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Abstract

In this note, the reader is invited to a walk through tropainifields and the places where they border on
“ordinary” algebra. Though mostly neglected in today'stlees on algebra, we point to the places where tropical
structures inevitably pervade, and show that they fredquemtcur in ring theory and classical algebra, touching at
least functional analysis, and algebraic geometry. Spatlifj it is explained how valuation theory, which plays
an essential part in classical commutative algebra andegegeometry, is essentially tropical. In particular, it
is shown that Eisenstein’s well-known irreducibility eriton and other more powerful criteria follow immediately
by tropicalization. Some applications to algebraic equegtiin characteric 1, neat Bézout domains, and rings of
continuous functions are given.
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1. Introduction

Mathematical ideas quite often originate from natural scés where experiments help to un-
derstand what happens behind reality. In chemistry, thalusethod to analyse a matter is by
heating until the components begin to separate. “Tropicathematics did not quite emerge in
that way, but at least one of its founders (Imre Simon) waskimgron it in the sunny regions of
Brazil.

To illustrate the basic process, consider the function

a+pb:=(a"+bP)YP

for positive real numbera, b. At “room temperature”|y = 1), the functiora +; b is just ordinary
addition inR. Now turn on the heating - proceed unpil— oo to get the real number system to
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melt. Recall that F. RiesR{esz 1910 made such an experiment already in 1910, which led him
to the invention of Lebesgue spadeqR). If pis replaced by the Planck constant= —:; the
limit processh — 0 is known as aequantizatiorfLitvinov, 2009. Indeed, the passage frdrhto
L* bears a certain analogy to the correspondence principleantgm mechanic8phr, 1920.

Now what remains after melting the real number system?pFerco, ordinary additiora + b
in R turns intoa v b := max{a, b}. The additive group oR becomes a semigroup, the fiétdof
real numbers turns into the semifiéig,., of tropical real numbersinvestigated in the 1987 thesis

of Imre Simon E§imon 1987). A remarkable feature d& . is that its addition is idempotent:

ava=a

Thus, if there would exist additive inverses, the whole exystvould collapse into the zero ring.
So is there any reason to regard the elemeniinf as numbers? Before taking up this question
seriously, let us content ourselves for the moment withrrigfg back to F. Riesz’ early work on
LP-spaces. Here the connection betwgea 1 andp = « is very tight:L*(R) is just the Banach
space dual oE*(R).

Hilbert once placed the number system between the threerdiional space and the one-
dimensional time, saying that numbers are ‘two-dimengioaich a statement would still have
shocked the mathematical community in the days of Euler vdiled imaginary numbers “im-
possible” Euler, 1911). Nowadays, the two-dimensionality is firmly justified byadytical and
algebraic reasons, the latter consisting in the algebtagedness of. On the other hand, two-
dimensionality would not make sense without reference edtise fieldR which is “really” fun-
damental.

In the tropical world, there is no such distinction: the degid of tropical reals is “alge-
braically closed”. Making this precise is a good exercise an invitation to be more careful in
stating the ‘fundamental theorem of algebra’. To be suee|atier does not mean thaterycom-
plex polynomial has a root - the non-zero constants have exbleided. This triviality becomes
relevant in the wonderland of tropical algebra: there avpital semifields where (non-constant)
linear equations need not be solvable. Roots and solutiigmslynomial equations fall apart, and
quadratic equations need not be solvable by radicals. Oottiee hand, every algebraic equation
can be reduced to quadratic ones.

In this paper, classical algebra is revisited with regarttdpical structures, and it is shown
that they occur at various places. Apart from a revision ohifelds of characteristic 1, we
add new characterizations for their algebraic closednBssagrem6.1). A connection with neat
Bézout domains is given in Corollary 2. As a second appboatve show that if the semifield of
characteristic 1 corresponding to &group%’(X) of contiuous functions on a completely regular
spaceX is algebraically closed, the spa¥emust be an F-space, that is, the corresponding ring
C(X) of continuous functions is a Bézout ring (Corollary 3).

Another motivation to study semifields of characteristicoines from a recent, highly con-
jectural branch of arithmetic geometry. Since André Wkédtshed his diagonal argumem/éil,
194Q 1941)) to tackle the Riemann hypothesis, some research groupslgaglve under the sur-
face ofZ, searching for its “base field” to make(a ring of Krull dimension one) into an algebra
over that field (see, e. gGConnes & Consanl01Q 2011, Deitmar, 2008 Soulé 2011)). The way
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to this non-existing, mysterious, “field” of characteristi inevitably leads through the tropical
region. By Propositior2.2, this hot region is nothing else than the vast and well-desd theory
of lattice-ordered abelian groups.

2. The forgotten characteristic

To include the result of a dequantization, we are advisedtwsider semifields instead of
fields. More generally, @aemiringis an abelian monoidA; +, 0) with a multiplicative monoid
structure(A; -, 1) satisfying the distributive laws aral 0 = 0-a = 0 for alla € A. If the group of
(multiplicatively) invertible elements, thenit group A, coincides withA\ {0}, we callA asemi-
skewfield If, in addition, the multiplicative monoid is commutativ& is said to be aemi-field
For example, the above mention&., is a semifield.

A morphismin the category of semirings is a mdp A — B which satisfies

f(a+b)
f(a-b)

f(a)+ f(b), f(0)=0
f 1.

f
@-f(b),  f(1)=

Like in the category of rings, there is an initial object, gemiringN of non-negative integers:
For any semi-ringA there is a unique morphisot N — A. The image ot is the intersection
of all sub-semirings oA, the prime semiringof A. Similarly, every semi-skewfielé contains a
smallest sub-semi-skewfield. If it coincides wahwe call A a prime semi-skewfield

In general, the kernel Ker:= {n e N | ¢(n) = 0} is not of the formNp for somep € N. For
example] := N\ {1,2,4,7} is an ideal of the semirinly which occurs, e. g., as the grading of a
simple curve singulatityGreuel & Knorrer 1985. ThusN/I is a finite semiring with Kefc) = 1.
On the other hand, there exist congruence relation¥ arhich do not come from an ideal, even
if Ais a semifield. For example, 18t:= {0, 1} be the semifield with + 1 = 1. Thenc: N — B
satisfiexc(n) = 1 forn = 0. Soc has a trivial kernel, while it is far from being a monomorphis

Note thatB is the prime a sub-semifield &, ... Therefore, we writa v b for the addition in
B. SoB is a Boolean algebra with A b := ab. The reader will notice tha can be derived from
the prime fieldF, viaa v b = a+ b + ab, but not vice versa.

