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Abstract

This work introduces informative and interesting Vororajions through measures utilizing probability density
functions and qualities of Voronoi cells of digital imageimgpatterns. Global mesh cell quality exhibits a fairly
horizontal behaviour in its range of convergence acrossraéeategories of digital images. Simulation results un-
ambiguously show that Shannon entropy does not expose teeinformation in Voronoi meshes although it’s in
the range 1k B < 2.5 for which information is maximized. Mesh information iseseto be generally a non-linear,
non-decreasing function of image point patterns. Some itappbmathematical theorems on quantities and optimality
conditions are proved.
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1. Introduction

This article introduces an approach to measuring the irdtion levels Voronoi tessella-
tion (mesh) cells via Rényi entropy. The focus is on the Rémtropy of Voronoi meshes
with varying quality. Letp(xy),...,p(X),..., p(X,) be the probabilities of a sequence of events
X1,...,%,..., % and let3 > 1. Then the Rényi entropyRenyi 2011) Hz(X) of a set of evenkK is
defined by

Hp(X) = ——In Z P’ (%) (Rényi entropy)
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Rényi’s entropy is based on the work by R.V.L. Hartlélaftley, 1928 and H. Nyquist Nyquist,
1924 on the transmission of information. A proof thie(X) approaches Shannon entropy as
B — lis givenin Bromileyet al, 2010, i.e,,

: 1 4 . n
ﬁ!ﬂlrﬁm; PP(x) =~ i=1"pinp.
The information of ordelB contained Quaity
in the observation of the evemt with re-  °*| 3 q
spect to the random variablkeis defined by g / S ,/ ‘ /
H(X). In our case, it is information level of °‘58’\,, \ / \'\\//\ ‘ P
the observation of the quality of a Voronoi °*} J \/
mesh cell viewed as random event that is
considered in this study. The principle ap- °*;
plication of the proposed approach to mea- **r oo 20 T ey
suring the information levels of mesh cells
is the tessellation of digital images.
A main result reported in this study is Figure 1. Rényi entropy
the correspondence between image quality and Rényi enfoypyifferent types of tessellated
digital images. In other words, the correspondence betwieerRényi entropy of mesh cells
relative to the quality of the cells varies foifidirent classes of images. For example, with Voronoi
tessellations of images of humans, Rényi entropy tends todheer for higher quality mesh cells
(see,e.qg, the plot in Fig.1 for different Rényi entropy levels, ranging frggn= 1.5 to 2.5 in 0.5
increments).
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0.54 |-

2. Literature Review on Voronoi Diagrams

It is known that generating meshes is a fundamental and s&gestep in several domains
such as engineering, computing, geometric and scientifiicgtions (eibon & Letscher200Q
Owen 1998 Liu & Liu, 2004. No matter what their domain application and the specifie te
minology used, the resultant meshes have structures omeslthat result from the geometry of
surfaces, dimension of the space and placement or orgamzdtgenerator&beida & Mitchell
2012 Mitchell, 1993 Persson2004). Meshes may be generated for purposes of image processing
and segmentatior(beldaez & Cohen2006), clustering Ramellaet al,, 1998, data compression,
guantization, analysis of territorial behavior of anim@ersson2004 Persson & Strang2004
Du et al, 1999 to name a few. Applications of meshes are growing but wonkthe direction
of exploiting pattern nature and information are lackinge &ve therefore of the view that under-
standing the pattern and the underlying process couldlgieanefit applications.

Voronoi diagrams were introduced by the Ukrainian mathanaat G. Voronoi Yoronoi, 1903
1907,1908 (elaborated in the context of proximity and quality spasjeaces inReters2019,c,a;
A-iyeh & Peters2015 Peters2016) provide a means of covering a space with regular polygons.
The process allows us to understand fundamental propeftedements of the space by exploiting
properties of the meshes. The properties of the space mayode have remained inaccessible.
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In telecommunications, Voronoi diagrams have furnishexbafor analysis of binary linear block
codes Agrell, 1996 governing regions of block code and performance of Gansgiannels.

