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Abstract

In this paper we introduce the notions approximation properties (APs) and bounded approximation properties
(BAPs) in the setting of intuitionistic fuzzy normed linear spaces (IFNLSs). Further, we define strong intuitionistic
fuzzy continuous and strong intuitionistic fuzzy bounded operators and using them we prove the existence of an
IFNLS which does not have the approximation property. In addition, we give example of an IFNLS with the AP
which fails to have the BAP.
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1. Introduction

In analysis many problems we study are concerned with large classes of objects most of which
turn out to be vector spaces or linear spaces. Since limit process is indispensable in such problems,
a metric or topology may be induced in those classes. If the induced metric satisfies the translation
invariance property, a norm can be defined in that linear space and we get a structure of the space
which is compatible with that metric or topology. The resulting structure is a normed linear space.
There are situations where crisp norm can not measure the length of a vector accurately and in such
cases the notion of fuzzy norm happens to be useful. There has been a systematic development
of fuzzy normed linear spaces (FNLSs) and one of the important development over FNLS is the
notion of intuitionistic fuzzy normed linear space (IFNLS). The study of analytic propertis of
IFNLSs, their topological structure and generalizations, therefore, remain well motivated areas of
research.
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The idea of a fuzzy norm on a linear space was introduced by Katsaras (Katsaras, 1984).
Felbin (Felbin, 1992) introduced the idea of a fuzzy norm whose associated metric is of Kaleva
and Seikkala (Kaleva & Seikkala, 1984) type. Cheng and Mordeson (Cheng & Mordeson, 1994)
introduced another notion of fuzzy norm on a linear space whose associated metric is Kramosil and
Michalek (Kramosil & Michalek, 1975) type. Again, following Cheng and Mordeson, one more
notion of fuzzy normed linear space was given by Bag and Samanta (Bag & Samanta, 2003a).

The notion of intuitionistic fuzzy set (IFS) introduced by Atanassov (Atanassov, 1986) has trig-
gered some debate (for details, see (Cattaneo & Ciucci, 2006; Dubois et al., 2005; Grzegorzewski
& Mrowka, 2005)) regarding the use of the terminology “intuitionistic” and the term is considered
to be a misnomer on the following account:

e The algebraic structure of IFSs in not intuitionistic, since negation is involutive in IFS theory.
¢ Intuitionistic logic obeys the law of contradiction, IFSs do not.

Also IFSs are considered to be equivalent to interval-valued fuzzy sets and they are particular cases
of L-fuzzy sets. In response to this debate, Atanassov justified the terminology in (Atanassov,
2005). Apart from the terminological issues, research in intuitionistic fuzzy setting remains well
motivated as IFSs give us a very natural tool for modeling imprecision in real life situations which
can not be handled with fuzzy set theory alone and also IFS found its application in various areas
of science and engineering.

With the help of arbitrary continuous -norm and continuous #-conorm, Saadati and Park (Saa-
dati & Park, 2006) introduced the concept of IFNLS. There has been further development over
IFNLS, e.g., the topological structure of an intuitionistic fuzzy 2-normed space has been stud-
ied by Mursaleen and Lohani in (Mursaleen & Lohani, 2009). Recently, a number of interesting
properties of IFNLS have been studied by Mursaleen and Mohiuddine (Mursaleen & Mohiuddine,
2009a,b,c,d). Further, generalizing the idea of Saadati and Park, an intuitionistic fuzzy n-normed
linear space (IFnNLS) has been defined by Vijayabalaji et al. (Vijayabalaji et al., 2007b). More
properties of IFnNLS have been studied by N. Thillaigovindan, S. Anita Shanti and Y. B. Jun
in (Vijayabalaji et al., 2007a). Some more recent work in similar context can be found in (Deb-
nath, 2015; Debnath & Sen, 2014a,b; Esi & Hazarika, 2012; Mursaleen et al., 2010a; Sen &
Debnath, 2011).

