cells are growing at the same rate, their
first points of contact will coincide with the midpoint of the two nuclei. This is exactly the locus of
all equidistant points from the nuclei.In other words it the perpendicular bisector of the the nuclei
from which all points are equidistant. The set of all points on these loci form the edges of the
regions.

Voronoï cells that share an edge are said to be Voronoï neighbors. The aggregate of triangles
formed by connecting the nuclei of all Voronoï neighbors tessellate the area within the convex
hull of the set. Notice that the regions obtained are neighborhoods defined by the norm ∥ ⋅ ∥.
This makes it possible to have a continuous image-like treatment of a dot pattern, thus permitting
the application of general image processing techniques (Ahuja & Schachter, 1982). One such
interpretation of the Voronoï tessellation is to view it as a cluster partition of a space (Ramella et
al., 1998). In this view, the space is segmented by the various Voronoï regions, with the size of
the clusters given by the areas of the regions. Also, the Voronoï tessellation is useful for boundary
extraction, with the tessellated space viewed as a mosaic.

Definition 3.1. Given a point set S ⊆ Rn and a distance function dn, the set {Vi}k
i=1 is called a

Voronoï tessellation of S if Vi ∩ V j ≠ ∅ for i ≠ j.

Definition 3.2. The Voronoï region of a site is a polygon about that site. The set of all regions
partition the plane of the sites S based on a distance function ∥ ⋅ ∥. This results in the plane being
covered with polygons about those sites.

Definition 3.3. Given a set S = {s1, ..., sk} of points, any plane (vi, v j) is a Voronoï edge of the
Voronoï region V if and only if there exists a point x such that the circle centered at x and circum-
scribing vi and v j does not contain in its interior any other point of V .

Definition 3.4. A Voronoï tessellation is a set of polygons with their edges and vertices that parti-
tion a given space of sites.

Definition 3.5. A Voronoï edge is a half plane equidistant from two sites and which bounds some
part of a Voronoï region. Every edge is incident upon exactly two vertices and every vertex upon
at least three edges.

Definition 3.6. A Voronoï vertex is the center of a circle through three sites.

Definition 3.7. A set of points form a convex set if there is a line connecting each pair of points.

Definition 3.8. The convex hull of Voronoï regions about a set of sites is the smallest set which
contains the Voronoï regions as well as the union of the regions.
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Figure 1. Voronoï diagram of a set of sites.

Definition 3.9. A dot or point pattern is a set of points of a signal representing spatial locations of
signal features. For example sets of corners, keypoints etc are referred to as point or dot patterns.

Definition 3.10. The quality of a signal is defined as a characteristic of the signal which gives
information about perceived signal degradation compared to an ideal.

Lemma 3.1. The energy of a point located in a particular Voronoï region V(si) is minimal with
respect to all other regions V(s j) for i ≠ j.

Proof. Consider a point y ∈ V(S i). Its energy is evaluated as:

E(z,V) = ∫
Vi

ρ(y)∣y − ẑi∣2dy

E(z,V) = ∫
Vi

ρ(y)(0)dy = 0.

Since the distance between z and y is 0 by definition, E = 0. However E(z,V) of y /∈ V(S j) is

E(z,V) = ∫
V j

ρ(y)∣y − ẑi∣2dy ≠ 0.

Since ρ(y) nor ∣y − ẑi∣2 is non-zero.

Theorem 3.1. The energy function E(z,V) is minimized at the centroid sites of the tessellations.

Proof.

E(z,V) =
n

∑
i=1
∫

Vi

ρ(x)∣x − ẑi∣2dx.
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The energy of a Voronoï region Vi is the integral of the product of the density function of that
region ρ(x) and the squared distances between the generating site ẑi and points comprising the
region. The total energy E(z,V) is the sum of the energies of all Voronoï regions.

To obtain the minimum of E(z,V), it requires that the derivative of the function with respect
to the sites be equal to zero. The solution of the derivative are the sites ẑi.

dE
dẑi
= 2

n

∑
i=1
∫

Vi

ρ(x)(x − ẑi)dx = 0

ẑi =
∫Vi

xρ(x)dx

∫Vi
ρ(x)dx

.

The solution ẑi are the centroids.

Theorem 3.2. For a given set of sites Z = {zi}, the energy is minimized when V is a centroidal
Voronoï tessellation.

Proof. Immediate from Lemma 3.1 and Theorem 3.1.

