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Abstract

In this paper, a new class of complex-valued harmonic univalent functions defined by using a new differential
operator is introduced. We investigate coefficient bounds, distortion inequalities, extreme points and inclusion results
for this class.
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1. Introduction

Harmonic functions are famous for their use in the study of minimal surfaces and also play
important roles in a variety of problems in applied mathematics (e.g. see Choquet (Choquet,
1945), Dorff (Dorff, 2003), Duren (Duren, 2004)). A continuous function f = u + iv is a complex
valued harmonic function in a complex domain C if both « and v are real harmonic in C. In any
simply connected domain D c C we can write f = h + g, where h and g are analytic in D. We
call & the analytic part and g the co-analytic part of f. A necessary and sufficient condition for
f to be locally univalent and sense- preserving in D is that |h' (z)| > |g' (z)| in D; see (Clunie &
Sheil-Small, 1984).

Denote by S H the class of functions f = h+g that are harmonic univalent and sense-preserving
in the unit disk

U={z:z€eCand |7 < 1}

for which f(0) = f;(0) — 1 = 0. Then for f = h + g € S H, we may express the analytic functions
h and g as

hz) =z + Zakzk, g(2) = Zbkz"- (1.1)
k=2 k=1
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Therefore

f@=z+ ) ad+ ) b bl <1
k=2 k=1

Note that S H reduces to the class S of normalized analytic univalent functions in U if the
co-analytic part of f is identically zero.

In 1984 Clunie and Sheil-Small (Clunie & Sheil-Small, 1984) investigated the class S H as
well as its geometric subclasses and obtained some coefficient bounds. Since then, there has been
several related papers on S H and its subclasses such as Avci and Zlotkiewicz (Avci& Zlotkiewicz,
1990), Silverman (Silverman, 1998), Silverman and Silvia (Silverman, 1999), Jahangiri (Jahangiri,
1999) studied the harmonic univalent functions.

The differential operator Dg,ﬂ(/l, w) (n € Ny) was introduced by Bucur et al. (Bucur et al.,
2015). For f = h + g given by (1.1), we define the following differential operator:

D! (AW f@) = Dl (A wh) + (=)D (L, w)g(@),

where

Dl A wh@) =z+ ) [k = Dw' - a) + k| ad
k=2

and

(o)

DL (A w)g@) = > [tk + D(w' - ) + k| by,

k=1

where p, A, w > 0,0 < a < uw?, with D2 (A, w)f(0) = 0.
Motivated by the differential operator Dg,ﬂ(/l, w), we define generalization of the differential
operator for a function f = h + g given by (1.1).

DY) (A w)f(2) = D’ f(2) = h(z) + g(2),

D}, (A4, w)f(2) = (@ = pwh)(h(z) + 8(2)) + (uw' — @ + 1)(zh () - 2¢' (2),

Dl (A w)f(2) = D (D, (A w)f (). (1.2)
If f is given by (1.1), then from (1.2), we see that

D! (A w)f() = z+z |k = D(w* = ) + k| akzk+(—l)”2 |k + D@w' — ) + k] B (13)
k=2 k=1

When , w = @ = 0, we get modified Salagean differential operator (Salagean, 1983).
Denote by S H(4, w, n, @, 8) the subclass of S H consisting of functions f of the form (1.1) that
satisfy the condition
% [DZT,} (A, w)f(2)

Dz,ﬂu,wmz)) 2B O=p<D), (1.4)
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where D’ (A, w)f(z) is defined by (1.3).

a,u o
We let the subclass S H(A, w, n, @, 5) consisting of harmonic functions f, = h+ g, in SH so
that 4 and g, are of the form

[ee)

W@ =z- ), 8@ = (1)) b @ b= 0. (15)

k=2 k=1

By suitably specializing the parameters, the classes S H(A, w, n, , 8) reduces to the various
subclasses of harmonic univalent functions. Such as,
1) SH(0,0,0,0,0) = S H*(0) (Avct (Avai& Zlotkiewicz, 1990), Silverman (Silverman, 1998),
Silverman and Silvia (Silverman, 1999)),
(1) SH(0,0,0,0,8) = S H*(B) (Jahangiri (Jahangiri, 1999)),
S H(0,0,0,0,8) = S y(1,0,8) (Yalgin (Yalgin, 2005)),
(i11) SH(0,0,1,0,0) = KH(0) (Avcl (Avcai& Zlotkiewicz, 1990), Silverman (Silverman, 1998),
Silverman and Silvia (Silverman, 1999)),
(iv) SH(0,0,1,0,8) = KH(B) (Jahangiri (Jahangiri, 1999)),
SH(0,0,1,0,8) = S 5(2,1,8) (Yalgin (Yalcin, 2005)),
(v) SH(0,0,n,0,B8) = H(n,B) (Jahangiri et al. (Jahangiri et al., 2002)),
SHO,0,n,0,8) = §H(n + 1, n,8) (Yal¢in (Yal¢in, 2005)),
The object of the present paper is to give sufficient condition for functions f = h+g where /h and
g are given by (1.1) to be in the class S H(4, w, n, @); and it is shown that this coefficient condition is
also necessary for functions belonging to the subclass S_H(/l, w,n,a,8). Also, we obtain coeflicient
bounds, distortion inequalities, extreme points and inclusion results for this class.