In classical Banach space theory, some most important properties are “Approximation proper-
ties” which were investigated by Grothendick (Grothendiek, 1955). We say that a Banach space X
has the approximation property (AP) if, for every compact K and € > 0, there is a bounded finite
rank operator 7 : X — X such that ||T(x) — x|| < ¢, for all x € K, i.e. I(x)-the identity operator
on X- can be approximated by finite rank operators uniformly on compact sets. Also X has the
bounded approximation property (BAP) if for every compact K and € > 0, there is a bounded
finite rank operator 7 : X — X with ||T'|| < A such that ||T(x) — x|| < € for all x € K for some
A > 0. The APs play very crucial role in the study of infinite dimensional Banach space theory
and also in the investigation of Schauder bases. Some of the important references from related
works being (Choi et al., 2009; Enflo, 1973; Kim, 2008; Mursaleen et al., 2010b; Szarek, 1987).

Yilmaz (Yilmaz, 2010a) introduced the notion of the AP in fuzzy normed spaces and estab-
lished some interesting results on it. Very recently Keun Young Lee (Lee, 2015) identified some
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limitations in Yilmaz’s definitions regarding the continuity of fuzzy operators. He modified Yil-
maz’s definitions and studied approximation property (AP) and bounded approximation property
(BAP) on fuzzy normed spaces.

In this article we address the questions raised by Keun Young Lee (Lee, 2015) and also gener-
alize the work of Figel and Johnson (Figel & Johnson, 1973) in the context of AP and BAP in the
new setting of IFNLS.

First we recall some basic definitions and results which will be used subsequently.

Definition 1.1. (Saadati & Park, 2006) The 5-tuple (X, u, v, *,0) is said to be an IFNLS if X is a
linear space, = is a continuous #-norm, o is a continuous z-conorm, and y, v fuzzy sets on X x (0, c0)
satisfying the following conditions for every x,y € X and s, > O:

(@) p(x, 1)+ v(x 1 <1,
(b) p(x,1) >
©) p(x,t) = 1 1f and only if x = 0,
d) plax,t) = pu(x X1 |)f0reachcy7é0
() p(x1) = p(y, s) < p(x+y,t+5),

(f) p(x,1):(0,00) — [0, 1] is continuous in ¢,
(2) lim, o u(x,t) = 1 and lim,_,o u(x,1) = 0,
(h) v(x, 1) <1,

(i) v(x,7) = O0if and only if x = 0,

(G) v(ax,t) = v(x, r ‘) for each a # 0,

k) v(x,1) ov(y,s) = v(x+y,t+s),

(1) v(x,1):(0,00) — [0, 1] is continuous in ¢,
(m) lim, o v(x,1) = 0 and lim,_,q v(x, 1) = 1.

In this case (u, v) is called an intuitionistic fuzzy norm. When no confusion arises, an IFNLS will
be denoted simply by X.

Definition 1.2. (Debnath, 2012) Let X be an IFNLS. A sequence x = {x;} in X is said to be
convergent to & € X with respect to the intuitionistic fuzzy norm (y, v) if, for every € € (0, 1) and
t > 0, there exists kg € N such that u(x, — &,1) > 1 —eand v(x; — &,1) < eforall k > k. It is
denoted by (1, v) — lim x; = &.

Definition 1.3. (Saadati & Park, 2006) Let X be an IFNLS. A sequence x = {x;} in X is said to be
a Cauchy sequence with respect to the intuitionistic fuzzy norm (u, v) if, for every a € (0, 1) and
t > 0, there exists kg € N such that u(x; — x,,,1) > 1 — @ and v(x; — x,, 1) < a for all k,m > k.

Definition 1.4. (Debnath & Sen, 2014a) Let X be an IFNLS. Then X is said to be complete if and
only if every Cauchy sequence of X is convergent.