4. Tessellation Generators

In the literature few works or none considers the choice of sites for meshing images using
location of image features. We mostly go ahead and tessellate using chosen locations irrespective
of locations of image features. Previously, sites have been chosen to correspond to center of masses
of regions (Du et al., 1999; Burns, 2009), random locations (Ebeida et al., 2011; Aurenhammer,
1991), deterministic or regular locations (Persson, 2004; Persson & Strang, 2004; Aurenhammer,
1991). In short, majority of these locations do not take information of the sites into account. The
method of centroids has evident advantages (Brauwerman et al., 1999), but these are questionable
if the regions from which we obtain the center of masses do not reflect image feature locations. In
this work, various sites based on image features are first discovered and subsequently the sites give
a tessellation of the space. With several sites found and tessellations performed, quality measures
of the meshes are obtained with the view of helping ascertain the best sites for tessellations using
an overall quality measure. This then forms a road map to meshed image analysis given a method
of sites that yield high quality meshes. Important image features are known to reside at corner,
edge, keypoints, centroids, extrema and modal image feature sites. These then would be used to
discover mesh sites. They are treated next.

4.1. Image Corner Points
A very notable feature of digital images are image corner points. These define points where

structures in the image intersect, as such they form a solid background for feature recognition and
extraction.
One of the earliest criteria for corner point identification is a point that has low self-similarity
(Moravec, 1980). Each pixel centered in a patch is compared to nearby pixels in an overlapping
patch for corner point candidate examination. Since then, improvements in corner point iden-
tification by computing differential corner scores with respect to direction instead of patches in
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(Moravec, 1980) resulted in combined corner and edge detection (Harris & Stephens, 1988). For
more accuracy in subpixels in corner identification see (Förstner & Gülch, 1987). Recently, corner
detection based on other methods: Multiple scales due originally to (Harris & Stephens, 1988),
level curvature approach (Kitchen & Rosenfeld, 1980; Koenderink & Richards, 1988), difference
of Laplacians, Gaussians, and Hessians (Lowe, 2004; Lindeberg, 1998, 2008), affine-adapted in-
terest point operators (Lindeberg, 1993, 2008; Mikolajczyk & Schmid, 2004), curvature place-
ment along edges (Wang & Brady, 1995), smallest univalue segment assimilating nucleus (Smith
& Brady, 1997), direct testing of pixel self-similarity and feature accelerated segment (Rosten
& Drummond, 2006), non-parametric and adaptive region processing methods (Guru & Dinesh,
2004), transform approaches (Kang et al., 2005; Park et al., 2004), adaptive approaches (Pan et
al., 2014), structure-based analysis (Kim et al., 2012) have resulted . Corner points are identified
here as points in which there is a significant change in intensity features in two or more directions:

C(u, v) = ∑w(x, y)[I(x + u, y + v) − I(x, y)]2.

The window function w(x, y) tends to be rectangular but could assume other suitable forms.
So, a corner point is returned by the corner point function C(x, y) if the squared intensity difference
between the intensity at location (x, y) and location (x + u, y + v) is large for any two directions.

4.2. Edge Sites
Edge maps are widely used in image processing for feature detection and object recognition.

Besides, edge information is known to be crucial in feature detection and image analysis. These
have been used due to the fact that the edges tend to localize an object of interest for target pro-
cessing and feature detection. Edge points are points whose feature values differ sharply from
those of neighboring points (Canny, 1986).

4.3. Image Keypoint Sites
Image keypoints are popular for extracting distinct image points (Lowe, 1999; Mitchell, 2010;

Feng et al., 2013; Woźniak & Marszałek, 2014). Scale-space extrema detection has been shown
to yield image keypoints (Lowe, 1999). This process however usually yields numerous keypoint
candidates therefore we have to resort to means of reducing their number to important ones. For
example by eliminating low contrast points, the most important ones are retained. Detection of
locations of keypoints invariant to scale change may be accomplished by obtaining stable features
across scales of an image (Lowe, 1999). In that regard, the scale space L(x, y, σ) is obtained by
convolution of Gaussian functions G(x, y, σ) with the image function I(x, y) at several scales k.

L(x, y, σ) = G(x, y, σ) ∗ I(x, y)

G(x⃗, σ) = 1
2π
√
σ

Exp{−1
2
(x⃗ − µ)Tσ−1(x⃗ − µ)}.

We proceed below to obtain the difference of the convolved result in the previous step.

D(x, y, σ) = (G(x, y, kσ) −G(x, y, σ)) ∗ I(x, y)
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D(x, y, σ) = L(x, y, kσ) − L(x, y, σ).
In the final step, the extrema (minima and maxima) points are obtained by comparing points in

the difference functions and selecting those that achieve the minimum or maximum values in their
neighborhoods (Lowe, 1999). Keypoint locations originally found at D(x, y) at scales of σ may
be used as estimates in Taylor series expansion about the position vector x⃗ = (x, y) to obtain more
accurate locations of the points (Brown & Lowe, 2002). Locations are extrapolated as follows.

Da(x̄) = D + ∂D
T

∂x⃗
+ 1

2
x⃗x⃗T ∂

2D
∂x⃗2 x⃗
,

where Da(x̄) is the improved location of a keypoint.

4.4. Centroid Sites
Given a tessellated plane of points centroid points of regions are computed as follows.

ci =
∫Vi

xρ(x)dx

∫Vi
ρ(x)dx

.