Definition 2.1. We define theharacteristiccharA of a semiringAto be the smallestinteger> 0
with c(n + p) = c(n) for somen € N. If such an integep does not exist, we set char.= 0.

In analogy to the theory of skew-fields, we have (&ufnp 2015, Proposition 1)

Proposition 2.1. Every prime semi-skewfield is a semifield. Up to isomorphilsenprime semi-
fields areQ*, B, and[F, for rational primes p. In particular, the prime semifieldsatetermined
by their characteristic.

Proof. LetF be a prime semi-skewfield. Assume first that dhar 0. ThenN can be regarded
as a sub-semiring df. Every non-zeram € N has an invers% in F which commutes with all
elements olN. Hence{T | m,ne N, n > 0} is a sub-semifield isomorphic to the positive cdpe

of Q.
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Now assume thagt := charF = 0. Then there is an integare N with c(n) + c(p) = ¢(n). As
this equation holds for almost ail we can assume thatis a multiple ofp. Adding multiples of
c(p) on both sides, the equations obtained in this way imply¢hat+ c(n) = c(n). If c(n) = 0,
thenc(p) = 0, and the usual argument shows tb@f) ~ F, for a primep. Otherwise, we obtain
c(1) + c(1) = c(1), which yieldsc(N) ~ B. O

So the possible prime semifields are

Q+’ B? ]E‘z’ F3’ FS’ F?’ AR

including the prime field& , and a natural sub-semifield @ Note that formallyQ™* carries more
information thanQ: The positive cone provide® with its natural ordering. Thuf)* connects
arithmetic (the semiringy) with algebra and analysis (the ordered fi€dind its completiorR),
while the newcomeB bridges the gap between algebra and logic.

Every semifield contains one of the prime semifields accgrtbnts characteristic. For fields,
this is a well-known piece of algebra. So the question aiig®e the “logical” semi-skewfields,
those containind, look like. By Propositior2.1, they are of characteristic 1, which means that
they satisfy the equationdl = 1. Recall that a partially ordered group is said tddigce-ordered
or an{-groupif the partial order is a lattice. For the theory &froups, the reader is referred to
(Anderson & Fei) 1988 Bigardet al,, 1977 Darne| 1995 Glass 1999. The commutative case
of the following result is due to Weinert and Wiegandiginert & Wiegandt1940. Similar ideas
have been developed independently by several authorsGasee(la201Q Lescof 2009, and the
literature cited there).

Proposition 2.2. Up to isomorphism, there is a one-to-one correspondencedsst/-groups and
semi-skewfields of characteristic 1.

Proof. Note first that a semi-skewfiel is of characteristic 1 if and only & + a = a holds
for allae F. Then it easily checked that

a<b:=a+b=>b (2.2)

makesF into a v-semilattice witha v b := a + b. Furthermore, the distributivity shows that
is an¢-group. Conversely, everrgroupG can be made into a semi-skewfigid:= G L {0} by
adjoining a smallest element 0 wit@- a0 = 0 for alla € G. SinceG* = G andF* = F, the
correspondence is bijective. O

In particular, semifields of characteristic 1 are equivaterabelian/-groups, and our prime
semifieldB corresponds to thé-group of order one. For those who would like to prove the
Riemann hypothesis, we should add tBas not identical with the desperately sought fi&ld- it
is still “too big™!

3. Tropical semi-domains

To study field extensions, one has to understand polynomgs first. Thus, in characteristic
1, we have to deal with polynomials over the semifiéldf an abeliarf-groupG. For an arbitrary
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field K, there are many integral domains with quotient figldIf K is an algebraic number field,
there is a canonical subring - the ring of integers - with quotient field. Similarly, any semifield
G of characteristic 1 has a canonical sub-semi@ng = G~ L {0}, whereG™ is the negative cone
of G. (Since 0 is the smallest element@fthe cone that touches 0 is the negative one.)

Definition 3.1. We define asemi-domaino be a commutative semiringy satisfyingac = bc =
a = bfor ab,c e Awithc = 0. We callA tropical if there exists an abeliaftgroupG with
A=G.

In particular, a semi-domain has no zero-divisors. An isic description of tropical semi-
domains is obtained as follows. Recall thah@op (Blok & Ferreirim, 2000 is a commutative
monoidH with a binary operation- such that the following are satisfied for allb, c € H:

a—a=1
ab—-c=a—-(b—c
(a— b)a= (b— a)b.

Every hoop is ax-semilattice with respect to theatural partial order
a<b < dceH:a=cbh < a—>b=1

A hoop is calledself-similar (Rump 200§ if it is cancellative. (For an explanation of the ter-
minology and equational characterizations, $eenip 2008, Proposition 5.) Every self-similar

hoopH has a group of fractions, thetructure group GH) of H, which consists of the fractions

abwitha be H.

Proposition 3.1. Up to isomorphism, there is a one-to-one correspondencedsst
(a) semifields of charatceristic 1,
(b) tropical semi-domains,
(c) abelian¢-groups, and
(d) self-similar hoops.

Proof. The equivalence between (a) and (c) follows by ProposRi@nwhile the equivalence
between (b) and (c) is obvious. For an abeliagroupG, we define

a—>b:=batlsrl

fora,b e G~. By (Rump 2008, Section 5, this makeS~ into a self-similar hoop with structure
groupG. Conversely, the structure gro@jH) of a self-similar hoogH is an abeliarf-group with
G(H)~ = H by (Rump 2008, Proposition 19. O]

Note that PropositioB.1implies that a self-similar hooH is a lattice. Explicitly, the join is
given by the formula
avb=(a—b)—b

which is well known from the theory of BCK algebradséki & Tanaka1978.
The concept of Grothendieck groupafg 1965 extends to semirings as follows.
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Definition 3.2. Let A be a commutative semiring. We define i@eal of A to be an additive
submonoid which satisfies
acA bel = abel. (3.2)

We say that an ided is primeif A~ P is a submonoid oA.
Let| be an ideal of a commutative semiring. Then
a~b < dcel:a+c=b+c

is an equivalence relation, and it is easily checked thatat congruence relation. So the equiv-
alence classes form a commutative semiwg, the factor semiringmodulol. There is also a
concept of localization.

