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Abstract

In this note, the reader is invited to a walk through tropicalsemifields and the places where they border on
“ordinary” algebra. Though mostly neglected in today’s lectures on algebra, we point to the places where tropical
structures inevitably pervade, and show that they frequently occur in ring theory and classical algebra, touching at
least functional analysis, and algebraic geometry. Specifically, it is explained how valuation theory, which plays
an essential part in classical commutative algebra and algebraic geometry, is essentially tropical. In particular, it
is shown that Eisenstein’s well-known irreducibility criterion and other more powerful criteria follow immediately
by tropicalization. Some applications to algebraic equations in characteric 1, neat Bézout domains, and rings of
continuous functions are given.
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1. Introduction

Mathematical ideas quite often originate from natural sciences where experiments help to un-
derstand what happens behind reality. In chemistry, the usual method to analyse a matter is by
heating until the components begin to separate. “Tropical”mathematics did not quite emerge in
that way, but at least one of its founders (Imre Simon) was working on it in the sunny regions of
Brazil.

To illustrate the basic process, consider the function

a `p b :“ pap ` bpq1{p

for positive real numbersa, b. At “room temperature” (p “ 1), the functiona `1 b is just ordinary
addition inR. Now turn on the heating - proceed untilp Ñ 8 to get the real number system to
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melt. Recall that F. Riesz (Riesz, 1910) made such an experiment already in 1910, which led him
to the invention of Lebesgue spacesLppRq. If p is replaced by the Planck constant~ :“ 1

p, the
limit process~ Ñ 0 is known as adequantization(Litvinov, 2006). Indeed, the passage fromL1 to
L8 bears a certain analogy to the correspondence principle in quantum mechanics (Bohr, 1920).

Now what remains after melting the real number system? Forp “ 8, ordinary additiona ` b
in R turns intoa _ b :“ maxta, bu. The additive group ofR becomes a semigroup, the fieldR of
real numbers turns into the semifieldR`

max of tropical real numbers, investigated in the 1987 thesis
of Imre Simon (Simon, 1987). A remarkable feature ofR`

max is that its addition is idempotent:

a _ a “ a.

Thus, if there would exist additive inverses, the whole system would collapse into the zero ring.
So is there any reason to regard the elements ofR`

max as numbers? Before taking up this question
seriously, let us content ourselves for the moment with referring back to F. Riesz’ early work on
Lp-spaces. Here the connection betweenp “ 1 andp “ 8 is very tight:L8pRq is just the Banach
space dual ofL1pRq.

Hilbert once placed the number system between the three-dimensional space and the one-
dimensional time, saying that numbers are ‘two-dimensional’. Such a statement would still have
shocked the mathematical community in the days of Euler who called imaginary numbers “im-
possible” (Euler, 1911). Nowadays, the two-dimensionality is firmly justified by analytical and
algebraic reasons, the latter consisting in the algebraic closedness ofC. On the other hand, two-
dimensionality would not make sense without reference to the base fieldR which is “really” fun-
damental.

In the tropical world, there is no such distinction: the semifield of tropical reals is “alge-
braically closed”. Making this precise is a good exercise and an invitation to be more careful in
stating the ‘fundamental theorem of algebra’. To be sure, the latter does not mean thateverycom-
plex polynomial has a root - the non-zero constants have to beexcluded. This triviality becomes
relevant in the wonderland of tropical algebra: there are tropical semifields where (non-constant)
linear equations need not be solvable. Roots and solutions of polynomial equations fall apart, and
quadratic equations need not be solvable by radicals. On theother hand, every algebraic equation
can be reduced to quadratic ones.

In this paper, classical algebra is revisited with regard totropical structures, and it is shown
that they occur at various places. Apart from a revision of semifields of characteristic 1, we
add new characterizations for their algebraic closedness (Theorem6.1). A connection with neat
Bézout domains is given in Corollary 2. As a second application, we show that if the semifield of
characteristic 1 corresponding to anℓ-groupC pXq of contiuous functions on a completely regular
spaceX is algebraically closed, the spaceX must be an F-space, that is, the corresponding ring
CpXq of continuous functions is a Bézout ring (Corollary 3).

Another motivation to study semifields of characteristic 1 comes from a recent, highly con-
jectural branch of arithmetic geometry. Since André Weil sketched his diagonal argument (Weil,
1940, 1941) to tackle the Riemann hypothesis, some research groups eagerly delve under the sur-
face ofZ, searching for its “base field” to makeZ (a ring of Krull dimension one) into an algebra
over that field (see, e. g., (Connes & Consani, 2010, 2011; Deitmar, 2008; Soulé, 2011)). The way
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to this non-existing, mysterious, “field” of characteristic 1 inevitably leads through the tropical
region. By Proposition2.2, this hot region is nothing else than the vast and well-developed theory
of lattice-ordered abelian groups.

2. The forgotten characteristic

To include the result of a dequantization, we are advised to consider semifields instead of
fields. More generally, asemiringis an abelian monoidpA; `, 0q with a multiplicative monoid
structurepA; ¨, 1q satisfying the distributive laws anda ¨ 0 “ 0 ¨ a “ 0 for all a P A. If the group of
(multiplicatively) invertible elements, theunit group Aˆ, coincides withArt0u, we callA asemi-
skewfield. If, in addition, the multiplicative monoid is commutative, A is said to be asemi-field.
For example, the above mentionedR`

max is a semifield.
A morphismin the category of semirings is a mapf : A Ñ B which satisfies

f pa ` bq “ f paq ` f pbq, f p0q “ 0

f pa ¨ bq “ f paq ¨ f pbq, f p1q “ 1.

Like in the category of rings, there is an initial object, thesemiringN of non-negative integers:
For any semi-ringA there is a unique morphismc: N Ñ A. The image ofc is the intersection
of all sub-semirings ofA, theprime semiringof A. Similarly, every semi-skewfieldA contains a
smallest sub-semi-skewfield. If it coincides withA, we callA aprime semi-skewfield.

In general, the kernel Kerc :“ tn P N | cpnq “ 0u is not of the formNp for somep P N. For
example,I :“ Nr t1, 2, 4, 7u is an ideal of the semiringN which occurs, e. g., as the grading of a
simple curve singulatity (Greuel & Knörrer, 1985). ThusN{I is a finite semiring with Kerpcq “ I .
On the other hand, there exist congruence relations onN which do not come from an ideal, even
if A is a semifield. For example, letB :“ t0, 1u be the semifield with 1̀ 1 “ 1. Thenc: N ։ B

satisfiescpnq “ 1 for n �“ 0. Soc has a trivial kernel, while it is far from being a monomorphism.
Note thatB is the prime a sub-semifield ofR`

max. Therefore, we writea _ b for the addition in
B. SoB is a Boolean algebra witha ^ b :“ ab. The reader will notice thatB can be derived from
the prime fieldF2 via a _ b “ a ` b ` ab, but not vice versa.