The center of masses cis are computed from Voronoï regions and then used to re-tessellate the
regions. Given corner, edge and keypoint sites in images, their tessellations produce Voronoï
regions corresponding to those generators. The centers of masses of these regions based on those
image feature locations form a set of sites in the plane for centroidal tessellations.

4.5. Modal Pixel and Extrema Sites
The histogram distributions of images are readily available. They furnish information on the

distribution of the pixels in the image. Pivotal points in an image can be sought by considering the
modal pixel positions in the image. In this way, we get to find out the feature value that occurs most
frequently in a digital image and use the locations of those as sites for tessellations. A variant to
this approach is to find the modal feature value, displace it by a constant and then use the positions
of the resulting value as sites for image tessellations. The most influential feature M is obtained
from the histogram distribution h(k) from the steps below.

h(k) = ∑
x
∑

y
nk

M =Maxk(∑
x
∑

y
nk) =Maxk(hk).

For a given image function I(x, y), the feature values are in the range [0, k]. From this set,
there exists minimum and maximum feature values. Sites corresponding to the extrema can be
used for tessellations. However, it should be noted that where any of the extrema is unique, only
one site is returned for the tessellation. Extrema sites M1,M2,Md are useful because they can
give us geometrical information about objects that tend to have a particular distribution or feature
value;

M1 =Min( f (x, y)∀x, y)
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M2 =Max( f (x, y)∀x, y)
Md =Max(∑∑ni j) − a.

Extrema sites are discovered using M1 and M2, whilst displaced modal sites are discovered using
Md, given the constant a. Due to the numbers of modal and extrema sites and the nature of
meshes they produce, they are not treated further in this work. Instead, displaced feature sites are
discovered and used.

So far, we have identified sites of important features in digital images. A necessary step in
determining the choice of sites lies in the quality of meshes produced by the particular choice of
sites. In what follows, the quality of meshes produced by the sites is examined.

5. Voronoï Mesh Quality Analysis

Quality metrics for mesh analysis have been explored in the literature (Knupp, 2001; Shewchuk,
2002; Bhatia & Lawrence, 1990a). Most mesh generation approaches set a predefined quality fac-
tor for each cell as such they easily achieve meshes with high quality. This is not always useful
or justifiable. For example, in images it’s highly unlikely that mesh sites are deterministically
or randomly distributed as assumed in these methods, thus this work discovers sites using image
features with the view point of obtaining quality factors as high as possible.

Let X be a nonempty set of polygons in a Dirichlet tessellation, x, y ∈ X. A polygon x ∈ X in
a tessellation is called a cell. A question that arises naturally is that which sites are best or more
favorable, leading to high quality cells? We will attempt to answer this in terms of the overall mesh
quality factor qall for the mesh cells produced by a particular set of sites. Qualities of individual
mesh cells computed here are defined according to the geometry of the cell (Shewchuk, 2002;
Bhatia & Lawrence, 1990a).

Let S be a set of tessellation cells, A the area of a tessellation containing a 3-sided polygon
cell s ∈ S , l1, l2, l3 the lengths of the sides of s with Q(s) the quality of cell s. Then, for example,
(Bhatia & Lawrence, 1990b), (Bank & Xu, 1996) as well as (Field, 2000) use the following
smooth quality measure for a 3-sided cell.

Q3(s) = 4
√

3
A

l2
1 + l2

2+, l2
3
.

For a four sided mesh cell, the quality factor Q4(s) is defined by

Q4(s) =
4A

l2
1 + l2

2 + l2
3 + l2

4
.

The quality Q(s) of 3D tetrahedron (polyhedron with 4 sides) cell in R3 is defined by

Q43D(s) =
6
√

2V
l3
rms
.

Here, V is the volume of the tetrahedron and lrms is given by:

lrms =

¿
ÁÁÀ1

6

6

∑
i=1

l2
i .
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Since the focus is on meshes of 2D surfaces in R2, we only briefly consider 3D meshes. An overall
mesh quality indicator may be defined for any meshed surface by making use of the qualities of
the individual cells. One such indicator is defined by qall defined below.

qall =
1
N

N

∑
i=1

qi.

For a plane tessellated by a set of sites S , the indicator of the overall tessellation quality is influ-
enced by the qualities of the individual cells qi. This provides a useful tool for discriminating sites
and their tessellation quality.

Theorem 5.1. For any plane, there exists a set of sites for which the mesh quality is maximum.

Proof. Consider an arbitrary n-sided mesh cell. Assume the cell is a quad cell without loss of
generality. For maximum q, the partial derivatives of q with respect to the lis should be equal.

∂q
∂l1
= ∂q
∂l2
= ... = ∂q

∂ln

−8Al1

(l2
1 + l2

2 + ... + l2
n)2
= −8Al2

(l2
1 + l2

2 + ... + l2
n)2
... = −8Aln

(l2
1 + l2

2 + ... + l2
n)2
.