Proposition 3.2. Let P be a prime ideal of a commutative semiring A. There €&ishorphism
q: A — Ap of semirings with ¢A \. P) < AJ such that every morphism: fA — B of semirings
with f(A~ P) < B* factors uniquely through g.

Proof. Define an equivalence relation on the multiplicative morid (A . P):
(a,b) ~ (c,d) ;<= Ise A~ P:ads=bcs (3.2)

Thenx ~ yimpliesxz ~ yzfor all x,y,z€ A x (A~ P). So~ is a congruence relation on
A x (A~ P). As usual, we writg for the equivalence class ¢, b). So the equivalence classes
form a commutative monoids with a morphismg: A — Ap given byq(a) := . Moreover,
d(A~ P) < AJ. Furthermore, it is easily checked that

a ¢ ad+bc

b d ~ " bd
is well defined and make&p into a commutative semiring such thmbecomes a morphism of
semirings. Now the universal property is straightforward. ]

We call Ar thelocalizationof A at P. If the zero ideal is prime, the localization at O yields the
quotient semifield KA) of A.

Note that there are semiringswhere 0 is prime, buf is not a semi-domain. For example, let
K be a semifield. We define(formal) polynomiako be an expression

f=ay+aXx+ax+ -+ aX

with g € K. If f = 0, say,a, = 0, we call deg := nthedegreeof f. Thus, with the usual
operations, the formal polynomials make up a semiidg), and 0 is a prime ideal. To see that
K{x) need not be a semidomain, consider the casekcharl, that is,K = G for an abeliar¢-
groupG. Consider two elements b € G with a < b. Then the two formal polynomiabsy bxv x?
anda v (av b)x v x? are distinct. However,

(@ v bxv x)(av x) = (@ v (avbxvx¥)(avx),
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which shows thaG(x) fails to be a semi-domain! That is the reason why we spedbrofial
polynomials.
If Ais a semidomain, the equivalen@32) simplifies to
a ¢

which implies that all localization8p can be regarded as sub-semidomainis @F).

Example. Let A be a semidomain of characteristic 1. The quotient semiKgW) is of the form
K(A) = G with an abeliart-groupG, and the monoidh ~. {0} = A n G is a v-sub-semilattice.
However,A n G need not be the negative cone®f Indeed, this happens if and only Af is

tropical. Assume this from now on. By Definitich2, an ideal ofA is the same as &-sub-

semilattice which is a downset. So the complen@nt A~ P of a prime ideaP of A is a convex
submonoid ofc~ with the property

avbeQ = aeQorbeQ,

that is,Q is the negative cone of a prinfddeal inG (see Darnel| 1995, Definitions 8.1 and 9.1).
In other words, there is a one-to-one correspondence betgraeae ideals oA and primef-ideals

of G. According to Darne| 1995, Proposition 14.3, the prime ideals Afcan be identified with
the prime filters of the negative coe (with the reverse ordering). Note that the zero ideahof
corresponds t&, the “trivial” prime ¢-ideal of G, which should not be excluded from the prime
spectrum ofG.

Definition 3.3. Let K be a semifield. The elements of the quotient semifiglg) of K(x) will be
calledrational functionsin x. We write K[x] for the image of the natural magp(x) — K(x) and
call the elements df[x] polynomialsn x.

4. Divisors in characteristic 1

In classical algebraic geometry, divisors are intimatelgreected with line bundles, invertible
sheaves, linear systems, and embeddings into projectaeesp Therefore, they play a decisive
role. Here we shall study their behaviour in characteristi

Thus, letG be an abelia-group. As a latticeG is distributive. So the elements &f can
be regarded as functions on a set. Let us take the simplestdeereG satisfies the ascending
chain condition. By a theorem of Birkifia[Birkhoft, 1942, this implies that is a cardinal sum
G = pePZ with basisP. (Such¢#-groups naturally arise as groups of fractional ideals of a
Dedekind domain.) So each interfa b] := {c € G|a < ¢ < b} has a composition series
a=Cy<C < < C, = bwith atomic interval§c, ¢, 1] = {ci, ci,1}. For a diagram

avb

N\
N

anb

(4.1)
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with a,b € G, the intervalda A b,a] and[b,a v b] are said to bésomorphic in analogy with
the isomorphism theorem in group theodisomorphisnbetween intervals is then defined by finite
sequences of elementary isomorphisihg)( So each paia, b € G can be connected by a finite
chaina = ¢y, ¢y, ..., C, = bin G, with atomic intervaldc, ¢, 1] or [¢i,1, G]. If we attach a factor
—1totheintervals of the second type, the total count of isguiniem classes of atomic intervals on
such a connecting path merely depends on the pair of end@int Regarding the isomorphism
classes of atomic intervals as “points”, every elengeniG is completely determined by the formal
Z-linear combination of points encountered on a path betWesarda which is independent of the
chosen path. For algebraic curves, a forffxdinear combination of points is calleddavisor.

In general, there are no atomic intervals. So we have to wattHor a substitute. This
naturally leads to the following

Definition 4.1. Let G be a (multiplicative) abeliafi-group, and leD be the subgroup of the free
abelian grouZ(©) generated by the elements

(avb)+(anb)—a—Db

with a, b € G. The factor group Di{G) := Z(® /D will be called the group oflivisorsof G. The
natural mags — Div(G) will be denoted bya — [a].

In the special case of a noetherian gra@ipt is clear that the homomorphis@& — Div(G) is
injective. In general, this follows sind@ — Div(G) admits a retraction DiG) — G, given by
the map

Mmlay] + -+ nfa]— ar---ar.

The retraction is well defined by virtue of the equation
(av b)(anb)=ab,
which holds in every abeliaftgroup. However, even fdg = Z, the embedding
G — Div(G)

is far from being surjective. Instead, the group @Y tells us much about the polynomial semi-
domainG[x].