Definition 2.1. We define thecharacteristiccharA of a semiringA to be the smallest integerp ą 0
with cpn ` pq “ cpnq for somen P N. If such an integerp does not exist, we set charA :“ 0.

In analogy to the theory of skew-fields, we have (cf. (Rump, 2015), Proposition 1)

Proposition 2.1. Every prime semi-skewfield is a semifield. Up to isomorphism,the prime semi-
fields areQ`, B, andFp for rational primes p. In particular, the prime semifields are determined
by their characteristic.

Proof. Let F be a prime semi-skewfield. Assume first that charF “ 0. ThenN can be regarded
as a sub-semiring ofF. Every non-zeron P N has an inverse1n in F which commutes with all
elements ofN. Hencetm

n | m, n P N, n ą 0u is a sub-semifield isomorphic to the positive coneQ`

of Q.
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Now assume thatp :“ charF �“ 0. Then there is an integern P N with cpnq ` cppq “ cpnq. As
this equation holds for almost alln, we can assume thatn is a multiple ofp. Adding multiples of
cppq on both sides, the equations obtained in this way imply thatcpnq ` cpnq “ cpnq. If cpnq “ 0,
thencppq “ 0, and the usual argument shows thatcpNq – Fp for a primep. Otherwise, we obtain
cp1q ` cp1q “ cp1q, which yieldscpNq – B. l

So the possible prime semifields are

Q`,B,F2,F3,F5,F7, . . . ,

including the prime fieldsFp and a natural sub-semifield ofQ. Note that formally,Q` carries more
information thanQ: The positive cone providesQ with its natural ordering. Thus,Q` connects
arithmetic (the semiringN) with algebra and analysis (the ordered fieldQ and its completionR),
while the newcomerB bridges the gap between algebra and logic.

Every semifield contains one of the prime semifields according to its characteristic. For fields,
this is a well-known piece of algebra. So the question ariseshow the “logical” semi-skewfields,
those containingB, look like. By Proposition2.1, they are of characteristic 1, which means that
they satisfy the equation 1̀1 “ 1. Recall that a partially ordered group is said to belattice-ordered
or anℓ-group if the partial order is a lattice. For the theory ofℓ-groups, the reader is referred to
(Anderson & Feil, 1988; Bigardet al., 1977; Darnel, 1995; Glass, 1999). The commutative case
of the following result is due to Weinert and Wiegandt (Weinert & Wiegandt, 1940). Similar ideas
have been developed independently by several authors (see (Castella, 2010; Lescot, 2009), and the
literature cited there).

Proposition 2.2. Up to isomorphism, there is a one-to-one correspondence betweenℓ-groups and
semi-skewfields of characteristic 1.

Proof. Note first that a semi-skewfieldF is of characteristic 1 if and only ifa ` a “ a holds
for all a P F. Then it easily checked that

a ď b :ðñ a ` b “ b (2.1)

makesF into a_-semilattice witha _ b :“ a ` b. Furthermore, the distributivity shows thatFˆ

is anℓ-group. Conversely, everyℓ-groupG can be made into a semi-skewfieldrG :“ G \ t0u by
adjoining a smallest element 0 with 0a “ a0 “ 0 for all a P rG. Since rGˆ “ G and ĂFˆ “ F, the
correspondence is bijective. l

In particular, semifields of characteristic 1 are equivalent to abelianℓ-groups, and our prime
semifieldB corresponds to theℓ-group of order one. For those who would like to prove the
Riemann hypothesis, we should add thatB is not identical with the desperately sought fieldF1 - it
is still “too big”!

3. Tropical semi-domains

To study field extensions, one has to understand polynomial rings first. Thus, in characteristic
1, we have to deal with polynomials over the semifieldrG of an abelianℓ-groupG. For an arbitrary
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field K, there are many integral domains with quotient fieldK. If K is an algebraic number field,
there is a canonical subringO - the ring of integers - with quotient fieldK. Similarly, any semifield
rG of characteristic 1 has a canonical sub-semiringĂG´ :“ G´ \t0u, whereG´ is the negative cone
of G. (Since 0 is the smallest element ofrG, the cone that touches 0 is the negative one.)

Definition 3.1. We define asemi-domainto be a commutative semiringA satisfyingac “ bc ñ
a “ b for a, b, c P A with c �“ 0. We callA tropical if there exists an abelianℓ-groupG with
A “ ĂG´.

In particular, a semi-domain has no zero-divisors. An intrinsic description of tropical semi-
domains is obtained as follows. Recall that ahoop(Blok & Ferreirim, 2000) is a commutative
monoidH with a binary operationÑ such that the following are satisfied for alla, b, c P H:

a Ñ a “ 1

ab Ñ c “ a Ñ pb Ñ cq

pa Ñ bqa “ pb Ñ aqb.

Every hoop is â -semilattice with respect to thenaturalpartial order

a ď b :ðñ D c P H : a “ cb ðñ a Ñ b “ 1.

A hoop is calledself-similar (Rump, 2008) if it is cancellative. (For an explanation of the ter-
minology and equational characterizations, see (Rump, 2008), Proposition 5.) Every self-similar
hoopH has a group of fractions, thestructure group GpHq of H, which consists of the fractions
a´1b with a, b P H.

Proposition 3.1. Up to isomorphism, there is a one-to-one correspondence between
(a) semifields of charatceristic 1,
(b) tropical semi-domains,
(c) abelianℓ-groups, and
(d) self-similar hoops.

Proof. The equivalence between (a) and (c) follows by Proposition2.2, while the equivalence
between (b) and (c) is obvious. For an abelianℓ-groupG, we define

a Ñ b :“ ba´1 ^ 1

for a, b P G´. By (Rump, 2008), Section 5, this makesG´ into a self-similar hoop with structure
groupG. Conversely, the structure groupGpHq of a self-similar hoopH is an abelianℓ-group with
GpHq´ “ H by (Rump, 2008), Proposition 19. l

Note that Proposition3.1 implies that a self-similar hoopH is a lattice. Explicitly, the join is
given by the formula

a _ b “ pa Ñ bq Ñ b

which is well known from the theory of BCK algebras (Iséki & Tanaka, 1978).
The concept of Grothendieck group (Lang, 1965) extends to semirings as follows.
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Definition 3.2. Let A be a commutative semiring. We define anideal of A to be an additive
submonoidI which satisfies

a P A, b P I ùñ ab P I . (3.1)

We say that an idealP is prime if Ar P is a submonoid ofA.

Let I be an ideal of a commutative semiring. Then

a „ b :ðñ D c P I : a ` c “ b ` c

is an equivalence relation, and it is easily checked that it is a congruence relation. So the equiv-
alence classes form a commutative semiringA{I , the factor semiringmodulo I . There is also a
concept of localization.

Proposition 3.2. Let P be a prime ideal of a commutative semiring A. There exists a morphism
q: A Ñ AP of semirings with qpA r Pq Ă Aˆ

P such that every morphism f: A Ñ B of semirings
with fpAr Pq Ă Bˆ factors uniquely through q.