This happens when l1 = l2 = ... = ln. So generators chosen such that their half planes are equidistant
from each other would satisfy this condition.

To synthesize and crystallize the preceding deliberations on mesh quality analysis, the follow-
ing algorithm is provided.

5.1. Algorithm for Mesh Quality Computation
It is clear that a Voronoï diagram is a collection of several polygons of different dimensions in

accordance with the criteria already laid out, thus the quality factor of each polygon is computed
as follows:

Input: set of sites S , set of cells V(S )
Output: Mesh Quality(Q(s))
for each Voronoï region Vi(s) ∈ V(S ), site s ∈ S do

Access the number of sides and coordinates of the vertices of the polygon;
Using the coordinates, compute the lengths li and Area A of the polygon;
Use li and A in the appropriate expression to compute cell quality Q(s), s ∈ S ;

end for
Q(S ) = {Q(s)} ∎
The results presented in the following sections show tessellated image spaces side-by-side with

the distribution of the quality factors of their cells. These are shown for image data of several sub-
jects. From the distribution of quality factors, we obtain the mean quality measure as an indicator
of overall quality of meshes due to each set of generating sites.
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6. Application: Digital Image Tessellation Quality

Mesh sites are obtained using the 2D face sets from (Craw, 2009). The images are monochrome
with dimensions 181 by 241 showing subjects with different expressions and orientations. The
sites so obtained from them are used to tessellate the regions and subsequently, quality factors of
cells are computed. The quality factors are shown in histogram plots next to the tessellated images
(Fig. 2-Fig. 21).

2.1: Corners 2.2: CorHist 2.3: Edges 2.4: EdHist

Figure 2. Corner & Edge Tessellations and Quality Histograms.

Remark 6.1. Corner-Based vs. Edge-Based Voronoï Tessellations.
A corner-based Voronoï tessellation of a face image is shown in Fig. 2.1. The corresponding
corner-quality mesh histogram is given in Fig. 2.2. The horizontal axis represents mesh cell qual-
ities and vertical axis represents the frequencies of the qualities. Because the number of image
corners found are both sparse and grouped together in the facial high points representing pixel
gradient changes in directions, the corresponding corner-based mesh consists of fairly large poly-
gons surrounding the corners. Also, observe that the corner-based mesh histogram has a fairly
normal distribution (skewed to the right).

An edge-based Voronoï tessellation of a face image is shown in Fig. 2.3. The corresponding
edge-quality mesh histogram is given in Fig. 2.4. By contrast with image corners used as mesh
generating points, the number of edge pixels found is large. In addition, the edge pixels are
grouped closely together. Hence, the corresponding edge-based mesh contains many small Voronoï
regions grouped closely together. The resulting edge-based mesh histogram has more than one
maximum, which is an indicator that edge-based meshes have poor quality. 2
Remark 6.2. Dominant-Based vs. Keypoint-Based Voronoï Tessellations.
Fig. 3.1 shows dominant-based tessellations alongside their quality measures in Fig. 3.2. Simi-
larly, keypoint-based tessellations and their qualities are shown in Fig. 3.3 and Fig. 3.4 respec-
tively. Dominant-based cells tend to have quality values that fall within several ranges of the
quality scale. Even though dominant generators tend to have higher numbers like edge genera-
tors, they generally give higher qualities compared to edge-based cells. Keypoint-based cells like
dominant-based cells tend to have their qualities falling in several ranges of quality, only that the
number of fragmented ranges is usually smaller compared to that of dominant-based cells. Even
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3.1: Dominants 3.2: DomHist 3.3: Keypts 3.4: KeyHist

Figure 3. Dominant & Keypoint Tessellations and Quality Histograms.

though keypoint generators have smaller numbers compared to dominant generators, the loca-
tion and distribution of the features favor creation of more perfect mesh cells. The qualities of
dominant-based cells peak around mid scale whilst those of keypoints tend to be flat. 2

4.1: Corners 4.2: CorHist 4.3: Edges 4.4: EdHist

Figure 4. Corner & Edge Tessellations and Quality Histograms.

Remark 6.3. Corner-Based vs. Edge-Based Voronoï Tessellations.
The corner generators of Fig. 4.1 are concentrated in the mouth and eye regions of the subject. As
a consequence, unequal distribution of the cell qualities in those regions result in Fig. 4.2. Edge-
based cells on the other hand are distributed around the borders of the entire image giving peak
cell quality in about mid range of the scale (see Fig. 4.3, Fig. 4.4). 2
Remark 6.4. Dominant-Based vs. Keypoint-Based Voronoï Tessellations.
Dominant generators outweigh keypoints in number (see Fig. 5.1,Fig. 5.3). The generators are
however concentrated around the mouth and eye regions but with extra points around the chin
region in the case of dominant generators. Due to these distributions of the generators, both sets
of generators have comparatively high qualities with peculiar quality factor distributions as shown
in Fig. 5.2 and Fig. 5.4. 2
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5.1: Dominants 5.2: DomHist 5.3: Keypts 5.4: KeyptHist

Figure 5. Dominant & Keypoint Tessellations and Quality Histograms.