Definition 1.5. (Lael & Nourouzi, 2007) Let (X, i, v, *,0) be an IFNLS. A subset S in X is said to
be compact if each sequence of elements of S has a convergent subsequence.
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Definition 1.6. (Debnath, 2012) Let (X, u, v, *, 0) be an IFNLS. For ¢ > 0, we define an open ball
B(x,r,t) with center at x € X and radius 0 < r < 1, as

B(x,r,t) ={ye X :u(x—y,t) > 1 —rv(x—y, 1) <r}

Proof of the following lemma is similar to its analogue in case of fuzzy normed spaces (Bag &
Samanta, 2003b).

Lemma 1.1. Let (X, u, v, *,0) be an IFNLS with the condition
u(x,t) > 0and v(x,t) < 1 implies x = 0, forallt € R". (1.1)

Let |x|, = inf{t € R : u(x,t) > a and v(x,t) < 1 — a} for each @ € (0,1). Then {|| - || : @ €
(0,1)} is an ascending class of norms on X. These norms are called a- norms on the intuitionistic
fuzzy norm (u,v).

Definition 1.7. (Mursaleen et al., 2010a) Let (x,) be a sequence in an IFNLS (X, u, v, *,0). It is
said to be basis of X if for every x € X there exists a unique sequence (a,) of scalars such that

(1, v) —lim >} apxe = x.
that is, for each a € (0, 1) and € > 0, there exists nyp = no(a, €) € N such that n > n, implies,

pulx =0 arxi, €) > 1 —aand v(x — Yp_ axxi, €) < a, where x = D7 | aix;.

2. Main Results

Now we are ready to discuss our main results. First we define some important notions in
connection with approximation property in IFNLS.

Definition 2.1. Let (X, u, v, *,0) be an IFNLS. A complete IFNLS is said to have the approxima-
tion property, briefly AP, if for every compact set K in X and for each @ > (0, 1) and € > 0, there
exists an operator 7 of finite rank such that

w(Ty(x)—x,€)>1—aand v (T, (x) — x,€) < @
for every x € K.

Definition 2.2. Let A be a real number. An IFNLS (X, u, v, =, 0) is said to have the A-bounded
approximation property, briefly 1-BAP, if for every compact set K in X and for each @ € (0, 1) and
€ > 0, there exists an operator T € F (X, X, 1) such that

u(T (x) —x,e) >1—aand v (T (x) — x,€) < a
for every x € K.

Definition 2.3. Suppose that an IFNLS (X, u, v, », o) has a basis (x,). For each positive integer m,
the m™ natural projection P,, for x,, is the map
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S AnXy — Yo GnX, from (X, 1, v, %,0) to (X, i1, v, %, 0).

Definition 2.4. Let (X, u, v, *,0) and (Y, wv o) be two IFNLS and T : X — Y be a linear
operator where (u,v) and (i, V') are intuitionistic fuzzy normed. Then

1. The operator T is called strongly intuitionistic fuzzy (shortly sif) continuous at a € X if, for
given € > 0, there exists 6 > 0 such that, for all x € X,

W (T(x) —T(a),€) = u(x —a,6) and v (T (x) — T(a),€) < v(x — a,d).

If T is sif-continuous at each point of X, then T is said to be sif-continuous on X.

2. The operator T is called strongly intuitionistic fuzzy bounded on X if there exists a positive
real number M such that g (T(x),1) > p(x, %) and v (T(x),1) < v(x,%) for all x € X
and r € R. We will denote the set of all strongly intuitionistic fuzzy (shortly sif) bounded
operators form X to Y by F(X, Y). Then F(X, Y) is a vector space. Forall M > 0, F(X, Y, M)
is denoted by

{Te FX,Y): 1 (T(x),1) = pu(x, L),v(T(x),1) < v(x, L), Vx e X,Vt € R},
where M is a positive real number.
For some M > 0if S = F(X,Y, M) then S is called a bounded subset of F(X,Y). Again
the set of all finite rank sif-bounded operators from X to Y is denoted by F (X, Y). Then
F(X,Y) is subspace of F(X,Y). Similarly, we can say that F(X, Y, M) is also a subspace of
F(X,Y,M) for some M > 0.

Proof of the following is similar to its fuzzy analogue in (Bag & Samanta, 2005).