In musicology, Voronoi diagrams have demonstrated thdityu¢ McLean 2007). For ex-
ample, they have been successfully applied in automatiepgng of polyphony Hamanaka &
Hirata 2002. Other works bordering on applications of Voronoi meshesrareservoir modeling
(Mgller & Skare 2001) and cancer diagnosi®émir & Yener, 2005.

The fact that the partitioning algorithm divides the plam®iEuclidean neighborhoods permits
exploitation of proximity relations while féering the flexibility of modeling the space as a con-
tinuous image-like point pattern representing the spadeerzhe substantial utility of Voronoi
tessellations their applicability in additional areasliling point pattern detection and image
analysis is currently being investigated vigorously.

In this work meshes are generated for the purposes of cleaircy a point pattern informa-
tion using multiple measures for the individual mesh cellfie major focus here goes beyond
tessellating a space with meshes. Additionally we searcinfportant cues that may be funda-
mental for basic pattern understanding which in turn may keaidentifying and understanding
the underlying pattern.

3. Preliminaries

In this section, the grounding theory entropy, quality dfscand Voronoi diagrams based on
point pattern distributions is set. Some useful definitiaresgiven prior to facilitate the process.

3.1. Notation and Definitions

A subset of points ifR" is denoted bys. A partition of the space db ¢ R" according to the
Voronoi criterion into contiguous non-overlapping polygas denoted by the séV = F,&,S =
N} whereF, £ are the faces and edges of graph regions respectively. prigperties of cells such
as length of edges of polygons are representeld, layea byA, quality of cells byg, and entropy
by Hrg.

Definition 3.1. Given a point pattern s€& c R" of three or more non-collinear points and a
distance functiorl,, the set{V,S = {N} is called a Voronoi tessellation & if V; nV; + & for

i # ] ¢ S. A Voronoi tessellation is a set of polygons with their edged vertices that partition a
given space of points.

Definition 3.2. The Voronoi region of an image point is a polygon about thit siThe set of
all regions partition a plane of image points based on amtistdunction| - |. This results in a
covering of the plane with polygons about the points.

Definition 3.3. Consider the seb = {s,,..., &}, a plane(vi, Vv;) is a Voronoi edge of the Voronoi
regionV; if and only if there exists a point such that the circle centered»aand circumscribing
v; andv; does not contain in its interior any other pointéf. A Voronoi edge is a half plane
equidistant from two sites and bounds some part of the Vardiagram. Every edge is incident
upon exactly two vertices and every vertex upon at leasetadges.
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Definition 3.4. A Voronoil neighborhood of a poinp in the vicinity of pointq is the locus of
bisectors or half planes equidistant frgmandg. The union of half planebl§ (Hy) is the locus of
points nearer t@ than tog. The intersection of half plang3,.s 4., Hp defines a region generated
atp.

Definition 3.5. A Voronoi vertex is the center of a circumcircle through thsées.

Definition 3.6. A set of pointsS is a convex set if there is a line connecting each pair of goint
within S.

Definition 3.7. The convex hull of Voronoi regions abogtis the smallest set which contains the
Voronoi regions as well as the union of the regions.

Definition 3.8. A point pattern is a set of points of the signal representogations of signal
features. For example sets of corners, keypoints etc. Beed to as point or dot patterns.

Definition 3.9. The quality of a Voronoi cell is a dimensionless real numissigned to the cell
based on the extent to which the sides of the cell match.

Definition 3.10. An open pattern point is a point such that a disk centered conitains the point
as an interior point.

Definition 3.11. A closed pattern point is a point such that a disk centered @mnitains the point
as well a boundary.

Definition 3.12. Let V be a Voronoi diagram ifiR?. The skeleton o¥; € V, is the open se(Q)
from which the Voronoi diagram is generated.

Definition 3.13. The Voronoi quality of visual information given by a pointrgeator is defined
as the aggregate of measure of cells comprising the tessellaln other words it shows the
organization of a point pattern.