6.1: Corners 6.2: CorHist 6.3: Edges 6.4: EdHist

Figure 6. Corner & Edge Tessellations and Quality Histograms.

Remark 6.5. Corner-Based vs. Edge-Based Voronoï Tessellations.
Sets of generators of a subject are shown in Fig. 6.1 and Fig. 6.3. In addition to generators around
the eye and mouth regions, generators around the nose and lower neck areas are returned for
corner sites. Edges on the other hand are returned for regions of feature discontinuities. The
quality plots of Fig. 6.2 and Fig. 6.4 represent the cells with more well laid out features on one
hand and clustered generators on the other. 2
Remark 6.6. Dominant-Based vs. Keypoint-Based Voronoï Tessellations.
Dominant generators returned here exclude most of the keypoint generators (Fig. 7.1,Fig. 7.3).
Also, keypoint generators are more localized as opposed to the more or less global distribution of
dominant generators. These fundamentally different generators produced a somewhat flat distri-
bution of cell qualities (taken in two halves) and an alternating distribution of qualities seen in
Fig. 7.4 and Fig. 7.2 respectively. 2
Remark 6.7. Corner-Based vs. Edge-Based Voronoï Tessellations.
Distinct generators are returned in the case of Fig. 8.1 as opposed to less distinct ones in Fig. 8.3.
Although corner generators are smaller in number, they have covered a lot of distinct and impor-
tant features in the image. Edge generators however are localized to boundary regions. Given the
layout of generators, the corner generators favored creating meshes approaching perfect lengths
than edge generators as seen in Fig. 8.2 and Fig. 8.4 respectively. 2
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7.1: Dominants 7.2: DomHist 7.3: Keypts 7.4: KeyptHist

Figure 7. Dominant & Keypoint Tessellations and Quality Histograms.

8.1: Corners 8.2: CorHist 8.3: Edges 8.4: EdHist

Figure 8. Corner & Edge Tessellations and Quality Histograms.

Remark 6.8. Dominant-Based vs. Keypoint-Based Voronoï Tessellations.
In Fig. 9.1 the layout of the generators does not favour polygons with equal lengths. This is
evident in the fragmented nature of the quality factors in Fig. 9.2. Generators however in Fig. 9.3
performed better in their quality distributions in Fig. 9.4. 2
Remark 6.9. Corner-Based vs. Edge-Based Voronoï Tessellations.
Examine for a brief moment the corner and edge generators in Fig. 10.1 and Fig. 10.3 alongside
their quality factors in Fig. 10.2 and Fig. 10.4 respectively. Notice that some generators are
clustered around the eye regions. The situation however is still better in terms of affording better
overall quality as opposed to similar clustering of edge detectors in several areas. 2
Remark 6.10. Dominant-Based vs. Keypoint-Based Voronoï Tessellations.
Dominants and their tessellations in Fig. 11.1 occupy a larger area compared to keypoints and
their tessellations in Fig. 11.3. Although many cells result in Fig. 11.2, most of the quality factors
are concentrated in the first half of the scale. Keypoints on the other hand are better laid out and
although of a smaller number, they cover a comparable space and give a higher overall quality
measure from Fig. 11.4. 2

A complete set of results based on centroids of Voronoï regions specified by corner, edge,
dominant and keypoint tessellations is shown in Fig. 12-Fig. 21. For those results shown, genera-
tors have been obtained corresponding to Voronoï regions of corner, edge, dominant and keypoint



172 E. A-iyeh et al. / Theory and Applications of Mathematics & Computer Science 5 (2) (2015) 158– 185

9.1: Dominants 9.2: DomHist 9.3: Keypts 9.4: KeyptHist

Figure 9. Dominant & Keypoint Tessellations and Quality Histograms.

10.1: Corners 10.2: CorHist 10.3: Edges 10.4: EdHist

Figure 10. Corner & Edge Tessellations and Quality Histograms.

tessellations. These are the centroids of Voronoï regions in Fig. 2-Fig. 11. In the following text,
remarks are included pertaining to the regions and their qualities.

Remark 6.11. Corner centroid-Based vs. Edge centroid-Based Voronoï Tessellations.
In comparing Fig. 2.1 to Fig. 12.1 we notice that the numbers of generators is the same. However,
an interesting situation arises. The polygons in the latter case have a reduced variability in their
lengths. This led to better quality measures with quality distributions as in Fig. 12.2. In a similar
vein the number of generators are the same for edge generators and edge-centroid generators. The
overall quality has been improved from the neighborhoods of 0.3 to above 0.5 (Fig. 12.3,Fig. 12.4).2
Remark 6.12. Dominant centroid-Based vs.Keypoint-Based Voronoï tessellations.
Notice that the locations of centroid generators are different from those of dominant generators.
This distribution led to a mesh covering of about three quarters of the image as seen in Fig. 13.1.
These generators favored better mesh qualities with the distribution seen in Fig. 13.2. Keypoint
centroids of Fig. 13.3 and their tessellations however cover comparable areas with keypoint gen-
erators. The use of the centroid generators improved the mesh qualities as shown in Fig. 13.4.2
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11.1: Dominants 11.2: DomHist 11.3: Keypoints 11.4: KeyptHist

Figure 11. Dominant & Keypoint Tessellations and Quality Histograms.