Lemma 2.1. Let (X, u,v,*,0) and (Y,,ul, v, o) be two IFNLSs satisfying condition 1.1 and T :
X — Y be a linear operator. Then T is sif-bounded if and only if it is uniformly bounded with
respect to a- norms of (u,v) and (i1 ,v'). That is, there exists some M > 0, independent of a, such
that ||T (x)||e < M||x||e forall @ € (0,1).

Remark. If (X, u, v, =,0) and (¥, WV o) be two IFNLSs satisfying the conditions:

u(x,t) > 0and v(x,f) < 1 implies x = O for all r € R" and

for x # 0, u(x, 1) is continuous and strictly increasing on {f : 0 < u(x,1) < 1}, while v(x, ) is
continuous and strictly decreasing on {z: 0 < u(x,7) < 1} and M > 0. Then we obtain

FX,,M)={T e F(X,Y) : ||T(x)||le < M]||x||e,Vx€ X,V e (0,1)}.
Hence F(X, Y, M) and F(X, Y, M) are bounded convex subsets of F(X,Y).

Theorem 2.1. Let X be a Banach space and (x,,) be a Schauder basis in X. Then (x,) is a basis
for an IFNLS (X, u, v, =, 0) where

i 155 N
R bl

0, ifr<|l,
v(x, 1) = = :HiH’ ift> |||
’ L if e <],

and every natural projection is sif-continuous.
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Proof. Given that (x,) is a basis for an IFNLS (X, u, v, =, 0).
It is enough to show that -
natural projection P, : (X, u, v, *,0) — (X, u, v, »,0) is sif-bounded for each x € N.
Letne N,te R, xe X.
Consider M = ||P,]|.
If t+ < 0, the result is trivial.
Assume that 7 > 0. Then it is enough to show that

p(Py(x),t) = p(x, %) and v (P, (x),1) < v (x,%).

The proof of y (P, (x),7) > p (x, %) can be established in a similar manner as in Proposition

3.4 of (Lee, 2015).
Now considering for v, we have

t> Mi|x[],

then

1
' 3 =1l
v(x —) =1- .
* M 7 x|

By the assumption,

t> Ml|x|| = [[Palll[x]| = [[Pn () ]

and

=PI 3=
[P = g7+l

Therefore, we have

—||Pa(x a7 — 1]l
v(Py(x),1) = 1 = 2 < 1= 25—y (x, 1),

] w112

Hence
v (Py(x),1) <v(x5)
Secondly,
t< [[Mx]],

then

v(Mx,t) = 1.
Thus,

]

So, we have the existence of an IFNLS having a basis such that every natural projection is
sif-continuous. Now provide modified definitions of APs and BAPs in IFNLSs by incorporating
the continuity of approximating operators.
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Definition 2.5. Let (X, u, v, *,0) be an IFNLS. Then X is said to be have the approximation prop-
erty, briefly AP, if for every compact set K in X and for each a € (0, 1) and € > 0, there exists an
operator T € F (X, X) such that

u(T (x) —x,e) >1—aand v (T (x) — x,€) < a
for every x € K.

Definition 2.6. Let (X, u, v, =,0) be an IFNLS and A be a positive real number. Then X is said to
be have the A- bounded approximation property, briefly A - BAP, if for every compact set K in X
and for each a € (0, 1) and € > 0, there exists an operator T € F (X, X, A) such that

u(T (x) —x,€) >1 —aand v(T (x) — x,€) < a
for every x € K. We can also say that X has the BAP if X has the A-BAP for some 4 > 0.

Theorem 2.2. Let (X, u, v, *,0) be an IFNLS. Then the following are equivalent.