Definition 3.14. A point pattern is feasible when there exists a condtarii such that at least one
guality measure of the Voronoi cells is at lefast

3.2. Voronoi Diagrams

The spatial distribution of point sets informs the naturd arganizations of the pattern. This
in turn influences the graph geometry of the Voronoi diagraengdoint set. Assume we have a
finite setS of point locations called sites in a spaceR". Computing the Voronoi diagram with
respect téS entails partitioning the space 8finto Voronoi regionsV(s) in such a way that the
regionV(s) contains all points o§ that are closer tg; than to any other objes, i # jin S.

More elaborately, given the generator set

S={s,...,x:1eN},
the Voronoi regiorV(s) is defined by

V(s)={xeR": |x-s]| < |x-s,sceS,i+k},
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where|., .| is the Euclidean norm (distance between vectors). The set
V(S) = USV(S')
Se

is called the n-dimensional Voronoi diagram generated bypttint setS. In R?, this dfectively
covers the plane with convex and non overlapping graphsfarresach generating point i8. By
the definition of a Voronoi region above, the region aboutexssatisfies

d(x.s) <d(xs) < ||x-s|?<||x-s*Vs €S.
Manipulating the expression of a Voronoi region gives

2 | |2
W(s) = (s syx< BEBEE g sy
The immediate expression is recognized as an ordinaryrlgystem of equations whehis finite
(Goberneet al,, 2012. For a partitioned space in which all the individual reg@ne triangles, the
optimal tessellation of the point set which maximizes theaimum angle in each triangular graph
is the Delaunay triangulation. The Delaunay triangulatd is the triangulation DT(S) where
the circum-circles of all cells contain only the three psifdrming the triangle. Since a Delaunay
image triangulation can be obtained from the correspondargnoi image graph our focus shall
be on the latter. Point patterns in Delaunay image trianguia are informative and can be used
to study the nature of the underlying tessellated process.

The advantage of Voronoi diagrams in studying patternsasitlassociates the local neigh-
borhood of a point with the information in the region inclddgy the point as opposed to point
estimates only. Consequently measures may be aggregatgidlial pattern information gather-
ing.

Figure 2. Voronoi mesh pattern

Fig. 3.2displays a Voronoi diagram generated by a point set (not showR?2. The diagram
shows how a space partitioned into regions of influencestahewgenerators in the form convex
non-intersecting polygons. The nature of the pattern inftes the distribution of the point set
as well as the structure of the partitioned space. For exapydiygons in regions of higher point
densities are of smaller sizes or areas compared to polygoregions with with lower point
densities.
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4. Patterns and Information Theory

Information in signals and patterns is commonly charao¢eriusing information theoretic
approaches such as entropy and characteristics of a trared@pace of the pattern such as quality
measures of Voronoi cells. In the following subsections vesent those tools.

4.1. Entropy

Entropy has long been an indicator of information and infation content whose utility has
since extended to other fields besides thermodynamics vithemgerged. In thermodynamics, it
was first used for understanding molecular structure. Pgtrow finds applications in several
other fields including portfolio selection and financial id&mn making Zhouet al,, 2013, distri-
bution analysisChapman1970 where it's founded on probability density functions dedvrom
random variables.

Some general observations on entropic information arederdoefore proceeding. If all the
realizations of a random variable have equal chance of baisgrved, then the variables have
equal probabilities. Relating this to Voronoi cells thisang we have a simple pattern formed by
repetition of a unit. Consequently the same informationoistained in all cells of the pattern.
This scenario corresponds to maximization of entropy.

When a measure of information in a pattern is maximized th@atians of the pattern primi-
tives must be minimal and one variable or cell and its attalisirepresentative of the pattern. This
situation also means there is no other information in theepabther than the fact that the random
variables of the pattern are uniformly distributed. On tbatcary variations in a random variable
indicates interestingness, disorder, complexity or ramuess in the pattern and most importantly
a distribution of variables that is anything but uniform.

