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Abstract
In this paper, by using some known q-identities, the authors derive several results involving q-series and associated

continued fractions. Some other closely-related q-identities are also considered.
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1. Introduction, Definitions and Notations

For q, λ, µ ∈ C (|q| < 1), the basic (or q-) shifted factorial (λ; q)µ is defined by (see, for
example, (Slater, 1966); see also the recent works (Cao & Srivastava, 2013), (Choi & Srivastava,
2014), (Srivastava, 2011), (Srivastava & Choi, 2012) and (Srivastava & Karlsson, 1985) dealing
with the q-analysis)

(λ; q)µ :=
∞∏
j=0

(
1 − λq j

1 − λqµ+ j

)
(|q| < 1; λ, µ ∈ C), (1.1)

so that

(λ; q)n :=


1 (n = 0)

n−1∏
j=0

(
1 − λq j

)
(n ∈ N)

(1.2)
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and

(λ; q)∞ :=
∞∏
j=0

(
1 − λ q j

)
(|q| < 1; λ ∈ C), (1.3)

where, as usual, C denotes the set of complex numbers and N denotes the set of positive integers
(with N0 := N ∪ {0}). For convenience, we write

(a1, · · · , ak; q)n = (a1; q)n · · · (ak; q)n (1.4)

and
(a1, · · · , ak; q)∞ = (a1; q)∞ · · · (ak; q)∞. (1.5)

In the literature on q-series, there usually are two types of identities as follows:

Type 1. Series = Product

and

Type 2. Series = Series.

The most famous identities of Type 1 are the following Rogers-Ramanujan identities:

∞∑
n=0

qn2

(q; q)n
=

1
(q; q5)∞(q4; q5)∞

(1.6)

and

∞∑
n=0

qn(n+1)

(q; q)n
=

1
(q2; q5)∞(q3; q5)∞

. (1.7)

The identities (1.6) and (1.7) have a remarkably fascinating history. They were first proved in
1894 by Rogers (Rogers, 1894), but his paper was completely overlooked. They were rediscov-
ered (without any published proof) by Ramanujan sometime before 1913. These identities were
discovered again in 1917 and proved independently by Schur (Schur, 1973).

There are numerous q-identities that are similar to the Rogers-Ramanujan identities (1.6) and
(1.7). These include (for example) the q-identities due to Jackson (Jackson, 1928), Rogers (see
(Rogers, 1894) and (Rogers, 1917)), Bailey (see (Bailey, 1947) and (Bailey, 1949)), and Slater
(Slater, 1952) (see also (McLaughlin & Sills, 2009)). In particular, Slater’s paper (Slater, 1952)
contains a list of 130 q-identities of the Rogers-Ramanujan type. On the other hand, in terms of
continued fractions, Ramanujan stated for |q| < 1 that

∞∑
n=0

qn2

(q; q)n

∞∑
n=0

qn(n+1)

(q; q)n

= 1 +
q

1+
q2

1+
q3

1+
· · · . (1.8)
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There are numerous q-identities of Type 2 in the ‘Lost’ Notebook of Ramanujan (see (Ra-
manujan, 1988)) and also in other places in the literature on q-series. Our aim in this paper is to
consider various q-identities of Type 2 in order to establish a number of results involving continued
fractions of the form involved in (1.8).

2. A Set of Main Results

In this section, we propose to derive continued-fraction expressions for the quotients of the
series involved in some known q-identities.

First of all, we consider the following identity (see (Bowman & McLaughlin, 2006, p. 4,
Theorem 1, Eq. (2.10)) and (McLaughlin et al., 2008, p. 41, Eq. (6.1.7))):

∞∑
n=0

qn(n−1)(−γ)n

(γq; q2)n(q2; q2)n
=

1
(γq; q2)∞

∞∑
n=0

qn(n−1)(−γ)n

(q; q)n
. (2.1)

and its companion identity given by (see (Bowman & McLaughlin, 2006, p. 4, Theorem 1, Eq.
(2.11)) and (McLaughlin et al., 2008, p. 41, Eq. (6.1.8)))

∞∑
n=0

qn(n−1)(−γ)n

(γ/q; q2)n(q2; q2)n
=

1
(γ/q; q2)∞

∞∑
n=0

qn(n−2)(−γ)n

(q; q)n
. (2.2)