12.1: Corner-
centroids

12.2: Cor-
centHist

12.3: Edcen-
troids

12.4: EdcentHist

Figure 12. Corner & Edge Centroid Tessellations and Quality Histograms.

Remark 6.13. Corner centroid-Based vs.Edge centroid-Based Voronoï Tessellations.
The centroid sites of Fig. 14.1 barely covered the eyes, nose and most of the mouth region. As ex-
pected, edge centroids cover and tessellate the entire image Fig. 14.3. Although the mesh qualities
are improved, they are consistent with distribution of cell lengths in Fig. 14.2 and Fig. 14.3. 2
Remark 6.14. Dominant centroid-Based vs.Keypoint-Based Voronoï tessellations.
Observe in the tessellated spaces that the dominant centroid generators are mostly clustered in all
areas except in the eyes and the mouth ( see Fig. 15.1). Keypoint centroids however are distributed
primarily around the facial features such as the mouth, nose and mouth as observed in Fig. 15.3.
These generators are less clustered compared to their counterparts for dominant and keypoint
generator tessellations. With the favorable condition for improved cell qualities obtained by using
the centroids, the qualities are distributed across the entire quality scale as seen in Fig. 15.2 and
Fig. 15.4. In most of the cases, the minimum cell quality for keypoint centroid-based generators is
in the neighborhoods of 0.4-0.5. 2
Remark 6.15. Corner centroid-Based vs.Edge centroid-Based Voronoï Tessellations.
Observe that several generators are located in the eye ball regions in Fig. 16.1. The tessellated
regions cover up to the chin region. Less varying polygonal lengths led to distribution of mesh
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13.3: Keyptcen-
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13.4: Keyptcen-
tHist

Figure 13. Dominant & Keypoint Centroid Tessellations and Quality Histograms.

14.1: Cor-
centroids

14.2: Cor-
centHist

14.3: Edgecen-
troids

14.4: EdcentHist

Figure 14. Corner & Edge Centroid Tessellations and Quality Histograms.

qualities in Fig. 16.2. Most of the image plane is however covered by edge centroid generators
(Fig. 16.3). Although the quality factors are fragmented, they cover the entire scale with the
distribution shown in Fig. 16.4 with minimum quality starting at about 0.3. 2
Remark 6.16. Dominant centroid-Based vs.Keypoint-Based Voronoï tessellations.
Dominant generators cover most of the image plane. However, most of the generators tend to be
concentrated just below the eyes and nose regions. Also notice that regions without clustering of
the cells tend to be polygons whose lengths tend to be equal. This distribution of the generators
affords cells and qualities in Fig. 17.1 and Fig. 17.2. Although there are keypoint centroid gen-
erators in the eye, nose and mouth regions, they are not clustered as in the previous case (see
Fig. 17.3). They are better spaced out giving the qualities in Fig. 17.4. 2
Remark 6.17. Corner centroid-Based vs.Edge centroid-Based Voronoï Tessellations.
Centroid corner generators tessellate the image region around the facial features. This placement
of the generators yielded cells with flat distribution of qualities across the scale (see Fig. 18.1,
Fig. 18.2). Edge centroid generators on the other hand tessellated the entire image but with the
sites clustered together in most areas. Even though the whole image space is covered, the resulting
cells do not promote better overall quality as compared with centroidal corner tessellations ( see
Fig. 18.3, Fig. 18.4). 2
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15.2: Domcen-
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15.3: Keypoint-
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Figure 15. Dominant & Keypoint Centroid Tessellations and Quality Histograms.

16.1: Corner-
centroids

16.2: Cor-
centHist

16.3: Edgecen-
troids

16.4: EdcentHist

Figure 16. Corner & Edge Centroid Tessellations and Quality Histograms.

Remark 6.18. Dominant centroid-Based vs.Keypoint-Based Voronoï tessellations.
Dominant generators tessellated most of the image with cells of improved qualities compared to
previous situations (Fig. 19.1 and Fig. 19.2). The qualities of the cells cover the entire scale in
both scenarios. However, you would notice that the cells of Fig. 19.3 are of better quality Fig. 19.4.2
Remark 6.19. Corner centroid-Based vs.Edge centroid-Based Voronoï Tessellations.
Cell qualities cover the entire scale in Fig. 20.2 and Fig. 20.4. The difference however lies in the
numbers of the generators and their positions as seen in Fig. 20.1 and Fig. 20.3. 2
Remark 6.20. Dominant centroid-Based vs.Keypoint-Based Voronoï tessellations.
Although common generators are returned in Fig. 21.1 and Fig. 21.3, the concentration of points
in the left cheek region and the lower neck region of the test subject favored better mesh qualities
generation as seen in comparing Fig. 21.2 and Fig. 21.4. 2
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Figure 17. Dominant & Keypoint Centroid Tessellations and Quality Histograms.