4.1.1. Renyi Entropy

Renyi entropy is a general information criterion of whichaBhon entropy and others are
special casesXu & Erdogmuns 2010. This generality is useful in diversity and dissimilarity
characterizationRaq 1982 of pattern structure. Recall that the area of a Voronoi satisfies
0 < A < oo and so the probabilityer(.) of the area random variable assuming a value in the
range of areas is defined in<OPr(A;) < 1. Let At be the total planar surface area of a Voronoi
tessellatiorV. It follows that the probability of the random variabAeis defined by

Pr(A) = 5

and
> Pr(A) =1
A general entropy criterion utilizing the probability démss of the random variables is defined
by:
H=—In Zn: Pr/
A=
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wherePr(A;) = Pr;. A noteworthy property of Renyi entropy is majorization.sfigne two finite
probability vectord? andQ of length 1< k < n. P is said to majoriz&) if

P1+P2+---+Pk2Q1+Q2+"~+Qk.

This means thaP exhibits a stronger tendency towards uniformity tf@rand thus has more
entropy. This is an important indicator for understandimgnature of the distribution of a random
variable.

4.2. Cell Quality

Mesh quality in the literature is fliciently developed with guarantees for triangular and tetra
hedral elementsBern & Eppstein1995. However this is not so for mesh elements of four or
more sides as well as hexahedra. As a result this researeleessitated in the direction of mesh
elements from planar Voronoi diagrams which mostly have domore sides towards their quality
guarantees. This is where the potential utility and impéotesh qualities in this work is directed.
The quality of a mesh depicts a way of investigating patteganization with a measure of geo-
metric structure. The quality of a cell is defined by the lengths of the sides of the polylgand
its areaA. To illustrate consider a quadrilateral Voronoi cell. Itgatity is defined by

A
T2 212,120
1T+ 15+ 15+ 15

q

Quiality factors of diferent kinds of polygons are adopted to the criteriegSbfgwchuk2002 Bha-
tia & Lawrence 1990 Knupp 2001). Quality measures are defined to assume valuesig € 1.
A quality value of zero corresponding to a degenerate megbmevhilst a value of one corre-
sponds to a region with equal polygonal side lengths.

5. Theorems and Observations on Voronoi Diagrams
Let{q},i =1,2,..,n < oo be the set of qualities of cells resulting from a Voronoi ¢édasion.
Theorem 5.1. Qualities of cells satisfy the inequality
(Q1+ 0+ O3+ ... + Qn)? < 2.
Proof. Without loss of generality assunme- 4. Notice thag € [0, 1]
(O + 0 + O3 + 0a)? = O + 2010 + O3 + s + 0aGla + GoCs + pGla + O3 + 2050 + G0, i)y < 1.

Each of the individual terms is potentially less than its maxn value since all the qualities may
not haveqg; = 1. So the squared sum of the qualities is equal’td and only if all cells have a
quality of 1. The quality inequality must be as it is to takescaf qualities other than the extremes
of zero and unity. Thus we must have

(Q1+ o+ 03+ ... +Qn)2 < 1P,

for n < oo. O
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Theorem 5.2. For a Voronoi cell of quality g= 1 there exists a point inside the cell to which all
vertices are equidistant.

Proof. See A-iyeh & Peters2015. ]

Theorem 5.3. For every Voronoi cell with g 1 there exists a polygon whose edge lengths are not
unequal.

Proof. See A-iyeh & Peters2015. O

Lemma 5.1. Let A(Vs) be the area of the smallest polygon in a Voronoi mesh and (1gt) Ae
the area of the polygon with the largest area in the same méshinmtermediate polygonal areas
AV1)...,A(Vn). Then

A(Vs) cAV)

and
A(Vs) c A(V1) S AV2) - € A(Vh) € AW)

for a mesh with i 2 polygons.

Lemma 5.2. The sequence of all ordered elements of the projectiong®®sand B, i.e., {a,}
and{b,}, n=1,2,3,... form a metric space.