1. (X,u,v,*,0) has the AP,
2. If (Y., ,*,0) is an IFNLS, then for every T € F(X,Y), every compact set K in (X, i1, v, #,0)
and for each a € (0,1) and t > 0, there exists an operator S € F(X,Y) such that

W (S(x) =T(x),t)>1—aandv (S(x) - T(x),1) < a

foreach x € K.
3. If(Y,,u/, v, o) is an IFNLS, then for every T € F(Y, X), every compact set K in (Y,/,t/, v, o)
and for each a € (0,1) and t > 0, there exists an operator S € F (Y, X) such that

pS ) =TW),0) > 1 —aandv(S(y) —TV).1) <«
foreachy e K.
Proof. (i) = (ii)

Let T € F (X,Y) and K be a compact set in (X, i, v,*,0) and @ € (0,1) and# > O and ¢ € R.
Then there exists a positive real number M such that

p (T (x),8) = p(x %) and v (T (x),1) < v (x, L)
for all x € X.
Since (X, u, v, *, 0) has the AP, there exists an operator R € F (X, X) such that

p(R(x)—x,L)>1—aandv(R(x) —x, %) <a

for every x € K.
Now we put § = TR. Since T and R both are sif-bounded operators, therefore S is also a
sif-bounded operator.
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K (S (x) =T (x),1) = u (TR (x) = T (x) ,1)
t

>,u<R(x)—x,M)

and

for every x € K.
(i) = (iii)
Let T € F (¥, X) and K be a compact setin (¥,u',v, ,0) and@ e (0,1) and# > Oand ¢ € R.
Since (X, u, v, , 0) has the AP and T (K) is compact set in (X, u, v, *, o), there exists an operator
R € F (X, X) such that
UR(x)—x,t)>1—aandv(R(x) — x,t) < @

for every x € T (K).
Now we put, S = RT € F (Y, X). Then we have,

u(S (y) =T (y).t) =u(RT (y) =T (y).1)
>1—a.

and

v(S () =T (),1) =v(RT (y) =T (y),?)

foreachy € K.
Since (i) implies both (ii) and (iii), hence (i), (ii) and (iii) are equivalent.
Hence proposition is proved.

Proof of the following Lemma is similar to Lemma 4.2 of (Lee, 2015).

Lemma 2.2. Let (X,u,v,*,0) be an IFNLS and K be a subset in X. If K is a compact set in
(X, 4, v, =, 0), then for every a € (0, 1) and t > 0, there exists a finite set {x,xa,...,X,} in K such
that for every x € K we have x € B (x;, a,t) for some x;.

Theorem 2.3. Let (X, u,v,*,0) be an IFNLS with intuitionistic fuzzy norm (u,v) and M > 0.
Suppose that there exists a sequence (T,) € F (X, X, M) such that T, (x) —> x for every x € X,
then (X, u, v, =,0) has the AP.
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Proof. Let (T,) be a sequence in F (X, X, M) such that
T, (x) — x for every x € X.

Leta € (0,1) and ¢ > 0, and K be a compact set in (X, u, v, *,0).

By the above Lemma, there exists a finite set {xi, X2, ..., x,} < K such that for x € K we have
x € B(x;, , t) for some x;.

Then there exists N;, N, € N such that if n > N;, N, we have,

w(T, (x;) — xi,t) > 1 —aand v (T, (x;) — x;,1) < «

for each i.
Let x € K and choose i such that x € B (x;, a, ), that is,

u(xi—x,t)>1—aandv(x; — x,1) < a.

Then for n = Ny, N,,

p (T (x) = x,8) = p (T (x) + (=T (%)) + (T (1)) + (=) + X3 + (=) ,7)
S AR I R DY)
i (i) (10 2 )
>1-—a.
And
V(T (x) = x,1) = v (T, (x) + (=T, (%)) + (To (1)) + (=x3) + X + (=), 1)

t
< max {u (T,, (x —xi),

() e <)
t

< max {,u (x — X, 3_M> » M (Tn (xi> - Xis %) M (xi - %>}

< Q.

Therefore, u (T, (x) — x,1) > 1 —aand v (T, (x) — x,1) < a.
Hence (X, u, v, *, 0) has the AP. O

By using the above result we derive the following.
Theorem 2.4. Suppose (X, u, v, =, 0) has a basis {x,} and every natural projection
Py (X, (1,v) — (X, (7))
is sif-continuous. Then (X, u, v, *,0) has the AP but the converse is not necessarily true.

