9 el Theory and Applications of
. &q Mathematics & Computer Science

(ISSN 2067-2764, EISSN 2247-6202)
http://www.uav.ro/applications/se/journal/index.php/tamcs

Theory and Applications of Mathematics & Computer Science 7 (1) (2017) 59 — 71

Matrix Representations of Fuzzy Quaternion Numbers

Lorena Popa?, Lavinia Sida?, Sorin Nadaban®*

“Department of Mathematics and Computer Science, ”Aurel Vlaicu” University of Arad, Romania

Abstract

In this paper, firstly we discuss basic arithmetic operations with fuzzy quaternion numbers. Then, we introduce a
noncommutative field, formed with 2 X 2 fuzzy complex matrices which is used for the matrix representation of fuzzy
quaternion numbers as elements within this field. Finally, another way of representing fuzzy quaternion numbers is
obtained by using 4 x 4 fuzzy real matrices.
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1. Introduction

The fuzzy quaternion numbers were defined in many ways by many authors. For example,
in paper (Moura et al., 2013) the authors proposed an extension for the set of fuzzy real numbers
to the set of fuzzy quaternion numbers, defining the notion of fuzzy quaternion numbers by an
application &’ : H — [0, 1] such that #'(a + bi + cj + dk) = min{A(a), B(b), C(c), D(d)} for
some A, B, C, D real fuzzy numbers. In paper (Moura et al., 2014), the authors defined the fuzzy
quaternion numbers using triangular fuzzy numbers.

Recently, in paper (Sida et al., 2016) a new approach is proposed in order to introduce the
fuzzy quaternion numbers concept, similar to the way that Fu and Shen (see (Fu & Shen, 2011))
have introduced the fuzzy complex numbers.

The study of fuzzy quaternion numbers is continued in this paper. More precisely, another
approach for multiplication and division operation is presented. Then, following the ideas in (Mot
& Popa, 2014), we will represent fuzzy quaternion numbers as a 2 X 2 fuzzy complex matrices, as
well as 4 x 4 fuzzy real matrices.
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2. Preliminaries

For the concept of fuzzy real numbers and their arithmetic operations we make reference
to the following papers: (Das & Mandal, 2002), (Dubois & Prade, 1980), (Dzitac, 2015), (Felbin,
1992), (Janfada et al., 2011), (Kaleva & Seikkala, 1984), (Mizumoto & Tanaka, 1979), (Xiao &

Zhu, 2002).

Definition 2.1. (Dzitac, 2015) A fuzzy set in R, namely a mapping
AR - [0,1],

with the following properties:

@) Ais convex, i.e. X@) > min (X(x),g(z)), forx<y<z

(i1) Ais normal, i.e. (A)xy € R; X(xo) =1;
(ii1) A is upper semicontinuous, i.e.

MxeR, Ma € (0,1]: Ax) < a,
(@)5 > Osuchthat |y — x|<8 = A() < a
is called a fuzzy real number.

We will denote by Ry - the set of all fuzzy real numbers.

Definition 2.2. (Mizumoto & Tanaka, 1979) The basic arithmetic operations +, —, -. / on Ry are

defined by:

1. Addition:
(A+B)(v) = \/ min{A(), Bx-y), (HxeR
yeR
2. Subtraction: _ L
(A-B)(x») = \/ min{A(), B(y - v}, (xeR
yeR
3. Multiplication: _ L
(4-B)(x) = \/ min{A(), B(x/y)}, (V)x € R
eR*
4. Division: _ ' _ _
(A/B)(x) = \/ min [A(x - ), Bp»)}, ()x € R.
yeR

Remark. A triangular fuzzy number is defined by its membership function

0, if t<a

1—ay

, if ag<t<a,

x(r) = ”;3‘_“,‘ ] ,where a; < a, < as,
, If e <t<a;
az—az
0, if t>a;

and it is denoted X = (a1, a2, a3).

2.1

(2.2)

(2.3)

2.4)

(2.5)
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Remark. (Chang & Wang, 2009; Elomda & Hefny, 2013; Hanss, 2005; Nadaban et al., 2016)
Let x = (aj,a2,a3), y = (b1, ba, b3) be two non negative triangular fuzzy numbers and a € R,.
According to the extension principle, the arithmetic operations are defined as follows:

xX+y=(a,+bi,a; + by,az + b3)
X=y=(a; —by,a, - by,a3 — b3)
ax = (aa,, aas, aaz)

x ' =(/as,1/az, 1/ay)

XXy = (a1by, aby, azbs)

x/y = (a1/b3,a,/by,a3/by)

We denote that the results of (4) — (6) are not triangular fuzzy numbers, but they can be ap-
proximated by triangular fuzzy numbers.