Proof. Define an equivalence relation on the multiplicative monoidA ˆ pAr Pq:

pa, bq „ pc, dq :ðñ D s P Ar P: ads“ bcs. (3.2)

Then x „ y implies xz „ yz for all x, y, z P A ˆ pA r Pq. So „ is a congruence relation on
A ˆ pAr Pq. As usual, we writea

b for the equivalence class ofpa, bq. So the equivalence classes
form a commutative monoidAP with a morphismq: A Ñ AP given byqpaq :“ a

1. Moreover,
qpAr Pq Ă Aˆ

P . Furthermore, it is easily checked that

a
b

`
c
d

:“
ad` bc

bd

is well defined and makesAP into a commutative semiring such thatq becomes a morphism of
semirings. Now the universal property is straightforward. l

We callAP the localizationof A at P. If the zero ideal is prime, the localization at 0 yields the
quotient semifield KpAq of A.

Note that there are semiringsA where 0 is prime, butA is not a semi-domain. For example, let
K be a semifield. We define a(formal) polynomialto be an expression

f “ a0 ` a1x ` a2x2 ` ¨ ¨ ¨ ` anxn

with ai P K. If f �“ 0, say,an �“ 0, we call degf :“ n the degreeof f . Thus, with the usual
operations, the formal polynomials make up a semiringKxxy, and 0 is a prime ideal. To see that
Kxxy need not be a semidomain, consider the case charK “ 1, that is,K “ rG for an abelianℓ-
groupG. Consider two elementsa, b P G with a �ď b. Then the two formal polynomialsa_bx_ x2

anda _ pa _ bqx _ x2 are distinct. However,

pa2 _ bx_ x2qpa _ xq “ pa2 _ pa _ bqx _ x2qpa _ xq,
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which shows thatrGxxy fails to be a semi-domain! That is the reason why we speak offormal
polynomials.

If A is a semidomain, the equivalence (3.2) simplifies to
a
b

“
c
d

ðñ ad “ bc,

which implies that all localizationsAP can be regarded as sub-semidomains ofKpAq.

Example. Let A be a semidomain of characteristic 1. The quotient semifieldKpAq is of the form
KpAq “ rG with an abelianℓ-groupG, and the monoidA r t0u “ A X G is a_-sub-semilattice.
However,A X G need not be the negative cone ofG. Indeed, this happens if and only ifA is
tropical. Assume this from now on. By Definition3.2, an ideal ofA is the same as a_-sub-
semilattice which is a downset. So the complementQ :“ ArP of a prime idealP of A is a convex
submonoid ofG´ with the property

a _ b P Q ùñ a P Q or b P Q,

that is,Q is the negative cone of a primeℓ-ideal inG (see (Darnel, 1995), Definitions 8.1 and 9.1).
In other words, there is a one-to-one correspondence between prime ideals ofA and primeℓ-ideals
of G. According to (Darnel, 1995), Proposition 14.3, the prime ideals ofA can be identified with
the prime filters of the negative coneG´ (with the reverse ordering). Note that the zero ideal ofA
corresponds toG, the “trivial” prime ℓ-ideal ofG, which should not be excluded from the prime
spectrum ofG.

Definition 3.3. Let K be a semifield. The elements of the quotient semifieldKpxq of Kxxy will be
calledrational functionsin x. We writeKrxs for the image of the natural mapKxxy Ñ Kpxq and
call the elements ofKrxs polynomialsin x.

4. Divisors in characteristic 1

In classical algebraic geometry, divisors are intimately connected with line bundles, invertible
sheaves, linear systems, and embeddings into projective spaces. Therefore, they play a decisive
rôle. Here we shall study their behaviour in characteristic 1.

Thus, letG be an abelianℓ-group. As a lattice,G is distributive. So the elements ofG can
be regarded as functions on a set. Let us take the simplest case whereG satisfies the ascending
chain condition. By a theorem of Birkhoff (Birkhoff, 1942), this implies thatG is a cardinal sum
G “

Ð
pPPZ with basisP. (Suchℓ-groups naturally arise as groups of fractional ideals of a

Dedekind domain.) So each intervalra, bs :“ tc P G | a ď c ď bu has a composition series
a “ c0 ă c1 ă ¨ ¨ ¨ ă cn “ b with atomic intervalsrci , ci`1s “ tci , ci`1u. For a diagram

a _ b

a b

a ^ b

(4.1)
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with a, b P G, the intervalsra ^ b, as andrb, a _ bs are said to beisomorphic, in analogy with
the isomorphism theorem in group theory.Isomorphismbetween intervals is then defined by finite
sequences of elementary isomorphisms (4.1). So each paira, b P G can be connected by a finite
chaina “ c0, c1, . . . , cn “ b in G, with atomic intervalsrci , ci`1s or rci`1, cis. If we attach a factor
´1 to the intervals of the second type, the total count of isomorphism classes of atomic intervals on
such a connecting path merely depends on the pair of endpoints a, b. Regarding the isomorphism
classes of atomic intervals as “points”, every elementa P G is completely determined by the formal
Z-linear combination of points encountered on a path between0 anda which is independent of the
chosen path. For algebraic curves, a formalZ-linear combination of points is called adivisor.

In general, there are no atomic intervals. So we have to watchout for a substitute. This
naturally leads to the following

Definition 4.1. Let G be a (multiplicative) abelianℓ-group, and letD be the subgroup of the free
abelian groupZpGq generated by the elements

pa _ bq ` pa ^ bq ´ a ´ b

with a, b P G. The factor group DivpGq :“ ZpGq{D will be called the group ofdivisorsof G. The
natural mapG Ñ DivpGq will be denoted bya ÞÑ ras.

In the special case of a noetherian groupG, it is clear that the homomorphismG Ñ DivpGq is
injective. In general, this follows sinceG Ñ DivpGq admits a retraction DivpGq Ñ G, given by
the map

n1ra1s ` ¨ ¨ ¨ ` nrrars ÞÑ an1
1 ¨ ¨ ¨ anr

r .

The retraction is well defined by virtue of the equation

pa _ bqpa ^ bq “ ab,

which holds in every abelianℓ-group. However, even forG “ Z, the embedding

G ãÑ DivpGq

is far from being surjective. Instead, the group DivpGq tells us much about the polynomial semi-
domain rGrxs.

Let Gpxq :“ rGpxqˆ be the abelianℓ-group which is freely generated byG and a single inde-
terminatex. Similarly, we setGrxs :“ rGrxs X Gpxq. The degree of non-zero polynomials extends
to a homomorphism

deg:Gpxq Ñ Z.

of abelianℓ-groups. For ordinary fieldsK, the degree function deg:Kpxqˆ Ñ Z is also important,
but it is not a homomorphism of rings. So the degree of a polynomial or rational function in
classical algebra signalizes a tropical structure!