Consider polygonal elements Bf with elementsx = (X3, X2, ....., Xn), Y = (Y1, Y2, ...,Yn). Let
p(A1,By) = Inf{|x-y| : xe Aq,y € By} be the distance between functions of bounded elem&nts
andB; of the space. Again lgbr,(Ar) = Inf{X e A|3Xs, Xo..., Xn_1 € R: X = (Xg, X0, Xn-1) € Ar}
be the projection of s&§; onto the f-coordinate space & andA,, ;_, represents polygons(half-
open meshes) of the fortiyh,lI;h+h] x---x (I,_1h,I,_1h+h]. his the edge length arig, I, ..., 1, 1
are integers.

Theorem 5.4.1f A; and B, be bounded polygons in a Voronoi with with a function of thiggans
(A1, B1) = 80 > 0, then a family of polygonsa } ., A, ¢ R"-1 exists such that

ern—l(AU B) c H,

N
i=1
forany a if x € A, ye B, plgsiy, Priryniy € Ak, then|Xy — Yo = [praX — pray| > 6 = 2.

Proof. Assumeh € (0,60(2n)~%2). LetDy, k, , = Ak.k4r- ThenDy k. , possesses the following
properties

1. Ukl,...kn,]_EZ Dkla---kn—l =R"

2. DiﬂDjZQ

yeee
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Considerx,y € D and assump,—Yq| = |prax—pray| < do/2. Then we havp(x,y) = [(Xg—y1)?+-- -+
(%= Yn)2] 12 < (24 +h2+63/4). Forhe (0,50(2n)742), p(x.y) = (63(n-1)/(2n) +353/4) 42 <
do. This is untrue. Hence, property 3 is proved.

For property 2Au B # @ and the union of the bounded sets is bounded8p2> Au B. Thus
the union of all the polygons covers the sp@feand that proves property Iprg.:(UY, D;) =
pren1(UR, AkR) 2 pree1(AuB) andUy ; 2 pree-1(AuB). These statements imply that foe A,
y € Bwe can finday such thap(x,y) > 6o by assumption, so tha{ prpX, pray) = |Xn—VYn| > 60/2 =
d. O

Theorem 5.5. Symmetry is a condition for optimality of Voronoi meshes.

Proof. Note thatV for a sites can be expressed 85s) := {(sk— S)X < w s €S} To
show optimality we need
oV (s)

s
This gives
NG 2]

0s 2
The immediate expression is equivalent to

o s, if x>0,
s, if x<0,

which is a mathematical expression for symmetry. ]

Propertyl. Given a measure functiay(.) for a Voronoi diagram of an > 3 point set the Voronoi
tessellation consists of quality functions equal in nunibehe number of Voronoi cells.

Property 2. The Voronoi diagram of a s& consisting ofn > 3 non-collinear objects with a
measure for the polygons has at mosh2 5 vertices and 8- 6 edges, respectively.

Theorem 5.6. The quality of a scaled Voronoi cell is scale invariant.

Proof. Consider a triangular cell with quality= 1 before scaling. Now assume the edges of the
cell have been scaled with a multiplier> 0. The quality before scaling is given by

0.5l2
=435 = b

The quality, after scaling, is expressed by

2 /3
1243 05(miy2,/3 B

(mh2+ (mh2+ (m2
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6. Applications

The utility of Voronoi tessellations has often been limitedspace partitioning and not un-
derstanding the pattern as evidenced by numerous artiOgg to this an abysmal number of
works explore the potential of Voronoi diagrams beyond spagtitions. Even fewer works exam-
ine properties of Voronor cells with the viewpoint of undargling underlying nature of patterns.
We attempt a way of representing part of a signal space frowird pet sample distribution that
summarizes the pattern by its equivalent Voronoi signailinese points in the pattern form gener-
ators for Voronoi diagrams. Keypointimage patterns ofdings, animals, humans and mountains
as previously utilized inA-iyeh & Peters 2015 were sampled from images of dimensidvioy
N to summarize the signals. These point patterns consist oih&6 corresponding to the most
prominent in the images. To establish a fair basis for crosgdyais the same number of point
sets is sampled for all images. In addition all the imageagyare gray scale of their respective
categories from the dataset &%éanget al,, 2001 (Fig. 4).