AN

Definition 2.3. (Fu & Shen, 2011) An fuzzy complex number, 7, is defined in the form of:

Z=A+iB, (2.6)

A
where A, B € Ry; A is the real part of 7 while B represents the imaginary part, i.e. Re(z) = A and

Im(z) = B.

We will denote by Cr - the set of all fuzzy complex numbers. The operations on Cp are a
straightforward extension of those on real complex numbers.

Definition 2.4. (Fu & Shen, 2011) Let 7 = A + iB, 7 = C+iD e Cr where A,B,C and D are
fuzzy real numbers. The basic arithmetic operations are defined as follows:

1. Addition: L o
21+ =A+C)+i(B+ D), 2.7

where

A+ = \/ (Atx)ACx)

y=X1+x2
B+D) = \/ (Bx)ADx)
V=X1+Xx2
2. Subtraction: o o
Z21—-22=A-C)+i(B-D), (2.8)

where

A-Om=\/ (Ax)ACx)

Y=X1—X2

B-D) = \/ (Bax)ADx)

y=X1=x2
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3. Multiplication:

Z1 X % = (AC - BD) + i(BC + AD), (2.9)
where
AC-BD)»)= \/ (A1) A Clxz) A Bxs) A D(xs))
Y=X1X2—X3X4
(BC+AD)») = \/ (B A Clxo) A Ax) A D(xs))
V=X1X2+X3X4
4. Division:

— AC +BD\ ,BC-AD

W= (=) +il=—=) (2.10)
C?+D? C?+D?

where Af*gD =1, and B~C %D =1, are fuzzy real numbers:

am=\/ (A ABx) A Cxs) A D))
y= % x%+x4#:0
o= \/ (A ABx) A Clxs) A D))

QX3XX4 2 0
== x3+x5#0
Y '2+x£ 374

Remark. Fuzzy complex number 7z = A + iB admits a matrix representation, namely:

A B
-B A)’
whereX,EeRF.

3. On arithmetic operation with fuzzy quaternion numbers

In paper (Sida et al., 2016) it was introduced fuzzy quaternion number as well as basic arith-
metic operations with fuzzy quaternion numbers.

Definition 3.1. A fuzzy quaternion number is an element of the form
J=A+Bi+Cj+ Dk, (3.1)
where A,B,C,DeRpandi* = 2=k =-1; ij=k=—ji, jk=i=—kj ki=j=—ik

We will denote by H - the set of all fuzzy quaternion numbers.
Remark. A is called the real part of q and sometlmes denoted A = Re(q), and E, C. , 5, are called
imaginary parts of ¢ and denoted B = Im(q), C = Imy(q), D = Im5(@).

Definition 3.2. If §; = A, + Bii + C1j + D1k and §> = A, + Bai + Coj + Dok € Hy the basic
arithmetic operations are defined as follows:



L. Popa et al. /| Theory and Applications of Mathematics & Computer Science 7 (1) (2017) 59-71 63

@)

é‘] +é§ = (X] +AN2) + (El +§2)i+ (51 + 52)j+ (51 +52)k (32)
(i1) L L o o
a — CE = (A] —Az) + (Bl - Bz)l + (C] — Cz)j+ (D] - Dz)k (33)
(ii1) L
g1 =A+Bi+Cj+ Dk. (3.4)
where
A = (4-A,-B,-B,-C,-C,-D, D))
B = (Al'B2+Bl'A2+C1'D2—D1'C2)
5 = (A~1'52—§1'52+61'22+51'Ez)

D = (A]'52+E1'52—51'E2+51'Xz).