The reader may check that
`
x _ pa _ bq

˘`
x _ pa ^ bq

˘
“ px _ aqpx _ bq
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holds for alla, b P G. To generalize this fact, recall that an abelianℓ-groupG is divisible if every
a P G admits ann-th root for each positive integern, or equivalently, the pure equation

xn “ a

is solvable for anya P G. (If G is written additively, this just means thatG can be regarded as a
Q-vector space.) Now we have ((Rump, 2015), Theorem 1):

Fundamental theorem for abelianℓ-groups. Let G be a divisible abelianℓ-group, and let K:“
rG be the corresponding tropical semifield. Every non-zero polynomial f P Krxs has a unique
factorization

f “ apx _ d1qpx _ d2q ¨ ¨ ¨ px _ dnq (4.2)

with a P G and d1 ď d2 ď ¨ ¨ ¨ ď dn in K.

For K “ R`
max, this theorem is known as the “fundamental theorem of tropical algebra” (see,

e. g., (Cuninghame-Green & Meijer, 1980)). Two things are remarkable. First, theroots d1 ď
¨ ¨ ¨ ď dn have to be put into linear order - otherwise, they won’t be unique. The roots of a
polynomial are in fact nothing else than its divisor. So in contrast to divisors of algebraic curves,
tropical divisors are not unique as unordered point sets with multiplicities. For the divisorras`rbs,
the equivalence tora _ bs ` ra ^ bs can be seen from the basic relation of Definition4.1.

Secondly, the rootsd1 ď ¨ ¨ ¨ ď dn are not the zeros, because no non-zero polynomialf P Krxs
satisfiesf paq “ 0 for anya P G. Only equationsf pxq “ gpxq for a pair of polynomials are
sensible! So the question whether polynomial equations canbe solved inG is not answered by the
fundamental theorem. We will come back to this in Section 5.

By the fundamental theorem, there is a well-defined map

div: Grxs Ñ DivpGdq (4.3)

for any abelianℓ-groupG with divisible closureGd, given by

divp f q :“ rd1s ` rd2s ` ¨ ¨ ¨ ` rdns

for a non-zero polynomial (4.2). Every rational functionf P Gpxq can be written as

f “ axn0px _ d1qn1px _ d2qn2 ¨ ¨ ¨ px _ drq
nr (4.4)

with a, d1, . . . , dr P G, andn0, . . . , nr P Z. In contrast to polynomials wheren1, . . . , nr P N, the
di cannot be put into linear order, which means that they are notunique! However,a andn0 are
unique. So letGpxq0 denote the subgroup of rational functionsf P GpXq with a “ 1 andn0 “ 0.
Then (Rump, 2015), Theorem 2, yields

Theorem 4.1. Let G be a divisible abelianℓ-group. The mapp4.3q extends uniquely to a group
isomorphism

div: Gpxq0 ÝÑ„ DivpGq

with inverse mapras ÞÑ px _ aq.

This gives a complete description of the divisor group DivpGq and its relationship to the unit
group of rGpxq, namely,

Gpxq – G ˆ Z ˆ Gpxq0.
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5. Dequantization of Prüfer and Bézout domains

Proposition3.1 suggests a study of abelianℓ-groups via semi-domains. A first step of this
program has already been taken in Section 3, where a decomposition of polynomials into linear
factors has been achieved. Now let us come “back to the roots”. The good news is that they are
most easily calculated from the coefficients. For an abelianℓ-groupG and a polynomialf “
a0 ` a1x` a2x2 ` ¨ ¨ ¨ ` anxn P rGrxs with a0an �“ 0, it is not hard to show that all coefficientsai can
be assumed to be non-zero, that is, they belong toG. (This is of course not true for polynomials
over a field, but note that in the tropical case, the zero element is the absolutely smallest one,
smaller than every element ofG.) By (Rump, 2015), Propositions 3 and 4, we have the following
explicit formula for the roots:di “ bi´1b

´1
i , where

b j :“ a j _
ł

iă jăk

pak´ j
i a j´i

k q
1

k´i .

So the rootsdi of each polynomial are expressible in terms ofk-th roots, wherek does not exceed
the degree of the polynomialf . Compared with the efforts of classical algebra up to the final stroke
after Ruffini, Abel, and Galois - a quick victory!

However, as already mentioned, roots are not solutions. Nevertheless, the decomposition into
linear factors indicates a close relationship to classicalsolutions. Indeed, here is a point where
tropical algebra applies to the classical case.

Recall that afractional idealof an integral domainR with quotient fieldK is a non-zeroR-
submoduleI of K such thatI Ă Ra for somea P Kˆ. A fractional idealI is said to beinvertible
if there is a (necessarily unique) fractional idealI´1 with I´1I “ R. Note that every invertible
fractional ideal is finitely generated. An integral domainR is said to be aPrüfer domain(see
(Gilmer, 1992), chap. IV) if the non-zero finitely generated ideals are invertible. If every non-zero
finitely generated ideal ofR is principal (hence invertible),R is called aBézout domain.

The invertible fractional ideals of a Prüfer domainR form an abelianℓ-groupGpRq with respect
to inclusion. Note that

pI ` JqpI X Jq “ IJ

holds for I , J P GpRq, which shows thatGpRq is closed under finite intersection. In the special
case thatR is a Bézout domain,pGpRq; Ąq can be identified withKˆ{Rˆ, thegroup of divisibility
of R (see (Gilmer, 1992), section 16).

For a Prüfer domainR, the finitely generated ideals form a tropical semi-domainApRq´, the
dequantizationof R. By Proposition3.2and the Jaffard-Ohm correspondence (Jaffard, 1953; Ohm,
1966), every tropical semi-domain occurs as the dequantizationof a Bézout domain. Thus, trop-
ical algebra makes no difference between Prüfer domains and the more special Bézoutdomains.
SinceApRq´ is a semi-domain, we consider its quotient semifieldApRq, consisting of all finitely
generatedR-submodules ofK. There is a natural map

t : K Ñ ApRq (5.1)

from the quotient fieldK of R to ApRq, given bytpaq :“ Ra. Note thatt is a monoid homomor-
phism, but not a morphism of semirings sinceRpa ` bq need not be equal toRa` Rb.
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This is by no means an anomaly. To the contrary, here is another point where tropical concepts
enter the classical world. Recall that avaluationof a fieldK is a functionv: K Ñ Γ into a totally
ordered abelian groupΓ, augmented by an element8 with α ` 8 “ 8 for all α P Γ\ t8u such
that the following are satisfied:

vpaq “ 8 ðñ a “ 0 (5.2)

vpabq “ vpaq ` vpbq (5.3)

vpa ` bq ě mintvpaq, vpbqu. (5.4)

In a time where order-theoretic terms have been almost completely eliminated from the standard
curriculum1, such a functionv which is not a morphism in any sense should sting in the eye! Let
us rewrite (5.2)-(5.4) as follows. EndowΓ with the opposite order and write it multiplicatively.
Then8 becomes 0 withα ¨ 0 “ 0 for all α P Γ\ t0u, and the inequality (5.4) turns into

vpa ` bq ď vpaq _ vpbq.