With the preamble in place we tessellate and cover the patfEces with Voronoi polygons. Itis
expected that since point patterns are distinct their ordragrams would exhibit discriminatory
properties. This could be key in pattern discriminatiomgshe computed quantities.

Upon identifying the subset representing an image spacapyky the Voronoi partition algo-
rithm to the generators in the signal space. The result isseliated space of Voronoi polygons.
Open polygons are typical of Voronoi partitions as such enrttathematical formulation of some
derived features of the tessellated spaces we adopt temmifat allow the infinite polygons as
well as the finite ones to be well behaved.

To help examine the nature and bahaviour of patterns, pfatgreous quantities are given. There
are as many qualities as cells so we define a global qualigxindfidelity to capture the geometry
of the pattern. Using all cell qualities in a tessellatiois ilefined by

1 n
anl = H;qi,

wheren is the total number of cells angl is the quality of celli. This enables a one-to-one
correspondence between quantities.

Due to the finite nature of digital image, we limit the geonuetrextent of the point patterns
to their convex sets. The information content of images ssessed using a general entropy crite-
rion. A special case of the the general entropy criteHooccurs wherg = 2. This is the so called
Renyi entropy denoted hekk. Simulation results are included 8= 2,1.5,2.5. This range of
captures a range of entropies including the Shannon enéigby 2.

The choice of3 in the neighborhood of 2 is not arbitrary. The reasons aretk on the one
hand we are close to Shannon entropy which enables us taabtarmation on the distribution
of elements. On the other hand it gives us information on hoitswf a point pattern influence
their distribution. Just al andl., norms represent extremes of the smallest and largest elemen
of a setH, andH., are the extremes of information measures of whigh,. .. gives a tradefb.

The simulation process is summarized in the following atgar.



E. A-iyeh et al/ Theory and Applications of Mathemati&sComputer Science 6 (1) (2016) B5- 87

Mesh Quality(q)

for each Voronoi regiol¥; € V of S do
Access the number of sides and coordinates of the verticie qfolygon.
Using the coordinates, compute the lendttend Area A of the polygon.
Usel; andA in the appropriate expression to compute its quality

end for

Q={a}

Mesh Entropy(H)

for each Voronoi regioi’; € V do
ComputePr;
UsePr; to computeH;
H = {Hi}

end for

Remark 6.1. The assumption made here is that the lengths of the side®of ¥@ronoi region
polygon are measurable. Unfortunately, this is not alwégsdase in, for example, Voronoi tessel-
lations of 2D digital images, since some of the sides of \ircggion polygons along the borders
of an image have infinite length and border polygons have untied areas. To cope with this
problem, the lengths of all border polygons are a measurkdive to one or more image borders.

Example 1. Consider a completely regular pattern tessellated as shofig. 3.

L L L L L L L L
100 200 300 400 100 200 300 400

3.1: Mesh 3.2: Probability 3.3: Quality

Figure 3. Perfectly Regular Image Graph Space and Quantitie

In Fig. 3 all Voronoi cells have the same area resulting in a uniforstrithution of their prob-
abilities. Also all cells have the same quality. Now there 400 cells in the tessellation andldo
attains its maximum value 0f$9146 and the global quality index also attains its maximate/
of unity. From the distribution of the probability of cellaétheir qualities it’s straight forward to
see that a plot of general entropy against global qualiticesiwould be a straight horizontal line.
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4.1: Building set 4.2: Horse set 4.3: Human set 4.4: Mountain set

Figure 4. Data sets

Probability

Cellnumber 0 Quality

10 20 30 40 03 0.4 0.5 06 0.7 08

5.1: Mesh 5.2: Probability 5.3: Quality

Figure 5. Image Graph Spaces

Frequen
Probability avency

04 151
03
02

0.1
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6.1: Mesh 6.2: Probability 6.3: Quality

Figure 6. Image Graph Spaces

7. Results and Discussion

Most polygons typically have non-zero areaRg is defined for all regions in the plane. In
the following image Voronoi graphs, probability functiomiscells, image cell qualities and plots
of quantities are shown. Also quality of cells and inforroatare studied by examining the nature
of the plots. The results of our simulations are shown foy dhtee images per category of the
data set given in Figd for space reasons although the results are presented fentine data set
of 20 images per category amounting to 80 images in totalrgSponding cell area probabilities
and distribution of cell qualities are shown next to tesgetl spaces in Fi§-Fig. 16in that order.