2. Coefficient Bounds

Theorem 2.1. Let f = h + g be so that h and g are given by (1.1). Furthermore, let
D =By [t = D@w' = @) + k| lail + Yk + B[tk + D' —a) + k| il < 1=, @2.1)
=2 k=1

where u,A,w > 0,0 < @ < uw', n € Ny, 0 < B < 1. Then f is sense-preserving, harmonic
univalent in U and f € SH(A,w,n,a,p).

Proof. 1f 21 # 2o,

- k _ k
@) - f@) PEACEES

h(z1) = h(z2)

8@ - 8(z2)
h(z1) — h(z2)

(o8]
@ -2)+ La (25 - 25)

2k |byl
k=1
> 1-—
1= Y kla
=
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o kB e+ D(uw-a)+k]"
2 -
k=1 B

s (k= B[k = Dw' —a) + k|
— Z -
k=2 B

|Di]

\%
—
|

|a|

%

0,

which proves univalence. Note that f is sense preserving in U. This is because

o © (k- B) [tk = D(uw' — ) + k|’
W@l = 1- kau > 1) | 5 | o
= k=2

k + ) (k+1)(,uw —a)+k]

2 ), — IV

=1
> |g'@l.
Using the fact that R(w) > Bif and only if |1 — 8+ w| > |1 + 8 — w|, it suffices to show that
|1 - B)DL (A, w) + DN (A, w) )| = |1+ B)DL (A4, w) = DiL (A, w)| = 0. (2.2)
Substituting for DZ“(A, w)f(z) and Dy, (4, w)f(2) in (2.2), we obtain

(1= BD% (A, w) + DIt (A w) f@)| = (1 +B)D, (A, w)f(2) = Dl (A, w)f ()|

(o)

20-p) = Y [tk +1=p)+ (k= D(w' - )| [k = Dew' = @) + k] laud |21

k=2

W%

(k= 148) + (k= Diaw' = @] [k + DGow' — @) + k] 1bi] It

= 1=p)+ (= D' = )] [k = D@w' = @) + k] sl 2

DM 1M T

[+ 14 8) + (k= D(w' — )] [k + D(uw - @) + k] [l Iz

>~
1l
—_

\%

|cty ]

= (k= B) |tk = D' = a) + k|
20-p)ld|1- > | 5 ]
k=2

(k +P) (k+1)(yw —a)+k]

—Z = bl |.

This last expression is non-negative by (2.1), and so the proof is completed. O]
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Theorem 2.2. Let f, = h+3, be given by (1.5). Then f, € S H(A, n, ) if and only if
Z(k —B) |tk = D(uw' - @) + k| ay + Z(k +B) |k + D' - )+ k| B < 1-8,. (23)
k=2 k=1

where u,A,w>0,0<a <uw',ne Ny, 0<p<1.

Proof. The ”if” part follows from Theorem 2.1 upon noting that S_H(/l, w,n,a,) C SH(A,w,n,a,).
For the “only if” part, we show that f ¢ S_H(/l, w, n, a, ) if the condition (2.3) does not hold. Note
that a necessary and sufficient condition for f,, = h + g, given by (1.5), to be in S_H(/l, w,n,a,f) is
that the condition (1.4) to be satisfied. This is equivalent to

(1 =B = Lk =Pk = D' - ) + k] a2

R

(o)

2= 3 [tk = D(uwt — ) + K" a2k + X [k + 1w — ) + k" b
k=1

k=2

~S k4B [k + D' - @) + K] b
= > 0.

[Se]

72— 2 [tk = D(uwt — @) + k]" axz* + i (k+ 1D [(k+ Duw! —a) +k]" bz
k=1

k=2
The above condition must hold for all values of z, |z| = r < 1. Upon choosing the values of z
on the positive real axis where 0 < z = r < 1 we must have

(=P = Sk=B)|tk= D'~ ) + k[ @t

1= 3 [k = D(awt — @)+ kI a1 + 3 [k + 1wt — @) + k] bk
k=2 k=1

—i(k +5) [(k + D(uw* — ) + k]” b
k=1

o~ = > 0. 2.4)
1= X [(k=1D(uwt—a) + k]" ar*=" + 3 [(k + D)(uw? — @) + k" byrk!
k=2 k=1

If the condition (2.3) does not hold, then the numerator in (2.4) is negative for r sufficiently
close to 1. Hence there exist zo = rg in (E) for which the quotient in (2.4) is negative. This
contradicts the required condition for f, € S H(4, w, n, @, 8) and so the proof is complete. ]

3. Distortion Inequalities and Extreme Points

Theorem 3.1. Let f, € S_H(/l, w,n,a,8). Then for|z] = r < 1 we have

(1-p) L) 2(pwt-a)+1]" ) 2
@1 < (14 b+ (gt - by ) 2,

and

|fn<z>|z<1—b1>r—( -5 —“*’3’[2(“W”‘“>+1]"b1)r2.