I. We now investigate the quotient of the right-hand sides of (2.1) and (2.2) as follows:

(γ/q; q2)∞
(γq; q2)∞

∞∑
n=0

qn(n−1)(−γ)n

(q; q)n

∞∑
n=0

qn(n−2)(−γ)n

(q; q)n

=
1 − γ

q
∞∑

n=0

qn(n−2)(−γ)n

(q; q)n

∞∑
n=0

qn(n−1)(−γ)n

(q; q)n

=
1 − γ

q

1 +

∞∑
n=0

qn(n−2)(−γ)n

(q; q)n
−

∞∑
n=0

qn(n−1)(−γ)n

(q; q)n

∞∑
n=0

qn(n−1)(−γ)n

(q; q)n

=
1 − γ

q

1 +

∞∑
n=0

(−γ)nqn(n−2) (1 − qn)
(q; q)n

∞∑
n=0

(−γ)nqn(n−1)

(q; q)n



206 H.M. Srivastava et al. / Theory and Applications of Mathematics & Computer Science 5 (2) (2015) 203–212

=
1 − γ

q

1 +

∞∑
n=1

(−γ)nqn(n−2)

(q; q)n−1

∞∑
n=0

(−γ)nqn(n−1)

(q; q)n

=
1 − γ

q

1 + (−γ/q)
∞∑

n=0

(−γ)nqn(n−1)

(q; q)n

∞∑
n=0

(−γ)nqn2

(q; q)n

. (2.3)

Proceeding in the same way, we find that

(γ/q; q2)∞
(γq; q2)∞

∞∑
n=0

qn(n−1)(−γ)n

(q; q)n

∞∑
n=0

qn(n−2)(−γ)n

(q; q)n

=
1 − γ

q

1−
(γ/q)

1−
γ

1−
γq
1−

γq2

1−
γq3

1−
· · · . (2.4)

From (2.1), (2.2) and (2.4), we have

∞∑
n=0

qn(n−1)(−γ)n

(γq; q2)n(q2; q2)n

∞∑
n=0

qn(n−1)(−γ)n

(γ/q; q2)n(q2; q2)n

=
1 − γ

q

1−
(γ/q)

1−
γ

1−
γq
1−

γq2

1−
γq3

1−
· · · . (2.5)

The following special cases and consequences of (2.5) are worthy of note. Firstly, upon setting
γ = −q in (2.5), we get

∞∑
n=0

qn2

(q4; q4)n

∞∑
n=0

qn2

(−1; q2)n(q2; q2)n

=
2

1+
1

1+
q

1+
q2

1+
· · · , (2.6)

which, in light of the known result (Andrews & Berndt, 2005, p. 87, Entry (3.2.3)), yields

2(q; q5)∞(q4; q5)∞
(q2; q4)∞

∞∑
n=0

qn2

(−1; q2)n(q2; q2)n
= 1 +

1
1+

q
1+

q2

1+
· · · . (2.7)
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If we use another known result (Andrews & Berndt, 2005, p. 153, Corollary (6.2.6)) in (2.7),
we obtain

2
∞∑

n=0

qn2

(−1; q2)n(q2; q2)n
=

(q2; q4)∞
(q; q5)∞(q4; q5)∞

+
(q2; q4)∞

(q2; q5)∞(q3; q5)∞
. (2.8)

We next set γ = −q3 in (2.5) and obtain

∞∑
n=0

qn2+2n

(−q4; q2)n(q2; q2)n

∞∑
n=0

qn(n+2)

(q4; q4)n

=
1 + q2

1+
q2

1+
q3

1+
q4

1+
· · · , (2.9)

which, in conjunction with a known result (Andrews & Berndt, 2005, p. 87, Entry (3.2.3)), yields
the following consequence of (2.5):

(q2; q5)∞(q3; q5)∞
(q2; q4)∞

∞∑
n=0

qn(n+2)

(−q2; q2)n+1(q2; q2)n
=

1
1+

q2

1+
q3

1+
q4

1+
· · · . (2.10)

II. Let us consider the following q-identity of Type 2 (see (Bowman & McLaughlin, 2006, p. 4,
Theorem 1, Eq. (2.7)) and (McLaughlin et al., 2008, p. 40, Eq. (6.1.4))):

∞∑
n=0

(a; q)n

(q; q)n
γnqn(n−1)/2 = (−γ; q)∞

∞∑
n=0

(−aγ)n qn(n−1)