So rΓ :“ Γ \ t0u becomes a tropical semifield. The map (5.1) is characterized by the following
universal property:

Proposition 5.1. Let R be a Prüfer domain with quotient field K. Then every valuation v: K Ñ rΓ
with vpRq ď 1 factors uniquely through t: K Ñ ApRq

K
t

Ñ ApRq

v

rΓ

f
O

............Ñ

(5.5)

such that f: ApRq Ñ rΓ is a morphism of semifields.

Proof. Define f : ApRq Ñ rΓ by f pIq :“
Ž

tvpaq | a P Iu. Since everyI P ApRq is of the form
I “ Ra1`¨ ¨ ¨`Ran, everya “ r1a1 `¨ ¨ ¨` rnan P I with r i P Rsatisfiesvpaq ď vpa1q_¨ ¨ ¨_vpanq,
which shows thatf is well defined and renders (5.5) into a commutative diagram. The uniqueness
of f is obvious. l

For an abelianℓ-groupG, the pure polynomial 1_ xn is “purely inseparable”:

1 _ xn “ p1 _ xqn.

Therefore, the Frobenius identity
pa _ bqn “ an _ bn

1It seems that Grothendieck’s aversion against valuations had its bearing on this. In a letter of October 26, 1961,
Serre complained: “You are very harsh on Valuations! I persist nonetheless in keeping them, for several reasons ...”.
Grothendieck’s unrepentant response (October 31, 1961): “Your argument in favor of valuations is pretty funny ...”
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holds inG, and (Darnel, 1995), 47.11, implies thatG is a subdirect product of linearly ordered
abelian groups. Thus, for a Prüfer domainR, the diagram (5.5) can be expressed by a single map

Kˆ t
ÝÑ ApRqˆ

ãÑ
ź
Γ,

whereΓ runs through the value groups of all valuations ofR. Moreover,t is surjective if and only
if R is a Bézout domain. Examples of Bézout domains abound. Themost prominent examples are
the ring of algebraic integers ((Kaplansky, 1974), Theorem 102) and the ring of entire functions
(Helmer, 1940). The ring IntpZq of integer-valued polynomialsf P Qrxs is an example of a Prüfer
domain which is not a Bézout domain (Brizolis, 1979) (cf. (Narkiewicz, 1995), VII). In contrast
toZrxs, which is not a Prüfer domain, IntpZq has an uncountable number of maximal ideals, while
both rings have Krull dimension 2.

The valuationsv: R Ñ rΓ or rather their extensions

v: K Ñ rΓ
to K are just the components of the tropicalizationt. Thus, ifV is a valuation domain with quotient
field K, the corresponding valuation is just the tropicalization

t : K Ñ ApVq,

andApVqˆ is the value group ofV. There is a natural extensiont1 : Krxs Ñ ApVqrxs via t1pxq :“ x.
Explicitly:

t1pa0 ` a1x ` a2x2 ` ¨ ¨ ¨ ` anxnq “ tpa0q _ tpa1qx _ tpa2qx2 _ ¨ ¨ ¨ _ tpanqxn.

Note thatKrxs is even a principal ideal domain. We add a prime to make sure that t1 cannot be
confused with the restriction oft : Kpxq Ñ ApKrxsq to Krxs.

For higher rank valuations, Hensel’s lemma, which roughly states that coprime factorizations
of polynomials modulo the maximal ideal can be lifted, is no longer valid (see (Engler & Prestel,
2005), Remark 2.4.6). What remains is that the topology of a fieldK with a complete valuation
extends uniquely to fieldsL which are finite overK (Roquette, 1958). The proper substitute for
complete valuation rings (where Hensel’s lemma merely holds in rank 1) are theHenselianlocal
rings, introduced by Azumaya (Azumaya, 1951) and developed by Nagata (Nagata, 1962), which
satisfy Hensel’s lemma by definition. For equivalent characterizations, see (Ribenboim, 1985).
The most important characterization of Henselian local integral domains is that every integral
extension is local ((Nagata, 1954), Theorem 7). For Henselian valuations of a fieldK, this means
that they uniquely extend to the algebraic closureK.

Proposition 5.2.Let V be a Henselian valuation domain with quotient field K. Then t: K Ñ ApVq
extends uniquely to the algebraic closureK of K, which gives a commutative diagram

K
t
Ñ ApVq

K

Ó

X

t
Ñ ApVqd.

Ó

X
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For every non-zero polynomial fP Krxs with rootsα1, . . . , αn P K, the roots of t1p f q are tpα1q, . . . , tpαnq.

Proof. SinceV is Henselian, the integral closureS of V in K is local, hence a valuation ring
((Bourbaki, 1972), VI.8.6, Proposition 6). Furthermore,ApSq can be identified with the divisible
closure ofApVq. If a is the leading coefficient of f , we havef “ apx ´ α1q ¨ ¨ ¨ px ´ αnq in Krxs.
Sincet1 is multiplicative, this implies thatt1p f q “ tpaqpx _ tpα1qq ¨ ¨ ¨ px _ tpαnqq. As ApVqd is
linearly ordered, this proves the claim. l

Proposition5.2is the basis for Newton’s method, which makes use of the following result. Its
first part is essentially due to Ostrowski (Ostrowski, 1935).

Proposition 5.3. Let V be a Henselian valuation domain with quotient field K, and let f “ a0 `
a1x ` ¨ ¨ ¨ ` anxn P Krxs be a non-zero polynomial. If f is irreducible, t1p f q has a single root in
ApVqd. Conversely, if t1p f q has a single root in ApVqd, and there is no divisor dą 1 of n such that
ApVqˆ contains a d-th root of tpa0a´1

n q, then f is irreducible.

Proof. Let S be the integral closure ofV in the splitting fieldL of f . Every elementσ of the
Galois groupGpL|Kq leavesS invariant:σpSq “ S. Hence, if f is irreducible, every zeroα of f
satisfiestpσpαqq “ tpαq for all σ P GpL|Kq. So there is a single roottpαq of t1p f q of multiplicity
deg f .