18.1: Corner-
centroids
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Figure 18. Corner & Edge Centroid Tessellations and Quality Histograms.

The overall quality measures of meshes for each test subject class based on corner, edge,
dominant and keypoint sites is presented in Fig. 22. For several images of the same subject, qall

is computed for each set of generators. The plot therefore presented shows the relationships of
sets of generators and the overall quality of meshes for tessellated images. In the plot, the trend
indicates that for sets of generators and their tessellations, keypoints give the meshes with the
highest qualities. This is due to the distribution of the sites in such a way that they tend to produce
perfect polygons. Edge generators on the other hand consistently give low quality tessellations.
This is the case because edge sites tend to be clustered together thus producing qualities on the
lower side of the scale. The qualities of corner and dominant generators assume a place in between
those of edge and keypoint tessellations. The qualities of the cells by sets of generators is in
proportion to distributions that tend to give perfect polygons.
The method of centroids of regions defined by image centroids shows how mesh qualities may
be improved (Fig. 23). In this figure, the qualities of the cells have been improved for all sets of
generators. However, the order of mesh qualities has been preserved. This improvement results
from the energy minimization property of centroids and the quasi perfect polygons centroids tend
to produce.

Remark 6.21. What High Quality Meshes Reveal About Tessellated Images.
Sets of sites are used to generate a Voronoï diagram (also called a mesh) on a digital image. Each
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Figure 19. Dominant & Keypoint Centroid Tessellations and Quality Histograms.
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Figure 20. Corner & Edge Centroid Tessellations and Quality Histograms.

region of a site is convex set represented geometrically by a polygon.
Associated with a set of sites are the qualities of the individual cells and their overall quality

measure. So given sets of generators and overall tessellation qualities, the tessellation quality
characterizes the underlying local structure of a collection of Voronoï regions. Quality of Voronoï
polygons give us shape information about the region they cover. For the tessellated spaces, no-
tice that the numbers of interior Voronoï polygons is greater than open border polygons. This
shows that the mesh generation patterns are globular in nature. For example, the following qual-
ity expressions yielding q = 1 would indicate the presence of equilateral triangle and perfect
quadrilateral respectively.

q = 4
√

3A
l2
1 + l2

2 + l2
3

q = 4A
l2
1 + l2

2 + l2
3 + l2

4
.

For small quality measurements as seen for edge point patterns sets, the measures are an indicator
that the generators are on a curve and are closely spaced.
The qualities of cells and the overall quality of a tessellation characterizes the regularity and
repeatability of a mesh generator set. If the space is covered with individual cells all of unit
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Figure 21. Dominant & Keypoint Centroid Tessellations and Quality Histograms.

1 1.5 2 2.5 3 3.5 4

0.35

0.4

0.45

0.5

0.55

0.6

0.65

0.7

Corner (1), edge (2), dominant (3) and keypoint (4) sites

O
ve

ra
ll 

qu
al

ity

 

 
category1
category2
category3
category4
category5

Figure 22. (a) Plot of overall quality factors against choice of sites for image cate-
gories.

quality, it indicates that the pattern points produce perfect polygons in the space. Associated with
this is the simplicity of the design of the underlying pattern. Higher qualities indicate simple and
predictable distributions whiles the converse holds for low qualities. This reveals the regularity
of the points in the distribution of the pattern set. It also follows that the density of the points is
uniform in the plane of the pattern space.
The quality of mesh cells and their associated image spaces give information on the separability
of dot patterns. Generally, the higher the quality the greater the separation between points in the
set. For example, the quality of edge generators is small compared to those of corners, keypoints
and dominant generators and hence the separation of edge point pattern sets is poor compared to
corner, keypoint and dominant pattern sets.
An extension of the separability of dot patterns and their associated factors is the notion of how
adequately the point pattern represents the image space. For example if keypoints are used as mesh
generators, then the generated mesh contains a distribution of polygons that surround objects in
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Figure 23. (a) Plot of overall quality factors against centroids of sites for image cate-
gories.

an image. In other words, the high quality of a keypoint-based mesh yields more information about
image objects. To illustrate, edge tessellations give meshes with overall quality of 0.352 versus
0.665 for keypoint tessellations in Fig. 24.1 and Fig. 24.2 respectively.