Let G(x) := (§(x)X be the abelia-group which is freely generated & and a single inde-
terminatex. Similarly, we seG[x] := G[x] n G(x). The degree of non-zero polynomials extends
to a homomorphism

deg:G(x) — Z.

of abelian/-groups. For ordinary fields, the degree function ded<(x)* — Z is also important,
but it is not a homomorphism of rings. So the degree of a patyabor rational function in
classical algebra signalizes a tropical structure!

The reader may check that

(xv (@avh))(xv(@anab))=(xva)xvb)
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holds for alla,b € G. To generalize this fact, recall that an abeliagroupG is divisibleif every
a € G admits am-th root for each positive integex or equivalently, the pure equation

X'=a

is solvable for anya € G. (If G is written additively, this just means th@&tcan be regarded as a
Q-vector space.) Now we haveRigmp 2015, Theorem 1):

Fundamental theorem for abelian¢-groups. Let G be a divisible abeliafi-group, and let K:=
G be the corresponding tropical semifield. Every non-zefyrpomial f € K[x] has a unique
factorization

f=a(xvd)(Xvdy): - (Xvdy (4.2)

withaeGandd <d, < --- <d,inK.

ForK = R}, this theorem is known as the “fundamental theorem of tamtgebra” (see,
e. g., Cuninghame-Green & Meijed980). Two things are remarkable. First, theots d <

- < d, have to be put into linear order - otherwise, they won't bequei The roots of a
polynomial are in fact nothing else than its divisor. So imtrast to divisors of algebraic curves,
tropical divisors are not unique as unordered point setsmiiltiplicities. For the divisofa] + [b],
the equivalence tfa v b] + [a A b] can be seen from the basic relation of Definitibf.

Secondly, the rootd; < - -- < d, are not the zeros, because no non-zero polynofriakK | x|
satisfiesf(a) = O for anya € G. Only equationsf (x) = g(x) for a pair of polynomials are
sensible! So the question whether polynomial equationdeasolved irG is not answered by the
fundamental theorem. We will come back to this in Section 5.

By the fundamental theorem, there is a well-defined map
div: G[x] — Div(G%) (4.3)
for any abeliart-groupG with divisible closureGY, given by
div(f) := [di] + [d2] + - - - + [dn]
for a non-zero polynomial(2). Every rational functiorf € G(x) can be written as
f=axXx(xvd)"(xvdy)? - (xvd)™ (4.4)

with a,dy,...,d; € G, andno,...,n, € Z. In contrast to polynomials wherg,...,n, € N, the
d; cannot be put into linear order, which means that they areinigjue! Howevera andng are
unique. So le(x)° denote the subgroup of rational functiohg G(X) with a = 1 andng = 0.
Then Rump 2015, Theorem 2, yields

Theorem 4.1.Let G be a divisible abeliadi-group. The mag4.3) extends uniquely to a group
isomorphism
div: G(x)° =~ Div(G)
with inverse mapal — (x v a).
This gives a complete description of the divisor group (Giyand its relationship to the unit

group ofG(x), namely,
G(x) = G x Z x G(x)°.
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5. Dequantization of Prifer and Bézout domains

Proposition3.1 suggests a study of abeligrgroups via semi-domains. A first step of this
program has already been taken in Section 3, where a decdmopax polynomials into linear
factors has been achieved. Now let us come “back to the ro®ts8 good news is that they are
most easily calculated from the d@ieients. For an abeliafigroupG and a polynomialf =
ag+ X+ a4+ -+ apx" e é[x] with apa, = 0, it is not hard to show that all céiientsa; can
be assumed to be non-zero, that is, they belor@.t¢This is of course not true for polynomials
over a field, but note that in the tropical case, the zero etnsethe absolutely smallest one,
smaller than every element &) By (Rump 2015, Propositions 3 and 4, we have the following
explicit formula for the rootsd; = bi_lbi‘l, where

b :=a; v \/ (@8 )=,

i<j<k

So the rootg, of each polynomial are expressible in termskah roots, wheré does not exceed
the degree of the polynomi&l Compared with theféorts of classical algebra up to the final stroke
after Rufini, Abel, and Galois - a quick victory!

However, as already mentioned, roots are not solutionseftleiess, the decomposition into
linear factors indicates a close relationship to classoaitions. Indeed, here is a point where
tropical algebra applies to the classical case.

Recall that aractional ideal of an integral domairfR with quotient fieldK is a non-zerd=-
submoduld of K such that — Rafor somea € K*. A fractional ideall is said to banvertible
if there is a (necessarily unique) fractional idéat with 1711 = R. Note that every invertible
fractional ideal is finitely generated. An integral dom&ns said to be &rufer domain(see
(Gilmer, 1992, chap. IV) if the non-zero finitely generated ideals aresitible. If every non-zero
finitely generated ideal dRis principal (hence invertibleR is called aBézout domain

The invertible fractional ideals of a Prufer dom&iform an abeliaf-groupG(R) with respect
to inclusion. Note that

IT+HUnIJ) =13

holds forl,J € G(R), which shows thaG(R) is closed under finite intersection. In the special
case thaRis a Bézout domain/G(R); o) can be identified withkK* /R*, thegroup of divisibility
of R (see Gilmer, 1992, section 16).

For a Prufer domaif, the finitely generated ideals form a tropical semi-don#(R) ", the
dequantizatiomf R. By Propositior8.2and the J&ard-Ohm correspondencégfard, 1953 Ohm,
1966, every tropical semi-domain occurs as the dequantizati@enBézout domain. Thus, trop-
ical algebra makes noftlerence between Priifer domains and the more special Bdnouains.
SinceA(R)~ is a semi-domain, we consider its quotient semifig{&), consisting of all finitely
generatedR-submodules oK. There is a natural map

t: K > AR) (5.1)

from the quotient fielK of R to A(R), given byt(a) := Ra Note thatt is a monoid homomor-
phism, but not a morphism of semirings sirkf@ + b) need not be equal Ra+ Rb.
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This is by no means an anomaly. To the contrary, here is anptiiet where tropical concepts
enter the classical world. Recall thavaluationof a fieldK is a functionv: K — I' into a totally
ordered abelian group, augmented by an elementwith @ + o = oo for all @ € T L {00} such
that the following are satisfied:

v@a=w < a=0 (5.2)
v(ab) = v(a) + v(b) (5.3)
v(a+ b) = min{v(a), v(b)}. (5.4)

In a time where order-theoretic terms have been almost cagipleliminated from the standard
curriculumt, such a functiorv which is not a morphism in any sense should sting in the eyé! Le
us rewrite 6.2)-(5.4) as follows. Endow" with the opposite order and write it multiplicatively.
Thenoo becomes O witlr - 0 = O for all @ € T Ly {0}, and the inequalityg.4) turns into

v(a+b) <v(a) v v(b).