Conversely, assume thatt1p f q has a single root inApVqd, and that there is no divisord ą 1
of n such thatApVqˆ contains ad-th root of tpa0a´1

n q. Let g be a monic irreducible factor off .
Without loss of generality, we can assume thatan “ 1. Then the single rootα of t1p f q satisfies
t1p f q “ px _ αqn andαn “ tpa0q. If g is of degreem, then t1pgq “ px _ αqm. Let d ą 0 be
the greatest common divisor ofm andn. Thend “ pm` qn for some integersp, q P Z. Hence
h :“ px _ αqd “ t1pgqpt1p f qq P ApVqrxs, andd|m implies thatt1pgq “ hm{d. Furthermore, the
absolute terma :“ αd of h belongs toApVqˆ, andan{d “ tpa0q. By assumption, this givesd “ n.
Whencef “ g “ h is irreducible. l

Proposition5.3reduces irreducibility of polynomials overK almost completely to the tropical
semifieldApVq, where the complete factorization is obtained by straightforward calculation. Con-
trary to a remark in (Khanduja & Saha, 1997), the condition of the criterion is not necessary, as
the trivial example 1̀ x ` x2 P pQ2rxs shows. (The mistake is caused by rewriting the special
version of Popescu and Zaharescu (Popescu & Zaharescu, 1995) in a logically different way.) In
particular, we have the following

Corollary. Let V be a Henselian valuation domain with quotient field K, and let f “ a0 ` a1x `
¨ ¨ ¨ ` anxn P Krxs be a non-zero polynomial. If t1p f q has m distinct roots, f splits into m relatively
prime factors.

Newton’s method was applied already in the early days of valuation theory, invented by Hensel
(Hensel, 1908), and developed by Kürschák (Kürschák, 1913a; Kürschák, 1913b), Ostrowski (Os-
trowski, 1916, 1917, 1933), and Rychlı́k (Rump & Yang, 2008; Rychlı́k, 1924). Newton’s method
also appears in a paper of Rella (Rella, 1927), but in essence, it can even be traced back to Newton
himself via Puiseux’s theorem which states, in modern terms, that the field of Puiseux series over
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C is the algebraic closure of the fieldCppxqq of formal Laurent polynomials, the quotient field of
Crrxss.

Here the fieldCppxqq not only builts a bridge between algebraic curves and complex analysis;
in addition, it is maximally close to its tropical shadow: Every finite extension field ofCppxqq is
isomorphic toCppxqq, the extension being just given be extracting somen-th root of x. So if S
denotes the the integral closureS of Crrxss in the algebraic closure ofCppxqq, the tropical picture
is encoded in the commutative diagram

Cppxqq
t

Ñ ApCrrxssq “ Z

Cppxqq

Ó

X

t
Ñ ApSq “ Q.

Ó

X

A lot of irreducibility criteria can be derived from Proposition 5.3, which seems to be the “true
metaphysics”2 behind polynomial factorization. Eisenstein’s criterionis just the first of a series
of irreducibility criteria (e. g., (Dumas, 1906; Kürschák, 1923; Ore, 1923, 1924; Rella, 1927;
MacLane, 1938; Azumaya, 1951)) which follow the same “tropical” pattern.

6. Algebraic equations in characteristic 1

Now we return to the problem that solutions of equations between tropical polynomials cannot
just be read off from the roots. Let us start with linear equations

ax_ b “ cx_ d (6.1)

in a tropical semifieldK. Looking quite innocent, they already bear a mild challenge. In contrast
to classical algebra, such an equation is not always solvable. To avoid trivialities, assume that
a, b, c, d P G :“ Kˆ. Thenx cannot be zero, unlessb “ d. To solve Eq. (6.1), consider the map
p: G Ñ G given by

ppxq :“
`
pad_ bcqx _ bd

˘`
acx_ pad_ bcq

˘´1
. (6.2)

Note the expression∆ :“ ad _ bc which looks like a determinant! The roots of the left- and
right-hand side of Eq. (6.1) are respectively

α :“ a´1b, β :“ c´1d.

Proposition 6.1. The mapp6.2q is idempotent and maps G onto the interval

rα ^ β, α _ βs. (6.3)

Every solution x of Eq.p6.1q is mapped into a solution ppxq.

2A common expression of the 18th century (see (Carnot, 1860); or (Speiser, 1956), Chapter 17, concerning La-
grange who considered groups as “la vraie métaphysique” ofalgebraic equations).
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Proof. To verify thatp2 “ p, note first that∆2 ě abcd. Now Eq. (6.2) can be written as

ppxq “
∆x _ bd
acx_ ∆

.

So we have

ppppxqq “
∆p∆x _ bdqpacx_ ∆q´1 _ bd

acp∆x _ bdqpacx_ ∆q´1 _ ∆
“
∆p∆x _ bdq _ bdpacx_ ∆q

acp∆x _ bdq _ ∆pacx_ ∆q

“
p∆2 _ abcdqx _ ∆bd

ac∆x _ p∆2 _ abcdq
“
∆

2x _ ∆bd
ac∆x _ ∆2

“
∆x _ bd
acx_ ∆

“ ppxq.

Furthermore,

ppxq “ p∆x _ bdqpacx_ ∆q´1 “ p∆x _ bdqpa´1c´1x´1 ^ ∆´1q

“ ∆xpa´1c´1x´1 ^ ∆´1q _ bdpa´1c´1x´1 ^ ∆´1q

ď ∆a´1c´1 _ bd∆´1 “ a´1b _ c´1d,

and similarly,ppxq “ p∆x _ bdqa´1c´1x´1 ^ p∆x _ bdq∆´1 ě ∆a´1c´1 ^ bd∆´1 “ a´1b ^ c´1d.
Thusp maps into the intervalrα^β, α_βs. Forx P rα^β, α_βs, we haveacxď acpa´1b_c´1dq “
∆, and secondly,bd ď pad_ bcqpa´1b^ c´1dq ď ∆x. Henceppxq “ p∆x_ bdq∆´1 “ ∆x∆´1 “ x.

Finally, if x is a solution of Eq. (6.1), thenpappxq _ bqpacx_∆q “ ap∆x_ bdq _ bpacx_∆q “
a∆x_b∆ “ pcx_dq∆ “ pc∆_acdqx_dpbc_∆q “ cp∆x_bdq_dpacx_∆q “ pcppxq_dqpacx_∆q,
which shows thatppxq is a solution of Eq. (6.1). l

By Proposition6.1, the solutions of Eq. (6.1) are the fibers of the solutions in the interval
(6.3) under the projectionp. So it remains to consider solutions in the interval (6.3). To solve the
equation, we consider another maps: G Ñ G with

spxq :“ a´1dpax_ bqpcx_ dq´1. (6.4)

Proposition 6.2. The mapp6.4q satisfies s2 “ p. In particular, s is an involution on the interval
p6.3q.

Proof. We have

spspxqq “ a´1d ¨
a ¨ a´1dpax_ bqpcx_ dq´1 _ b

c ¨ a´1dpax_ bqpcx_ dq´1 _ d
“ a´1d ¨

dpax_ bq _ bpcx_ dq

cá 1dpax_ bq _ dpcx_ dq

“
dpax_ bq _ bpcx_ dq

cpax_ bq _ apcx_ dq
“
∆x _ bd
acx_ ∆

“ ppxq. l

Corollary. The following are equivalent.
(a) Eq. p6.1q is solvable.
(b) ad ^ bc ď ab ď ad_ bc.
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(c) ad ^ bc ď cd ď ad _ bc.