Point patterns consist of a maximum of 50 keypoints and sodbelting cells are usually 50
in number. Notice the nature of the distributions of probabs and qualities. Probability distri-
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Frequen
Probability avency
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Figure 7. Image Graph Spaces
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Figure 8. Image Graph Spaces

butions range from the extreme of only a few influential c&isells exhibiting higher tendencies
of equal influences. This corresponds to a few large peakheprbbability distributions and a
spread out distribution respectively. The qualities ofd¢bks portray the exhibited behaviour.
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Figure 9. Image Graph Spaces
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Entropies of tessellations and global quality indices amedensed into the following plots.
For 50 Voronoi cells exihibiting a uniform probability digtution the maximum value possible
for Renyi entropy is 3.912. All entropy values fall short bigtvalue. Plots of entropies and global
qualities are shown for the buildings, horses, humans anthtam scenery categories in Fiby.
Notice the flat nature of the global qualities for the imag®enyi entropies as a function of the

images is non-decreasing.

In the following, plots of global qualities, Renyi entropiand plots of entropies against qual-

ities are shown.

Notice the monotonically increasing entropies and globalitjes in Fig.17. Also observe that
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Figure 13. Image Graph Spaces
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Figure 14. Image Graph Spaces
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the quantities are distinct across categories. Most impdst entropic information is decreases
for g =1.5,2.0,2.5in that order. Recall th@= 2 yields Shannon entropy from the general entropy
criterionH. It is interesting to note the oscillating (Fi$j8) as opposed to uniform relationship

between entropy and global quality. This confirms the deparof the images from the less
interesting case of completely regular patterns.
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8. Conclusion and Future Work

Non-linear probability distribution distribution funciis as opposed to uniform ones are ob-
served. However, recall that a uniform distribution maxes the entropy so that implies that
the point patterns are more informative and interestingpamed to completely regular patterns.
Although the patterns are not uniform the information partenrange of k g < 2.5 maximizes
the information content of Voronoi cells. This shows tha Renyi entropy is more informative
than Shannon entropy. This is due to the variations in patigucture. Owing to the non-linear
relationship between entropy and cell qualities, we seetliepatterns are not simple patterns
because of the variations.

Notice that the global qualitieg,, for all image categories practically follow a linear distri
bution with a gradient close to zero. So given a global gualita tessellation converging in the
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Figure 18. Quality Signatures

neighborhood of & < gy < 1.0, the point pattern is not completely regular and could benfa
digital image. This range of global qualities observed shthat point pattern primitives of digital
images may not be simple and completely regular features.

Image point patterns with global quality deients in the range.b < g, < 1.0 are stable.
This indicates that the image physical system t&ciently modeled. This is the so called fidelity
of solution of the physical system offtkrential equations represented by the mesh. A completely
regular pattern with a global index or fidelity of unity is thmst stable (Fig3) so that an unstable
system has an index of zero or close to zero.

Since the point patterns are not completely regular theyatomore information than regular
ones because their global indices are less than unity aicetiteopies are less than the maximum
value.

Notwithstanding this quality guarantees for meshes of @unore sides which is hardly studied
and much less developed is seen to be stable and guarantbed@ported range.

Finally it has been shown that the distribution of digitakbige point patterns is anything but
uniform. Therefore future work should reveal the applieadiktribution(s).

It goes without saying that although the method is simpleetfettive in characterizing pat-
tern information and structure the assignment of zero poitibias to infinite Voronor cells is a
disadvantage. This however is a natural consequence ohvopartitioning for which the choice
has to be made whether the information is attributed to a féwite cells or otherwise.
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