Sol' := I' L {0} becomes a tropical semifield. The map1j is characterized by the following
universal property:

Proposition 5.1. Let R be a Prifer domain with quotient field K. Then every atidin v: K — r
with V(R) < 1 factors uniquely through:tk — A(R)

t
K

AR)
 f (5.5)
v
r

such that f A(R) — I is a morphism of semifields.

Proof. Definef: A(R) — I' by f(I) := \/{v(a) | a< I}. Since every € A(R) is of the form
| = Ra+---+Ra, everya=ria;+ - +rya, € | withr; € Rsatisfies/(a) < v(ay) v--- v Vv(ay),
which shows thaf is well defined and renderS.6) into a commutative diagram. The uniqueness
of f is obvious. [

For an abeliaf-groupG, the pure polynomial 1/ X" is “purely inseparable”:
1vx'=(1vx"

Therefore, the Frobenius identity
(avb"=a"vp

LIt seems that Grothendieck’s aversion against valuatiansits bearing on this. In a letter of October 26, 1961,
Serre complained: “You are very harsh on Valuations! | mtrsonetheless in keeping them, for several reasons ...".
Grothendieck’s unrepentant response (October 31, 198bur‘argument in favor of valuations is pretty funny ...”
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holds inG, and Darnel| 1995, 47.11, implies thaG is a subdirect product of linearly ordered
abelian groups. Thus, for a Prifer dom&irnthe diagram.5) can be expressed by a single map

K< -5 AR — [T,

wherel runs through the value groups of all valuationgiMoreover.t is surjective if and only

if Ris a Bézout domain. Examples of Bézout domains aboundnidst prominent examples are
the ring of algebraic integerséplansky 1974, Theorem 102) and the ring of entire functions
(Helmer, 1940. The ring IntZ) of integer-valued polynomial € Q[x] is an example of a Prufer
domain which is not a Bézout domaiBr{zolis, 1979 (cf. (Narkiewicz 1995, VII). In contrast

to Z[x], which is not a Prifer domain, If#£) has an uncountable number of maximal ideals, while
both rings have Krull dimension 2.

The valuations’: R — T or rather their extensions
v:K >T

to K are just the components of the tropicalizatiofhus, ifV is a valuation domain with quotient
field K, the corresponding valuation is just the tropicalization

t: K — A(V),

andA(V)* is the value group o¥. There is a natural extensitn K[x] — A(V)[x] viat'(x) := x.
Explicitly:

t'(a0 + @ X + @aX® + - - + anX") = t(ag) v t(a)x v t(a) X% v - - - v t(a,)X".

Note thatK[x] is even a principal ideal domain. We add a prime to make sut’tbannot be
confused with the restriction of K(x) — A(K[x]) to K[X].

For higher rank valuations, Hensel’'s lemma, which rougléyes that coprime factorizations
of polynomials modulo the maximal ideal can be lifted, is ander valid (seeEngler & Prestel
2005, Remark 2.4.6). What remains is that the topology of a fi€ldith a complete valuation
extends uniquely to fields which are finite oveK (Roquette 1958. The proper substitute for
complete valuation rings (where Hensel's lemma merely fioidank 1) are thélenselianlocal
rings, introduced by Azumayagumaya 1951) and developed by NagatBldgata 1962, which
satisfy Hensel's lemma by definition. For equivalent chemazations, seeRibenboim 1985.
The most important characterization of Henselian locadgral domains is that every integral
extension is local ({agata1954), Theorem 7). For Henselian valuations of a figldthis means
that they uniquely extend to the algebraic closkre

Proposition 5.2. Let V be a Henselian valuation domain with quotient field KefTh K — A(V)
extends uniquely to the algebraic closieof K, which gives a commutative diagram

K — s A(V)

]

K — A(V)4.
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For every non-zero polynomiald K[x] with rootsas, . .., a, € K, the roots of{ f) are t(a1), . . ., t(an).

Proof. SinceV is Henselian, the integral closugof V in K is local, hence a valuation ring
((Bourbakj 1972, V1.8.6, Proposition 6). Furthermoré(S) can be identified with the divisible
closure ofA(V). If ais the leading caficient of f, we havef = a(x — a;) - - (X — an) in K[X].
Sincet’ is multiplicative, this implies that'(f) = t(a)(x v t(ay)) - - (X v t(an)). AsA(V)? is
linearly ordered, this proves the claim. ]

Propositiorb.2is the basis for Newton’s method, which makes use of thevialig result. Its
first part is essentially due to Ostrowskigtrowskj 1935.

Proposition 5.3. Let V be a Henselian valuation domain with quotient field Kd &t f = a5 +
aix + - -+ + apX" € K[x] be a non-zero polynomial. If f is irreduciblé(t) has a single root in
A(V)4. Conversely, if't f) has a single root in AV)4, and there is no divisor d 1 of n such that
A(V)* contains a d-th root of(pa; !), then f is irreducible.

Proof. Let S be the integral closure &f in the splitting fieldL of f. Every element- of the
Galois groupG(L|K) leavesS invariant:o-(S) = S. Hence, iff is irreducible, every zera of f
satisfies(o(a)) = t(a) for all o € G(L|K). So there is a single robfa) of t'(f) of multiplicity
degf.