If Eq. p6.1q is solvable, the unique solution in the intervalp6.3q is x “ pb _ dqpa _ cq´1.

Proof. The equivalence of (b) and (c) follows by symmetry. Condition (c) is equivalent to
a´1d P rα ^ β, α _ βs. Furthermore, Eq. (6.4) shows thats maps every solution of Eq. (6.1)
to a´1d. Hence, if Eq. (6.1) is solvable, there is a solutionx P rα ^ β, α _ βs, which yields
a´1d “ spxq “ sppxq “ s3pxq “ pspxq P rα^β, α_βs. Thus (c) is necessary for the solvability of
Eq. (6.1). Moreover,x “ ppxq “ s2pxq “ spa´1dq “ a´1dpd_bqpca´1d_dq´1 “ pd_bqpc_aq´1.

Conversely, ifa´1d P rα ^ β, α _ βs, thenx :“ spa´1dq satisfiesspxq “ ppa´1dq “ a´1d.
Hence Eq. (6.4) implies thatx is a solution. l

Our discussion of linear equations already shows that solutions need not exist, even for non-
trivial equations. Therefore, a concept of algebraically closed semifield has to take this into ac-
count. So we arrive at the following

Definition 6.1. A semifieldK is said to bealgebraically closedif every equationf pxq “ 1 with
f P Kpxq which is solvable in some extension semifield ofK admits a solution inK.

Note that an equationf pxq “ 1 in Kpxq can also be written in the form

gpxq “ hpxq

with polynomialsg, h P Krxs. We mention here that polynomials inKrxs can be regarded as
functions. Namely, for a non-trivial abelianℓ-groupG, Proposition 5 of (Rump, 2015) implies
that f P rGrxs is uniquely determined by the corresponding functionf : Gd Ñ Gd on the divisible
closure ofG. For rG “ R`

max, it is convenient to writeR` additively via the logarithm. SoG
is turned into the additive group ofR, and 0 becomeś 8. The graph of a polynomial is then
piecewise linear, a classical Newton polygon. For example,the polynomial

´1 _ p´2 ` 2xq _ p´4 ` 3xq

looks as follows:
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´2

´4

1
2 2

Here the coefficients are inZ, while the roots are in12Z, because the linear term is missing. The
root 1

2 is of multiplicity 2. Thus, if we add a linear term to get the polynomial into the normal
form, the coefficient ofx would be´3

2.
The corollary of Proposition6.2shows that in the tropical case, linear equations are not trivial,

and that roots only play a certain rôle with respect to the solutions. In compensation for this initial
difficulty of tropical equations, Theorem 4 of (Rump, 2015) states that we don’t have to go beyond
quadratic equations! Precisely, the theorem says that a tropical semifieldK is algebraically closed
if and only if theℓ-groupG :“ Kˆ is divisible, that is, the pure equationsxn “ a are solvable in
G, and the quadratic equations

pa _ 1qx2 _ pa2 _ b _ 1qx _ pa2 _ aq “ ax2 _ a (6.5)

are solvable for alla, b P G. Note that the solvablity clause (in an extension semifield)of Defini-
tion 6.1is missing. In fact, we have

Proposition 6.3. The equationsp6.5q are solvable in any totally ordered abelian group.

Proof. Fora ě 1, Eq. (6.5) becomesax2_pa2_bqx_a2 “ ax2_a. We show that this equation
holds for allx ě a _ a´1b. Indeed, the latter implies thatax2 ě axpa _ a´1bq “ pa2 _ bqx ě a2.
So the equation (6.5) is solved. Fora ď 1, the equation becomesx2 _ pb _ 1qx _ a “ ax2 _ a.
Here we choosex ď apb_ 1q´1. Thenx ď a andpb_ 1qx ď a. Henceax2 ď x ď a, which solves
the equation. l

Corollary 1. For any tropical semifield, there exists a (tropical) extension semifield where Eq.
p6.5q is solvable.

Proof. This follows since every abelianℓ-groupG is a subdirect product of totally ordered
abelian groups ((Darnel, 1995), 47.11). l
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Furthermore, Theorem 4 of (Rump, 2015) implies

Corollary 2. Let G be a totally ordered abelian group. ThenrG is algebraically closed if and only
if the pure equation xn “ a is solvable for all positive integers n and aP G.

To analyse Eq. (6.5), consider an additive abelianℓ-groupG. The proof of Proposition6.3
then tells us that in the totally ordered case, solutions of Eq. (6.5) exist, but depending on the sign
of a, they must be either large enough ifa ą 0 or small enough ifa ă 0.

It is this point where geometry enters the scene. By the Jaffard-Ohm correspondence, every
abelianℓ-groupG occurs as a tropicalized Bézout domainR. By (?), Proposition 7, the structure
sheaf ofR can be transferred toG, which yields a sheaf̆G on a spectral spaceX with totally or-
dered stalks such thatΓpX, Ğq – G. In the archimedean case,Ğ is a sheaf of germs of continuous
functions. Therefore, the sensitivity of Eq. (6.5) against sign change ofa is best illustrated by the
following

Example. Let G be theℓ-group C r´1, 1s of continuous real functions on the closed interval
r´1, 1s. Multiplying Eq. (6.5) by a´1x´1, it takes the symmetric form

a´x _ c _ a`x´1 “ |x| (6.6)

with a P G andc ě |a|, where|a| :“ a _ a´1 and

a` :“ a _ 1, a´ :“ a´1 _ 1.

Writing Eq. (6.6) additively, it becomes

pa´ ` xq _ c _ pa` ´ xq “ |x|.

Passing toC r´1, 1s, let c be the constant functiont ÞÑ 1, and leta be arbitrary with|a| ď c. If
xptq ě 0, this implies thatxptq “ |x|ptq ě 1, while xptq ď 0 gives´xptq ě 1, that is,xptq ď ´1.
Thus Eq. (6.5) cannot be solvable by a continuous function.

Recall that an elementu ě 1 of a (multiplicative) abelianℓ-groupG is said to be aweak order
unit ((Darnel, 1995), 54.3) if u ^ a “ 1 implies thata “ 1. Fora P G`, we writeGpaq for the
ℓ-ideal generated bya. It consists of the elementsx P G with |x| ď an for somen P N.

Definition 6.2. (McGovern, 2005) An abelianℓ-groupG is said to beweakly complementedif for
any paira, b P G with a^ b “ 1, there exista1, b1 P G with a ď a1 andb ď b1 such thata1 ^ b1 “ 1
anda1b1 is a weak order unit ofG. If Gpaq is weakly complemented for alla P G`, thenG is called
locally weakly complemented.