Theorem 2.5. An IFNLS (X, 1, v, =, 0) satisfying condition 1.1 has the AP if and only if for every
compact set K in (X, u,v,,0) and for each a € (0,1) and € > 0, there exists an operator T €
F (X, X) such that
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1T (x) = x[[e <€
for every x € K.

Theorem 2.6. Let (X, u, v, *,0) be an IFNLS satisfying condition 1.1 and A > 0. Then (X, u, v, *,0)
has A-BAP if and only if for every compact set K in (X, u, v, =, 0) and for each a € (0, 1) and € > 0,
there exists an operator T € F (X, X, A) such that

1T (x) — x[l < €
for every x € K.

Proof of the above two results follow from (Yilmaz, 20105b).

3. Examples

In this section, we give answers to the following interesting questions with proper examples:

1. Does every IFNLS have the AP?
2. Does in an IFNLSs the AP imply the BAP?

Now we are going to solve (in negative sense) the problem (i) and (ii) with the help of follow-
ing two examples.

Example 3.1. As we know that there exists a Banach space (X, || -||) which fails to have the
approximation property, similarly there exists an IFNLS (X, u, v, *, o) which fails to have the AP.
Let us define a function,

u,v:X xR —10,1] by

(1) = 1, ifr> ||«
KD =0, ifr < ||x.
and
(x,1) 0, ifr>||x||
VWWEUZA00, it < )y,
where (u, v) is the intuitionistic fuzzy norm and ||x||, = ||x||, for every @ € (0, 1).

Now suppose that (X, u, v, =, o) has the AP.

Let @ € (0,1) and € > 0 and K be a compact set in X. Since ||x||, = ||x|| for each @ € (0, 1),
K is compact in (X, y, v, ,0). Then by Theorem 2.5, there exists an operator T, € F (X, X) such
that

1T (x) = xllo < €

for every x € K.
Hence we have,
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1T (x) = x|[ = [|T (x) — x|l < €

for every x € K, which is a contradiction as (X, || - ||) fails to have the approximation property.
(X, u, v, =, 0) has fails to have the AP.

As in Example 4.9 of (Lee, 2015), we give below an example of the existence of an IFNLS
which has the AP but fails to have BAP.

Example 3.2. Enflo and Lidenstrauss (Enflo, 1973; Lindenstrauss, 1971) has proved the existence
of a Banach Space X, which has the metric approximation property but its dual space X fails to
have the approximation property. There is a sequence (|| - ||,) of equivalent norms on X, so that
(Xo, || - |[) fails to have the n- BAP. Consider X, = (Xo,|| - |[»). Thus (3, ®X,),, fails to have the
BAP where (3 @X,), is a Banach space whose elements are sequence of the form (x;, x,...),
where > | ||x,||> < o and x, € X,.

1
Now we consider, X = (},@X,),, and define ||x|| = (3,7, ||x,|[2)* and ||x[[; = sup,]|x]]
for all x = (x1, x2,...) € X.
Let us defined a function,

u,v:X xR —[0,1] by

1, ifr> [|x]
plx,t) =< 5, i [lx|[ < <|[|x]]
O, iftéHle,
and
0, ifr> ||
v(x,t) = < 5, if[x[ <7< |]x|
1, ifzr<||x||s,

where (u, v) is the intuitionistic fuzzy norm.
Consider the a-norms as-

] = x|, ifl>a>
“ l|lx][1, if0<a<

B =0 | —

Suppose that (X, u, v, =, 0) has the BAP. Let us assume that K be a compact set in (X, || - ||).
Then we have to show that K is a compact set in (X, , v, *, o).

Let € > 0 and (x,) be a sequence in K. As K is compact subset in (X, || - ||), there exists
subsequence (x,, ) in (X, || - ||). Therefore there exists an x € X and integers u, v > 0 such that for
k> pu,v

|, — x|| < €.
Since ||x||; < ||x|| for all x € X, therefore for k > pu,v

X, — x[|lo < €
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forall @ € (0,1).