Conversely, assume thtitf) has a single root i\(V)Y, and that there is no divisat > 1
of n such thatA(V)* contains ad-th root oft(apa;?). Letg be a monic irreducible factor df.
Without loss of generality, we can assume taat= 1. Then the single roat of t'(f) satisfies
t'(f) = (x v @)"anda" = t(ay). If gis of degreem, thent’(g) = (x v @)™. Letd > 0O be
the greatest common divisor af andn. Thend = pm+ gnfor some integerp, q € Z. Hence
h:= (xva)! = t(QPt'(f)d e AV)[x], andd|m implies thatt’(g) = h™9. Furthermore, the
absolute terna := o of h belongs toA(V)*, anda"? = t(ay). By assumption, this gives = n.
Whencef = g = his irreducible. []

Propositiorb.3reduces irreducibility of polynomials ové&r almost completely to the tropical
semifieldA(V), where the complete factorization is obtained by stragtérd calculation. Con-
trary to a remark inKhanduja & Sahal997), the condition of the criterion is not necessary, as
the trivial example 1+ x + X2 € Q,[x] shows. (The mistake is caused by rewriting the special
version of Popescu and ZaharesBPwjescu & Zaharesc@995 in a logically diferent way.) In
particular, we have the following

Corollary. Let V be a Henselian valuation domain with quotient field Kd &t f = ag + ayx +
-+ + apX" € K[X] be a non-zero polynomial. If(tf) has m distinct roots, f splits into m relatively
prime factors.

Newton’s method was applied already in the early days ofatada theory, invented by Hensel
(Hense] 1908, and developed by KiirschaKijrschak 1913; Kiirschak 1913), Ostrowski Os-
trowski, 1916 1917, 1933, and Rychlik Rump & Yang 2008 Rychlik, 1924). Newton’s method
also appears in a paper of RelRg]la 1927), but in essence, it can even be traced back to Newton
himself via Puiseux’s theorem which states, in modern tetha the field of Puiseux series over
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C is the algebraic closure of the fiel@{ (x)) of formal Laurent polynomials, the quotient field of

ClIx]-

Here the fieldC((x)) not only builts a bridge between algebraic curves and coxrgutelysis;
in addition, it is maximally close to its tropical shadow: éty finite extension field o€((x)) is
isomorphic toC((x)), the extension being just given be extracting sowik root of x. So if S
denotes the the integral closuseof C[[x]] in the algebraic closure @ ((x)), the tropical picture
is encoded in the commutative diagram

C((%) —— AC[[X]]) = Z

T(0) —— A(S) = Q.

A lot of irreducibility criteria can be derived from Propten 5.3, which seems to be the “true
metaphysics” behind polynomial factorization. Eisenstein’s criterisrjust the first of a series
of irreducibility criteria (e. g., Dumas 1906 Kurschak 1923 Ore 1923 1924 Rella, 1927,
MacLane 1938 Azumaya 1951)) which follow the same “tropical” pattern.

6. Algebraic equations in characteristic 1

Now we return to the problem that solutions of equations betwtropical polynomials cannot
just be read fi from the roots. Let us start with linear equations

axvb=cxvd (6.1)

in a tropical semifieldK. Looking quite innocent, they already bear a mild challerigecontrast
to classical algebra, such an equation is not always savabb avoid trivialities, assume that
a,b,c,d e G := K*. Thenx cannot be zero, unless= d. To solve Eq. §.1), consider the map
p: G — G given by

p(x) := ((ad v be)x v bd) (acx v (ad v be)) . (6.2)

Note the expressioA := ad v bc which looks like a determinant! The roots of the left- and
right-hand side of Eq.G.1) are respectively

a:=ab, p:=cld
Proposition 6.1. The map(6.2) is idempotent and maps G onto the interval

[ AB,avpl. (6.3)

Every solution x of Eq(6.1) is mapped into a solution(p).

2A common expression of the 18th century (s€arot 1860; or (Speiser 1956, Chapter 17, concerning La-
grange who considered groups as “la vraie métaphysiqualgebraic equations).
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Proof. To verify thatp? = p, note first than\? > abcd Now Eqg. 6.2) can be written as

(x) = AX v bd
P = aexv &
So we have
(P(X)) = A(Ax v bd)(acxv A)™* v bd  A(Ax v bd) v bd(acxv A)
PLRLY) = ac(Ax v bd)(acxv A)-1v A ac(Ax v bd) v A(acxv A)
(A% v abcdx v Abd  A?xv Abd  Ax v bd
- > = 5 = = p(X).
acAx v (A% v abcd) acAxv A acxv A
Furthermore,

p(x) = (Ax v bd)(acxv A)™* = (Axv bd)(a™*cIxt A AT
=Ax@cixtAAa ) vbdatcixtAAT
<Aa'ctvbdAt=atbvcld,

and similarly,p(x) = (Ax v bd)a=lc™x™t A (Axv bd)A™? > Aa~'c! A bdA™! = a7tb A c71d.

Thusp maps into the intervdl A8, avB]. Forx e [a B, av], we haveacx < ac(a tbvcid) =
A, and secondlyhd < (adv bc)(a™tb A c7'd) < Ax. Hencep(x) = (Axv bd)A™! = AxA™1 = x.

Finally, if xis a solution of Eq. &.1), then(ap(x) v b)(acxv A) = a(Ax v bd) v b(acxv A) =
aAxvbA = (cxvd)A = (cAvacd)xvd(bcvA) = c(Axvbd)vd(acxvA) = (cp(x)vd)(acxvA),
which shows thap(x) is a solution of Eq. §.1). O]

By Proposition6.1, the solutions of Eq. §.1) are the fibers of the solutions in the interval
(6.3) under the projectiop. So it remains to consider solutions in the inten&B). To solve the
equation, we consider another mstpG — G with

s(x) := a *d(ax v b)(cxv d)~%. (6.4)

Proposition 6.2. The map(6.4) satisfies $= p. In particular, s is an involution on the interval
(6.3).

Proof. We have

S(s(x)) = a~d- a-aldaxv b)(cxvd)™tvb _ 1y d(axv b) v b(cx v d)
c-a!d(axv b)(cxvd)~tvd cald(axv b) v d(cxv d)
d(axv b) v b(cxvd) Axv bd
~ claxvb)valcxvd) acxvA P(X). 2

Corollary. The following are equivalent.
(@) Eq.(6.1) is solvable.
(b) ad A bc< ab< ad v bc.
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(c) ad A bc<cd<adv bc.
If Eq. (6.1) is solvable, the unique solution in the interyél3) is x= (b v d)(av ¢)~.