The following result shows that the solvability of Eq. (6.5) merely depends on the lattice
structure ofG. To state it, we need a very weak form of projectability. Recall that an abelian
ℓ-groupG is strongly projectable(Darnel, 1995) if the polar

IK :“ ta P G | @ b P I : |a| ^ |b| “ 1u
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of anyℓ-idealI is a cardinal summand:G “ IK
‘ IKK. If this holds for principalℓ-idealsI “ Gpaq,

thenG is calledprojectable. More generally,G is said to besemi-projectable3 (Bigardet al., 1977)
if

pa ^ bqK “ aKbK

for a, b P G`. (For a geometric characterization, see (Rump, 2014), corollary of Theorem 1.) Still
more generally, we callG z-projectable(Rump, 2014) if

pabqKK “ aKKbKK

holds fora, b P G`. Thus

strongly projectableùñ projectableùñ semi-projectableùñ z-projectable

All these concepts are pairwise inequivalent. The line of implications could even be enlarged
to seven types of projectability (Rump, 2014) which all have their particular relevance (cf. the
hierarchy of Tn-spaces in general topology). Now we are ready to prove

Theorem 6.1.Let G be an abelianℓ-group. The following are equivalent.
(a) The quadratic equationsp6.5q are solvable in G.
(b) For a, b, c P G with a^ b “ 1 and cě a _ b, there exist a1, b1 P G with a1 ě a and b1 ě b

such that a1 ^ b1 “ 1 and a1 _ b1 “ c.
(c) G is semi-projectable and locally weakly complemented.
(d) G is z-projectable and locally weakly complemented.

Proof. (a) ñ (b): By assumption, there exists a solutionx P G of Eq. (6.6) with ab´1 in-
stead ofa. Thenbx ď x`x´ andax´1 ď x`x´, which givespx´q2 ě b andpx`q2 ě a. Define
a1 :“ px`q2 ^ c andb1 :“ px´q2 ^ c. Thena1 ^ b1 “ 1 anda1 _ b1 “

`
px`q2 _ px´q2

˘
^ c “ c.

(b) ñ (c): Let P �“ Q be minimal primeℓ-ideals ofG. Choosea P P X G` r Q. Since
P is minimal,a ^ b “ 1 for someb R P. For anyc ě a _ b, the elementsa1, b1 in (b) satisfy
a1 P bK andb1 P aK. HenceaKbK “ G. SinceaK Ă Q andbK Ă P, we obtainPQ “ G, which
shows thatG has stranded primes. By (Bigardet al., 1977), Proposition 7.5.1, this implies thatG
is semi-projectable. Moreover, (b) implies thatG is locally weakly complemented.

(c) ñ (d): By (Rump, 2014), Proposition 4, every semi-projectable abelianℓ-group isz-
projectable.

(d) ñ (a): Leta, b, c P G with a ^ b “ 1 andc ě a _ b be given. By the equivalence of Eq.
(6.5) and Eq. (6.6), it is enough to solve the equation

ax_ c _ bx´1 “ |x|. (6.7)

3Some authors replace this term by “having stranded primes”,referring to an equivalent form proved in (Bi-
gard et al., 1977), Proposition 7.5.1. Darnel (Darnel, 1995) argues that “semi-projectable” does not come close
to “projectable” (referring perhaps to the “projections” of a cardinal sum). Note, however, the equivalent version
a ^ b “ 1 ñ aKbK “ G, which gives half of a cardinal sum: “semi”̂ “projectable”.
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By assumption, there exista1, b1 P G with a1 ě a and b1 ě b such thata1 ^ b1 “ 1 and
pa1b1qK X Gpcq “ t1u. SinceG is z-projectable, this yieldsc P pa1b1qKK “ pa1qKKpb1qKK. So
there arep P pa1qKK X G` andq P pb1qKK X G` with c “ pq. In particular, this implies that
p^ q “ 1. Hencea “ a^ pp_ qq “ pa^ pq _ pa^ qq “ a^ p. So we havea ď p, and similarly,
b ď q. Thusx :“ qp´1 solves Eq. (6.7). l

By (Rump, 2015), Theorem 4, we obtain

Corollary 1. Let G be an abelianℓ-group. The tropical semifieldrG is algebraically closed if and
only if G is divisible and its underlying lattice satisfies condition (b) of Theorem6.1.

Recall that a ringR is said to beclean(Nicholson, 1977) if every a P R is a sum of an idem-
potent and a unit. Nicholson (Nicholson, 1977) proved that a clean ringR satisfies theexchange
property(Crawley & Jónsson, 1964; Warfield, 1972), which means that for every decomposition
M “ R‘ N “

À
iPI Mi of modules, there are submodulesM1

i Ă Mi with M “ R‘
À

iPI M1
i . For

example, commutative von Neumann regular rings, and semiperfect rings, are clean. For various
characterizations, see (McGovern, 2005). If every non-isomorphic homomorphic image ofR is
clean, the ringR is calledneat(McGovern, 2005).

Corollary 2. A Bézout domain is neat if and only if its group of divisibility satisfies the equivalent
conditions of Theorem6.1.

Proof. By (McGovern, 2005), Theorem 5.7, a Bézout domain is neat if and only if its group of
divisibility is semi-projectable and locally weakly complemented. Thus Theorem6.1applies. l

Remark. Note that the underlying lattice of an abelianℓ-group is self-dual viax ÞÑ x´1. Thus,
for a Bézout domainR, Corollary 2 remains valid if the group of divisibility is replaced by the unit
groupApRqˆ of the tropical semifieldApRq. In particular, Corollary 2 gives a characterization of
Bézout domainsR with ApRq algebraically closed.

Finally, we consider the abelianℓ-groupC pXq of continuous real valued functions on a topo-
logical spaceX. Note thatC pXq is also a ring. To avoid confusion, let us denote this ring by
CpXq. By (Gillman & Jerison, 1960), Theorem 3.9, there is no loss of generality ifX is assumed
to be completely regular. It is known thatCpXq is a Bézout ring (that is, every finitely generated
ideal is principal) if and only ifX is anF-space, which originally was just defined by this property
(Gillman & Henriksen, 1956). For equivalent characterizations, see (Gillman & Jerison, 1960),
Theorem 14.25. One of these characterizations states that for every f P CpXq there is an element
g P CpXq with f “ g| f |.

Corollary 3. Let X be a completely regular space. If the tropical semifieldĆC pXq is algebraically
closed, then X is an F-space.

Proof. Let f P CpXq be given. Thenp f ` ^ 1q ^ p f ´ ^ 1q “ 0 andp f ` ^ 1q _ p f ´ ^ 1q ď 1.
Thus, by Corollary 1, there existg, h P C pXq with f ` ^ 1 ď g and f ´ ^ 1 ď h such thatg^ h “ 0
andg _ h “ 1. We claim thatf “ pg ´ hq| f |. If f ptq ą 0, then 0ă f `ptq ^ 1 ď gptq. Hence
hptq “ 0, and thuspg ´ hqptq “ 1. Similarly, f ptq ă 0 implies that 0ă f ´ptq ^ 1 ď hptq, which
yieldspg ´ hqptq “ ´1. ThusX is an F-space. l
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