(−γ; q)n(q; q)n
, (2.11)

which, upon replacing γ by γq, yields

∞∑
n=0

(a; q)n

(q; q)n
γnqn(n+1)/2 = (−γq; q)∞

∞∑
n=0

(−aγ)nqn2

(−γq; q)n(q; q)n
. (2.12)

By taking the quotient of the left-hand sides of (2.11) and (2.12), we find that

∞∑
n=0

(a; q)n

(q; q)n
γnqn(n+1)/2

∞∑
n=0

(a; q)n

(q; q)n
γnqn(n−1)/2

=
1

1 +

∞∑
n=0

(a; q)n

(q; q)n
γnqn(n−1)/2 −

∞∑
n=0

(a; q)n

(q; q)n
γnqn(n+1)/2

∞∑
n=0

(a; q)n

(q; q)n
γnqn(n+1)/2

=
1

1 +

∞∑
n=1

(a; q)n

(q; q)n−1
γnqn(n−1)/2

∞∑
n=0

(a; q)n

(q; q)n
γnqn(n+1)/2
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·
1

1 + γ(1−a)
∞∑

n=0

(a; q)n

(q; q)n
γnqn(n+1)/2

∞∑
n=0

(aq; q)n

(q; q)n
γnqn(n+1)/2

. (2.13)

It is easily observed that

∞∑
n=0

(a; q)n

(q; q)n
γnqn(n+1)/2

∞∑
n=0

(aq; q)n

(q; q)n
γnqn(n+1)/2

= 1 +

∞∑
n=0

(a; q)n

(q; q)n
γnqn(n+1)/2 −

∞∑
n=0

(aq; q)n

(q; q)n
γnqn(n+1)/2

∞∑
n=0

(aq; q)n

(q; q)n
γnqn(n+1)/2

= 1 +

∞∑
n=0

(aq; q)n−1(−a)(1 − qn)
(q; q)n

γnqn(n+1)/2

∞∑
n=0

(aq; q)n

(q; q)n
γnqn(n+1)/2

= 1 −
aγq

∞∑
n=0

(aq; q)n

(q; q)n
γnqn(n+1)/2

∞∑
n=0

(aq; q)n

(q; q)n
γnqn(n+3)/2

, (2.14)

which, when combined with (2.14), yields

∞∑
n=0

(a; q)n

(q; q)n
γnqn(n+1)/2

∞∑
n=0

(a; q)n

(q; q)n
γnqn(n−1)/2

=
1

1+
γ(1 − a)

1−
aγq

∞∑
n=0

(aq; q)n

(q; q)n
γnqn(n+1)/2

∞∑
n=0

(aq; q)n

(q; q)n
γnqn(n+3)/2

. (2.15)

Finally, by iterating the above process, we get the following result:

∞∑
n=0

(a; q)n

(q; q)n
γnqn(n+1)/2

∞∑
n=0

(a; q)n

(q; q)n
γnqn(n−1)/2

=
1

1+
γ(1 − a)

1−
aγq
1+

γq(1 − aq)
1−

aγq3

1+
· · · . (2.16)
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Applying the q-identities (2.11), (2.12) and (2.16), we find that

∞∑
n=0

(−aγ)nqn2

(−γq; q)n(q; q)n

∞∑
n=0

(−aγ)nqn(n−1)

(−γ; q)n(q; q)n

=
(1 + γ)

1+
γ(1 − a)

1−
aγq
1+

γq(1 − aq)
1−

aγq3

1+
· · · , (2.17)

which, upon setting γ = −q, yields

∞∑
n=0

anqn(n+1)

(q2; q)n(q; q)n

∞∑
n=0

anqn2

[(q; q)n]2

=
(1 − q)

1−
q(1 − a)

1+
aq2

1−
q2(1 − aq)

1+
aq4

1−
· · · . (2.18)

In its further special case when a = 1, (2.18) yields

∞∑
n=0

qn(n+1)

(q; q)n+1(q; q)n
=

∞∑
n=0

qn2

(q; q)2
n
=

1
(q; q)∞

. (2.19)

For γ = 1 and a = −q, we find from (2.17) that

∞∑
n=0

qn(n+1)

(q2; q2)n

∞∑
n=0

qn2

(−1; q)n(q; q)n

=
2

1+
(1 + q)

1+
q2

1+
q(1 + q2)