Hence K is a compact set in (X, u, v, #,0).

Next consider @ € (1,1) and € > 0. As K is a compact set in (X, 4, v, *,0) and using @ € (1, 1)
and € > 0 we have 1 > 0 and T, € F (X, X, 1) such that

|To.e (x) — x[|o < € forevery x € K.

Then we have ||T, (x) — x|| < € and ||T,. (x) || < A||x||, which is a contradiction as (X, || - ||)
fails to have the BAP.

Hence (X, u, v, #, o) has fails to have the BAP.

Finally, we have to show that (X, i, v, =, o) has the AP. Let € > 0 and K be a compact subset in

(X,pt,v,%,0). Againlet P; : X —> <Z£=1 (—BX,,)I2 be the projection given by
P((x)) = (x1,x2, .0, X;).

Since K is a compact set in X, therefore by Theorem 2.4 of (Choi et al., 2009) there exists a natural
number m € N and a finite rank operator 7' : (3", ®X,), — (O, ®X,) , such that

b
|[KT'P,, (x) — x|| < €
for every x € K, where k is the map defined as k : (3;_, ®X,), — X such that
k (X1, %05 ey X)) = (X175 X2, ey X, 0, ...).

Now we put T = kT'P,,. As T is a finite rank operator defined as 7 : X — X and ||x||;, < ||x]|
for all x € X, we have

T (x) —x[i <€
that is, for every a € (0, 1), we have
1T (x) — x|, <€

Next we have to show that T is sif-bounded on X. Since (3},_, ®X,), and (3},_, ®X,), are
equivalent, there exists M’ > 1 such that

(=t [l )

D=

< M/S’/‘pl<n<m||xn||n-
Then,
IT)[1 < T (X)]] = |KT Ppu(x)|

/ “ 1
< (KT Ixal2)?
n=1

KT [[M5up, <, <y 6]

< |
< (KT [ | M[[x] s

Taking M = max {||T||,||kT"||, M'}, we have to show that
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p(T (x),1) = p(x, %) and v (T (x),1) < v(x, %)

forall xe X and r € R.
If t < 0, the result is trivial.
Assume that ¢ > 0. Then it is enough to show that

w(T (x),t) = p(Mx,t)and v (T (x),t) < v(Mx,t), forall xe X and r € R.

Now first consider for u:
For the first condition:

t> M||x||
then
u(Mx,t) =1
By the assumption,
t> M||x|| = [[T|[[[x]| = |IT (x) ]
we have
w(T (x),t) = 1.
Hence
u(T (x).1) = p(Mx, 1).
For the second condition:
[[Mx| <1< [[Mx]]
then
p(Mx,t) = 1.
By the assumption
t> M||x|ly = [IKT||M||x][ = [T () []s

we have

T[N

p(T (x),1) =
Hence
p(T (x),1) = p(Mx,t).

For the third condition :
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t< Ml|x||
we have
u(Mx,t) =0.
Then by the assumption trivially we obtain,
u(T (x),1) = pu(Mx, ).

Next considering for v :
For the first condition :

t> M||x||
then
v(Mx,t) = 0.
By the assumption,
t> M||x|| = [|T[|x[| = ||IT (x) ]|

we have
Hence

For the second condition:
| Mxl|y <1< ||Mx]]
then
v(Mx,t) =1
By the assumption
t > Mllx|ly = [|kT']|M]|x][ = [IT (x) |1,
thus
v(T (x),1) <

=

Hence

v(T (x),t) < v(Mx,t)
For the third condition :

t < M||x|;.
Then
v(Mx,t) = 1.

By the assumption trivially we have,

v(T (x),1) <v(Mx,1).

Hence (X, u, v, *,0) has the AP.

147
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4. Conclusion

In this paper we introduced and investigated the concepts of AP and BAP in the context of an
IFNLS. We have shown that there are IFNLSs which fail to have the AP and also there are IFNLSs
with AP but not the BAP. The current results give us a better understanding of the analytical struc-
ture of an IFNLS.
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