Proof. The equivalence of (b) and (c) follows by symmetry. Condit{g) is equivalent to
ald e [@ A B,a v B]. Furthermore, Eq. §.4) shows thats maps every solution of Eq.6(2)
to a~'d. Hence, if Eq. 6.1) is solvable, there is a solution e [@ A B,a v B], which yields
ald = s(x) = sp(x) = $*(X) = ps(X) € [@ AB, @ Vv B]. Thus (c) is necessary for the solvability of
Eqg. 6.1). Moreoverx = p(x) = $*(x) = s(a id) = a~*d(dvb)(ca'dvd)~* = (dvb)(cva)™t.

Conversely, ifa~'d € [@ A B,a v B], thenx := s(a~'d) satisfiess(x) = p(a~'d) = a~'d.
Hence Eq. §.4) implies thatx is a solution. ]

Our discussion of linear equations already shows thatisolsineed not exist, even for non-
trivial equations. Therefore, a concept of algebraicalbsed semifield has to take this into ac-
count. So we arrive at the following

Definition 6.1. A semifieldK is said to bealgebraically closedf every equationf (x) = 1 with
f € K(x) which is solvable in some extension semifieldoadmits a solution irK.

Note that an equatiof(x) = 1 in K(x) can also be written in the form

9(x) = h(x)

with polynomialsg,h € K[x]. We mention here that polynomials K[x| can be regarded as
functions. Namely, for a non-trivial abeliaiigroup G, Proposition 5 of Rump 2015 implies
thatf e G[x] is uniquely determined by the corresponding functforG® — G on the divisible
closure ofG. ForG = R, it is convenient to writeR* additively via the logarithm. SG&
is turned into the additive group @&, and O becomes-cc. The graph of a polynomial is then
piecewise linear, a classical Newton polygon. For exantpkepolynomial

—1v (=24 2x) v (-4 + 3X)

looks as follows:
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Here the cofficients are ir, while the roots are igZ, because the linear term is missing. The
root% is of multiplicity 2. Thus, if we add a linear term to get thelypggomial into the normal
form, the codficient of x would be—%.

The corollary of Propositiof.2shows that in the tropical case, linear equations are nadltri
and that roots only play a certain rdle with respect to tHetsamns. In compensation for this initial
difficulty of tropical equations, Theorem 4 &¥mp 2015 states that we don’t have to go beyond
guadratic equations! Precisely, the theorem says thapacticsemifieldK is algebraically closed
if and only if the/-groupG := K* is divisible, that is, the pure equatior% = a are solvable in
G, and the quadratic equations

(av)x¥*v(@vbvil)xv(a®va)=axva (6.5)

are solvable for alf, b € G. Note that the solvablity clause (in an extension semifiefd)efini-
tion 6.1is missing. In fact, we have

Proposition 6.3. The equation$6.5) are solvable in any totally ordered abelian group.

Proof. Fora > 1, Eq. 6.5 becomesx v (a?v b)xva? = ax* va. We show that this equation
holds for allx > a v a~!b. Indeed, the latter implies that® > ax(a v a“b) = (a? v b)x > a2.
So the equationg(5) is solved. Fom < 1, the equation becomed v (b v 1)x v a = ax v a.
Here we choos& < a(b v 1)~1. Thenx < aand(b v 1)x < a. Henceax? < x < a, which solves
the equation. 0

Corollary 1. For any tropical semifield, there exists a (tropical) extenssemifield where Eq.
(6.5) is solvable.

Proof. This follows since every abeliaftgroup G is a subdirect product of totally ordered
abelian groups @arne| 1995, 47.11). ]
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Furthermore, Theorem 4 oRUmp 2015 implies

Corollary 2. Let G be a totally ordered abelian group. Thénis algebraically closed if and only
if the pure equation k= a is solvable for all positive integers n anceaG.

To analyse Eq. §.5), consider an additive abelialhgroupG. The proof of Propositior®.3
then tells us that in the totally ordered case, solutionspf(&5) exist, but depending on the sign
of a, they must be either large enouglaif- 0 or small enough i& < 0.

It is this point where geometry enters the scene. By tliaihOhm correspondence, every
abelian/-groupG occurs as a tropicalized Bézout dom&nBy (?), Proposition 7, the structure
sheaf ofR can be transferred 6, which yields a sheab on a spectral spacé with totally or-
dered stalks such thatX, G) ~ G. In the archimedean cag8,is a sheaf of germs of continuous
functions. Therefore, the sensitivity of Ed.9) against sign change afis best illustrated by the
following

Example. Let G be the¢-group ¥ [—1, 1] of continuous real functions on the closed interval
[—1,1]. Multiplying Eg. (6.5 by a-*x~1, it takes the symmetric form

axvcvatx?t=|x (6.6)

withae Gandc > |a

, Where|a| ;== av a“!and

a:=av 1, a=a‘vl
Writing Eqg. (6.6) additively, it becomes
(@ +x)vev (@ —x) =|x.

Passing tog’[—1, 1], let ¢ be the constant function— 1, and leta be arbitrary withja] < c. If
X(t) = 0, this implies thak(t) = |x|(t) > 1, while x(t) < 0 gives—x(t) > 1, thatis,x(t) < —1.
Thus Eq. 6.5 cannot be solvable by a continuous function.

Recall that an element> 1 of a (multiplicative) abeliad-groupG is said to be aveak order
unit (Darnel 1999, 54.3) ifu A a = 1 implies thata = 1. Fora € G*, we writeG(a) for the
¢-ideal generated bg. It consists of the elemenise G with x| < a" for somen € N.