1+
q4

1+
· · · . (2.20)

If, instead, we put γ = 1 and a = q in (2.17), we get

∞∑
n=0

(−1)nqn(n+1)

(q2; q2)n

∞∑
n=0

(−1)nqn2

(−1; q)n(q; q)n

=
2

1+
(1 − q)

1−
q2

1+
q(1 − q2)

1−
q4

1+
· · · . (2.21)

We now recall a known result (Andrews & Berndt, 2005, p. 152, Entry (6.2.32)) with a = −1
as follows:

∞∑
n=0

(−1)nqn(n+1)

(q2; q2)n
=

1
(−q; q)∞

∞∑
n=0

qn(n+1)/2 = (q2; q2)∞, (2.22)

which, in combination with (2.21), yields

2
(q2; q2)∞

∞∑
n=0

(−1)nqn2

(−1; q)n(q; q)n
= 1 +

1 − q
1−

q2

1+
q(1 − q2)

1−
q4

1+
· · · . (2.23)
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III. Let us consider the following known q-identity (see (Bowman & McLaughlin, 2006, p. 4,
Theorem 1, Eq. (2.9)) and (McLaughlin et al., 2008, p. 40, Eq. (6.1.6))):

∞∑
n=0

q3n(n−1)/2 γn

(γ; q2)n(q; q)n
=

1
(γ; q2)∞

∞∑
n=0

qn(2n−1)γn

(q2; q2)n
, (2.24)

which, upon replacing γ by γq2, yields

∞∑
n=0

qn(3n+1)/2 γn

(γq2; q2)n(q; q)n
=

1
(γq2; q2)∞

∞∑
n=0

qn(2n+1)γn

(q2; q2)n
. (2.25)

For the quotient of of the right-hand sides of (2.24) and (2.25), we have

(1 − γ)
∞∑

n=0

qn(2n+1)γn

(q2; q2)n

∞∑
n=0

q2n2−nγn

(q2; q2)n

=
(1 − γ)

1 +

∞∑
n=0

γnqn(2n−1)

(q2; q2)n
(1 − q2n)

∞∑
n=0

γnqn(2n+1)

(q2; q2)n

=
(1 − γ)

1 +

∞∑
n=1

γnqn(2n−1)

(q2; q2)n−1
∞∑

n=0

γnqn(2n−1)

(q2; q2)n

=
(1 − γ)

1 + γq
∞∑

n=0

γnqn(2n+1)

(q2; q2)n
∞∑

n=0

γnqn(2n+3)

(q2; q2)n

. (2.26)

Proceeding in the above way, we obtain

(1 − γ)
∞∑

n=0

qn(2n+1)γn

(q2; q2)n

∞∑
n=0

qn(2n−1)γn

(q2; q2)n

=
(1 − γ)

1+
γq
1+

γq3

1+
γq5

1+
γq7

1+
· · · . (2.27)

Finally, by applying (2.24), (2.25) and (2.27), we get

∞∑
n=0

qn(3n+1)/2γn

(γq2; q2)n(q2; q2)n

∞∑
n=0

q3n(n−1)/2γn

(γ; q2)n(q2; q2)n

=
1 − γ
1+

γq
1+

γq3

1+
γq5

1+
γq7

1+
· · · . (2.28)
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In its special case when γ = −1, we find from (2.28) that

∞∑
n=0

(−1)nqn(3n+1)/2

(q4; q4)n

∞∑
n=0

(−1)nq3n(n−1)/2

(−1; q2)n(q2; q2)n

=
2

1−
q

1−
q3

1−
q5

1−
q7

1−
· · · . (2.29)

Many other similar results involving q-series and associated continued fractions can also be
derived analogously.

3. Concluding Remarks and Observations

While q-identities of Type 1 include such important and widely-investigated results as the cel-
ebrated Rogers-Ramanujan identities, we have successfully derived several families of q-identities
of Type 2 involving q-series and associated continued fractions. We have also considered some
other closely-related q-identities of Types 1 and 2.

Such q-series identities of Type 2 as (for example) (2.1), (2.2), (2.11) and (2.24), upon which
our present investigation depends remarkably heavily, are derivable as special or limit cases of
relatively more familiar known q-identities (see, for details, (Bowman & McLaughlin, 2006, pp.
4–7) and (McLaughlin et al., 2008, p. 42)).
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