24.1: Sufficient1 24.2: Sufficient2

Figure 24. Meshes demonstrating sufficiency of coverings

Another important piece of information furnished by meshes relates to symmetry. The higher
the quality, the greater the symmetry of image objects. High quality meshes tend to have connected
sets of highly symmetrical polygons. To demonstrate symmetry, consider two generators S 1(x1, y1)
and S 2(x2, y2) on either side of a vertical line, y through a nose point. The generators S 1 and S 2

are symmetrical if and only if ∥(x1, y1), y∥ = ∥(x2, y2), y∥. The mesh coverings in Fig. 25 are due to
dominant generators and their centroids. If you draw a vertical line through the center of the nose
region, you would notice that the generators in Fig. 25.2 demonstrate a better reflection of features
than in Fig. 25.1. Symmetry thus furnishes us with a tool for feature location given features on one
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half of the space.

25.1: Symmetry1 25.2: symmetry2

Figure 25. Symmetry of features

Last but not least, the quality of an image mesh covering may be used to estimate image quality.
Two image quality assessment methods will be compared here: Image structural similarity index
(SSIM) and image quality through Voronoï tessellations. SSIM compares normalized local pixel
patterns (Wang et al., 2004). For a signal pair x, y it is defined by (Wang et al., 2004)

S S IM(x, y) =
(2µxµy +C1)(2σxy +C2)
(µ2

x + µ2
y +C1)(σ2

x +σ2
y +C2)

In the definition above, the SSIM between x and y uses signal statistics; the mean values of the
signals µx, µy, their variances σ2

x, σ
2
y , cross correlation between signals σxy and constants C1 and

C2.
Voronoï mesh image quality on the other hand is defined by using the geometry of the polygons
enclosing image object points and regions in a tessellated space. Given the q measures of a tes-
sellated image space, the image quality is defined using qall.
Notice that S S IM(x, y) uses the entire image spaces for image quality assessment and the images
must be of the same size. Besides the size constraint, huge signal sizes can make it a computation-
ally intensive approach. Voronoï analysis of image quality on the other hand uses a small set of
the features used in SSIM. To demonstrate, four image signals and their mesh coverings are given
in Fig. 26 and Fig. 27 respectively.

Table 1. SSIM and Quality Indexes

Image SSIM qall

1 0.5569 0.562207

2 - 0.581664

3 0.5969 0.538463

4 - 0.538030
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26.1: Image 1 26.2: Image 2 26.3: Meshed
Covering 1

26.4: Meshed
Covering 2

Figure 26. An image pair and their meshed domains for SSIM and quality compar-
isons

27.1: Image 3 27.2: Image 4 27.3: Meshed
Covering 3

27.4: Meshed
Covering 4

Figure 27. An image pair and their meshed domains for SSIM and quality compar-
isons

Image quality indicators of the signals in Fig. 26 and Fig. 27 is reported in Table. 1. Note that
although the entire feature space is utilized in the calculation of the SSIM, they are comparable
with those obtained with Voronoï tessellations. Notwithstanding, the Voronoï image quality method
provides a quality indicator for each image whereas two signals are needed to output their SSIM.
The ideal index possible is 1. An image Voronoï index of 1 means that the point pattern spatial
geometry or arrangement is perfectly regular while an SSIM of 1 would mean a perfect match
between the two images.2

Note that there are differences between the SSIM and qall indexes, although small. The dif-
ferences stem from the fact that the mesh approach uses polygonal regions and their shape infor-
mation to capture image quality, whilst the SSIM index depends on all pixel values in the image.
Also, the SSIM index depends on constants, as it it affects the indicators. The mesh approach
however depends on image features only.

Note that mesh qualities show that low overall quality generators are not sufficient descriptors
of image features. On the other hand high mesh qualities indicate important and influential image
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features useful for image and mesh analysis. Also, note that the numbers of generator sites are
different for corner, edge, dominant and keypoint sites. Even though edges tend to have the highest
numbers, their qualities are very poor in comparison to the other generators. This shows that high
quality meshes such as those generated by keypoints identify better the most influential, more well
laid out and important features in image characterization and representation.

7. Conclusion

Voronoï generating points useful in image tessellations and visual image quality analysis have
been identified. Previous works focused on generating points based on random distributions, sites
without consideration of feature locations with scant attention given to resulting mesh quality.
Various mathematical results pertaining to meshes, quality have been identified and proved. Cen-
troidal tessellations have been used as a means to improve tessellation quality. This appears to be a
new way of tessellation quality improvement as the literature hardly considers feature-based cen-
troidal tessellations and resulting qualities. The measurement of image mesh quality offers a means
of choosing suitable mesh generating points or sites based on their sufficiency in characterizing
features of digital images. An important limitation of the model here is that slight perturbation
of generators would mean changing locations leading to possibly different polygonal lengths and
areas, hence the need to readjust or compute quality measures. Choosing a subset of the entire
signal space for generators does not seem to be a significant limitation since it usually covers a
significant portion of the space. However, we can always increase the numbers of generators to
cover larger spaces although at higher computational costs.
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