Q-B)[puw! —(Y+2]n Q-B)[uw? —(y+2]n
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Proof. We only prove the right hand inequality. The proof for the left hand inequality is similar
and will be omitted. Let f, € S H(4, w, n, @, 8). Taking the absolute value of f,, we have

A@I < A+b)r+ Y (a+b)rt
k=2

IA

(L+b)r+ > (a+b)r

= (I+by)r+

[ax + byl

(-pr__$@=P o'~ + 2|
Q-plww'-a+2'y (A-p

(1-pr

< (1 +b1)r+ (Z—ﬁ)[ﬂwﬁ—a-i-Z]n
(k=pB) (k— Duw' —a) + k
XZ[ 1 —ﬁ ] ayg
(k+B) |k = D(uw' — ) + k| }
+ bk
-5
(1-p) A+p 2w —a)+1]" ]
< (1+b1)r+(2—ﬁ)[/uwﬂ—a+2]"[l =3 b |r
(1-p) A+p2(wt-a)+1] |,
= d +b‘)r+((2—ﬁ)[pwﬂ—a+2]" TG A+ |
The following covering result follows from the left hand inequality in Theorem 3.1. [

Corollary 3.1. Let f, of the form (1.5) be so that f, € SH(A,w,n,a,p). Then

. Q-p)[pw'-a+2]"-1+p
{W Hwl < Q-p)|pwi-a+2]"

Q-p)[pwt-a+2]"-(1+B)[ 2w -a)+1]"
B Q-p)|uwi-a+2]" = f”(U)

Theorem 3.2. Let f, be given by (1.5). Then f, € S H(A, w,n, a, B) if and only if

7@ = ) (Xihul2) + Yign (),
k=1
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where

— - _ 1-B k.
h](Z) - Z’ hk(Z) =z (k_ﬁ)[(k_l)(’uwﬁ_a)_'_k]nz l (k Z 2)a

n 1- =k
gnk(z) =z+ (=D (k+,3)[(k+1)(;f}v\//l—(t)+l’<]nZ > kz2),

> X+ Y =1X2>0,Y,>0.
k=1

In particular, the extreme points of SH(A,w,n, a,B) are {h} and {g,,,).

Proof. For functions f, of the form (1.5) we may write

A = (K@) + Yign, ()
k=1
_ N N 1-8
_ ;(Xk+Yk)Z ;(k BT Do~ T & X2
n N 1 _'/3 —k
1) ;(k B[k + D —a) A
Then
i(k—ﬁ)[(k—l)(,uw”—aﬂk]"( -5 )
= 1-5 (k—pB) [(k— D(uw! —a) +k]" k
(k+p) (k+1)(/lw —a)+ k[ 1-p
+Z -B ((k +B) [k + D)(uw! — @) + k]" Y")

= ZXk+ZYk =1-X; <1, andso f, ES_H(/l,w,n,a/,ﬁ).

k=2 k=1

Conversely, if f, € S_H(/l, w,n,a,3), then

< 1-5
“7 k=P [k - Dw! —a) + k"
and
< 1-5
2k +B) [k + D(uwt — ) + k"
Setting

k=) |tk = Duw' — @) + k]
1-p

X = ai; (k= 2),
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(k+B) [k + Duw' — a) + k|
1-p

Xi=1- [ZXk + ZYk)

= bis (k> 1),

and

where X; > 0. Then
F@) = Xiz+ ) XihilD) + D Yig (2)
k=2 k=1

as required.

4. Inclusion Results
Theorem 4.1. The class S_H(/l, w,n,a, ) is closed under convex combinations.

Proof. Let f,, € S_H(/l, w,n,a,p) fori=1,2,..., where f, is given by

(o)

f@=2- ) @ + (- 1)"Zbk

k=2
Then by (2.3),

(k- ) (k—l)(,uw ~ )+’ (k + B) (k+1)(pw ~ )+
Z -B “k*Z -8
;)

For Zti = 1,0 <t; <1, the convex combination of f,, may be written as

i=1
itifn,-(z) == i (itiak,)zk + (_l)ni (itibki]zk
i=1 k=2 \i=1 k=1 \i=1

i(k B) (k—l)(,uw —a)+k [itak)

k=2

Then by (4.1),

0 (k+,8)[(k+1)(pw —a)+k| (&
+k:1 1-v [thkl)
= (& k=)= Diw' —a) + k|
X [Z [y o
(k + B) (k+l)(/Jw —a)+k 0
+Z - ] S

This is the condition required by (2.3) and so Y%, (z) € S H(A, w,n, a, B).
i=1

bkiﬁl.

4.1)
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