Definition 6.2. (McGovern 2005 An abelianf-groupG is said to beveakly complementetifor

any paira,be GwithaA b = 1, there exist/,by e Gwitha < a andb < b/ suchthat/ Ab/ =1
anda’ly’ is a weak order unit dB. If G(a) is weakly complemented for @le G*, thenG is called
locally weakly complemented

The following result shows that the solvability of Eq6.%) merely depends on the lattice
structure ofG. To state it, we need a very weak form of projectability. Rletteat an abelian
¢-groupG is strongly projectabléDarnel| 1995 if the polar

I+ :={aeG|Vbel:|a A b =1}
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of any¢-ideall is a cardinal summand = 1-@1+L. Ifthis holds for principat-idealsl = G(a),
thenG is calledprojectable More generallyG is said to besemi-projectabl&(Bigardet al., 1977
if

(anb)t =a'bt
fora,b e G*. (For a geometric characterization, sBeihp 2014, corollary of Theorem 1.) Still

more generally, we calb z-projectabl§Rump 2014) if
(ab)J_J_ _ aJ_J_bJ_J_

holds fora,b e G*. Thus

strongly projectable—> projectable—> semi-projectable—> z-projectable

All these concepts are pairwise inequivalent. The line gblications could even be enlarged
to seven types of projectabilityRUmp 2014 which all have their particular relevance (cf. the
hierarchy of T-spaces in general topology). Now we are ready to prove

Theorem 6.1.Let G be an abeliad-group. The following are equivalent.

(a) The quadratic equation®.5) are solvable in G.
(b) Fora,b,ce Gwithan b=1andc> av b, there existab' € Gwithd > aandb > b

suchthataan b’ =1andd v b =c.
(c) G is semi-projectable and locally weakly complemented.
(d) G is z-projectable and locally weakly complemented.

Proof. (a) = (b): By assumption, there exists a solutiere G of Eq. (6.6) with ab™! in-
stead ofa. Thenbx < x"x~ andax! < x*x—, which gives(x~)? > b and(x*)? > a. Define
a = (x")2Ancandb ;= (x )2 Ac. Thenad Al =1landa vb = ((x")?v (x)?) rc=c.

(b) = (c): LetP = Q be minimal primef-ideals of G. Choosea € P n G* ~. Q. Since
P is minimal,a A b = 1 for someb ¢ P. For anyc > a v b, the elements/, b’ in (b) satisfy
a e bt andb’ € a*. Hencea'b' = G. Sincea: < Q andb* < P, we obtainPQ = G, which
shows thaG has stranded primes. BRigardet al,, 1977, Proposition 7.5.1, this implies thé&t
is semi-projectable. Moreover, (b) implies ti@ats locally weakly complemented.

(c) = (d): By (Rump 2014, Proposition 4, every semi-projectable abelfagroup isz
projectable.

(d)= (a): Leta,b,ce Gwitha A b = 1 andc > a v b be given. By the equivalence of Eq.
(6.5 and Eq. 6.6), it is enough to solve the equation

axv cvbx?t=]x. (6.7)

3Some authors replace this term by “having stranded primes$&rring to an equivalent form proved iBif
gardet al, 1977, Proposition 7.5.1. DarneD@rne| 1995 argues that “semi-projectable” does not come close
to “projectable” (referring perhaps to the “projectiond’acardinal sum). Note, however, the equivalent version
aAb=1= albt = G, which gives half of a cardinal sum: “sem¥ “projectable”.
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By assumption, there exist,b’ ¢ G with @ > aandb’ > b such thata A b¥ = 1 and
(@)t n G(c) = {1}. SinceG is zprojectable, this yields € (a'b')**+ = (a)**(b')*+. So
there arep € (&)*+ n G* andq € (b)**+ ~ G* with ¢ = pg. In particular, this implies that
parg=1 Hencea=ana(pvqg) =(anp)v(anqg) =anp. Sowe hava < p, and similarly,
b < q. Thusx := qp ! solves Eq. §.7). O

By (Rump 2015, Theorem 4, we obtain

Corollary 1. Let G be an abeliai-group. The tropical semifiel is algebraically closed if and
only if G is divisible and its underlying lattice satisfieqdition (b) of Theoren®.1

Recall that a rinqR is said to beclean(Nicholson 1977) if everya € Ris a sum of an idem-
potent and a unit. NicholsomN{cholson 1977 proved that a clean ring satisfies thexchange
property(Crawley & Jonssonl964 Warfield 1972, which means that for every decomposition
M =R®N = @, M of modules, there are submoduld$ = M; with M = R® @, M!. For
example, commutative von Neumann regular rings, and sefagieings, are clean. For various
characterizations, se®1¢Govern 2005. If every non-isomorphic homomorphic image Rfis
clean, the rindR is calledneat(McGovern 2005.

Corollary 2. A Bézout domain is neat if and only if its group of divisilyibatisfies the equivalent
conditions of Theorerfi.1

Proof. By (McGovern 2005, Theorem 5.7, a Bézout domain is neat if and only if its groti
divisibility is semi-projectable and locally weakly conephented. Thus Theorelapplies. []
Remark. Note that the underlying lattice of an abeliésgroup is self-dual viax — x~*. Thus,
for a Bézout domaii, Corollary 2 remains valid if the group of divisibility isp&aced by the unit
groupA(R)* of the tropical semifieldA(R). In particular, Corollary 2 gives a characterization of
Bézout domain® with A(R) algebraically closed.

Finally, we consider the abeligihgroup%’(X) of continuous real valued functions on a topo-
logical spaceX. Note that#’(X) is also a ring. To avoid confusion, let us denote this ring by
C(X). By (Gillman & Jerison 1960, Theorem 3.9, there is no loss of generalit)ifs assumed
to be completely regular. It is known th&tX) is a Bézout ring (that is, every finitely generated
ideal is principal) if and only iX is anF-space which originally was just defined by this property
(Gillman & Henriksen 1956. For equivalent characterizations, s€llfnan & Jerison 1960,
Theorem 14.25. One of these characterizations statesothewéry f € C(X) there is an element
g € C(X) with f = g|f]|.

—~——

Corollary 3. Let X be a completely regular space. If the tropical semif#&(X) is algebraically
closed, then X is an F-space.

Proof. Let f € C(X) be given. Therff* A1) A (f~ A1) =0and(ft A1) v (f~ A1) <1,
Thus, by Corollary 1, there exigth € ' (X) with f* A1 < gandf- Al < hsuchthaganh=0
andg v h = 1. We claim thatf = (g — h)|f|. If f(t) > 0, then O< f*(t) A 1 < g(t). Hence
h(t) = 0, and thugg — h)(t) = 1. Similarly, f(t) < 0 implies that O< f~(t) A 1 < h(t), which
yields(g — h)(t) = —1. ThusXis an F-space. O
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