Definition 3.3. If §; = A, + Bii + C,j + Dik and g5 = Ay + Bsi + C»j + Dok € Hy, then:

& _ XA+ Bi+Cj+ Dk, 3.5)
q2
where
A~ _ XI'X2+§1'§2+61'52+51'52
A§+B§+C§+D~§ o
E . —Al'Bz+Bl'A2—C1'D2+D1'C2
AZ+ B3+ Cs + D3
6 _ —Al'C2+Bl'D2+C1'A2—D1'Bz
A§+B§+C§+?§ o
5 . -A;-Dy,—B{-C,+C{-B, +D;-A,

AZ+ B3+ Cs + D3
Proposition 3.1. The expressing of the product q,q,> = A+Bi+C Jj+ Dk can be made as follows:
(i)
AQ) = \/ (Xl(xl) A A(x2) A By (x3)A

Y=X1X2—X3X4—X5X6—X7X8
A Ez(x4) A 61 (x5) A 62(%6) A 51 (x7) A 52(?68))
(ii)
B(y) = \ (A10x1) A Ba(xa) A Bi(x3)A

Y=X1X2+X3X4+X5X6—X7X8

A Ay(x3) A Ci(x5) A Dax6) A Dy(x7) A 52()(8))
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(iii)

(v)
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Ck) = \/ (A1(x1) A Ca(x2) A Bi(x3)n

V=X1X2—X3X4+X5X6+X7X8

A 52(964) A g1 (x5) A A.Z()%) A 51(967) A Ez(xs))

D(y) = \/ (A1(x1) A Da(x2) A By (x3)A

V=X1X2+X3X4—X5X6+X7X8

A Ca(x4) A Ci(x5) A Ba(xe) A Di(x7) A Aq(xs)).

Proposition 3.2. The expressing of the quotient % =A+Bi+C Jj+ Dk can be made as Jfollows:

(i)

(ii)

(iii)

(v)

Ay = \/ (A AAx) ABI(s)A
:X1X2+;3X§+X§X6;X7X8

.12+ 4+X6+X8

A By(x4) A C1(x5) A Ca(x6) A Dy(x7) A 52()68))

By)= \/ (A1) ABax) A Bi(xs)A
_ *Xl X4+X2X3*X5X8+X6X7
y_ 3C2+X2+X2+X2
277477678

A Ay(x3) A Ci(x5) A Da(x6) A Dy(x7) A 52()58))

COy) = Vo (&) A G A BixsA
)’7 x2+X2+.[2+X2
277477678

A Dy(x4) A C1(x5) A Ax(x6) A Dy (x7) A Ez(xs))

Dy)= \/ (A A Dy(x) A Bixs)A
y= *.Xl .’Cg *X} X6+.‘(4.’C5 +X2X7

213242442
X5y +xgag

A 6:2(364) A 6:1 (xs5) A Ez(xﬁ) A 51 (x7) A Xz(xs))-
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4. Matrix representations of fuzzy quaternion numbers

Just as the quaternion numbers are represented as matrices (Mot & Popa, 2014), so the
fuzzy quaternion numbers have a matrix representations.

The first way in which we can represent the fuzzy quaternion numbers as a matrix is to use
2 x 2 fuzzy complex matrices and the representation given is one of a family of linearly related
representations.

For this, we denote:

HIF:{Q:(_ZZ]Z 2) ZbZZE(CF}:
_ = = 4.1
_ Q_ A+Di C+ Bi ZEGBER ( )
¥ \-C+Bi A-Di]I"TTT f

Operations of addition and multiplication in H;r are made according to the rules of addition and
multiplication of matrices.
For O, and Q, in H, we have:

Xl +51i 51 +§1i X2+52i 52+E2i
— — — — + _ = — —
-Cy+Byi A —Dqi —Cr+ Byi Ay, — Dyi

Q1+Q2=(

_ Xl +X2+(51 +52)i 51 +52+(§1 +§2)i
B —(51 + Ez) + (E] + Ez)l Xl +X2 - (51 + 52)1 ’

where A, 1+ Zz, El + Ez, C 1+ 52 and 51 + 52 were defined in previous section. The product of two
matrices O and Q, also follows the usual definition for matrix multiplication.

It is easy to verify that the H,z is closed under the operation of addition and multiplication.
Moreover, any matrix of H;r admits the opposed matrix, namely

—Q= -1 —22) _ ~A-Di -C-Bi
“\z2 -z) \C-Bi -A+Dil’

which belongs to H as well. For any non null matrix of H, we have that:

_|AFDi CHBi =A+ B +C+ D%,

21 Vé) T UL b
—-C+Bi A-Di

-2 2

which is equal to zero, if and only if A=B=C=D=0. It result that any non null matrix of H, g
admits the inverse matrix, namely:

Q_] _ 1 21 -2 _ 1 A-Di -C-Bi
AR+ BR+C+D2\2 T - A+B+C2+D2\C-Bi A+Di
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Therefore H; r has a field structure. L
Fgr ca(/)manu'@/tivity we give the following counterexample: let Q;, O, € H,r where Ay, By, Cy, D,
and A,, B, C,, D, are fuzzy triangular numbers defined by:

A =[1,2,4] B, =1[0,1,3] C, =[1,2,3] D, =[0,2,4]
A, =[2,4,6] B, = [2,4,5] C, = [0,1,4] D, =[1,3,4]
We have

5.3, = [-41,-4,24] + [-9,21,55)i [-18,5,46] +[-10,8,53]i
1227 1[-46,-5,18] + [-10,8,53]i [-41,-4,24] + [-55,-21,9]i

and
[-41,-4,24] + [-14,7,50]i [-10,15,54] + [-13, 16, 50]1‘)

01 = ([—54, —-15,10] + [-13,16,50]i [-41,-4,24] + [-50, -7, 14]i
Based on the previous results we obtain the following theorem:
Theorem 4.1. H,r has a noncommutative field structure.
Theorem 4.2. Hy and H, are isomorphic fields.
Proof. We consider the mapping ¢ : Hy — H,,
0@ = @(A + Bi+ Cj+ Dk) = (_A~C~++%’;i gjg’l)
which is a bijective application and it mantains the operations:

() o(g1 +q2) = ¢(q1) + ¢(q2), Vq1, 9> € HF
(1) ¢(q1 - q2) = ¢(q1) - ¢(q2), 91,92 € Hp

Hence it is a isomorphism of fields. Thus Hy ~ Hf. ]
Remark. The isomorphism Hy ~ H allows us to state that each fuzzy quaternign I}Lll‘llbfil: ofﬁF
admits a matrix representation under the form of the elements of H z, namely A~+ Di_ g * —Bil .
—-C+Bi A-Di
Proposition 4.1. Any element of H,r admits:
Q = Al + BI + CJ + Dk, 4.2)
1 0 0 i 0 1 i 0 . . .
where 1 = (O 1) , 1 = (i O) ,J = (_1 0) , K= (O —i) represent the matrix quaternion units.
Proof. 1t is verified by direct calculus:
A+Di C+Bi —(1 0} —=(0 i
= - - — —]1=A + B\ . +
C (—C+Bi A—Di) (0 1) (z 0)
+5(° 1)+5(l Ol.) _ A1+ B1+CJ+ Dk

O
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Remark. The matrix quaternion units /, J, K can be written with the help of Pauli matrix o, o, 0,

namely:
{0 1 . (0 =) . (1 O .

I = l(l 0) =io,, J = l(i 0) =iy, K = 1(0 _1) =io,.

Remark. If constraining any two of B, C and D to zero it results a representation of fuzzy complex

numbers:
i) If B = C = 0, then it results a diagonal fuzzy complex matrix representation of fuzzy

complex numbers:

A+ Di 5
0 A-Di

ii) If B= D = 0, then it results a fuzzy real matrix representation of fuzzy complex numbers:

o[29

Proposition 4.2. The conjugate of a fuzzy quaternion corresponds to the Hermitian transpose

(conjugate transpose) of the matrix
0 = (OF = OF = A-Di —C-Bi
- = \c-Bi A+Di)

where Q" denotes the transpose of Q and Q denotes the matrix with complex conjugated entries.

The second way in which we can represent the fuzzy quaternion numbers as a matrix is to
use 4 x 4 fuzzy real matrices and the representation given is one of a family of linearly related

representations.

In order to obtain such a representation we consider:

S

Hyr =40 = A,B,C,D € Ry

Ol Q) =1 )
| [
o) )

> NG

Operations of addition and multiplication in H,r is made according to the rules of addition and

multiplication of matrices.
It is easy to verify that the set of matrices Hr is closed under the operation of addition and

multiplication of matrices. Moreover, any matrix of H,r, admits the opposed matrix and any non
null matrix of H,r admits its inverse. Indeed, as

i -B -C -D
25 E S=@iBeCpy
b-C B A
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is equal to zero, if and only if A =B=C =D =0, it results that for any non null matrix of Hp,
there exists the inverse matrix:

A B C D
oo |B 4 -b-C
' @+B+C2+D?)?|-C -D A -B|
-D C -B A

Thus H, has a field structure. .
Fgr @mgugtivity we give the following counterexample: let Q;, O, € H,r where Ay, By, Cy, D,
and A,, B, C,, D, are fuzzy triangular numbers defined by:

Xl = [052a 5]7 El = [1’3’5]’ 51 = [0’ 1’4]’ 51 = [0’ 2’5]
Ay =[1,2,3], B, = [0,3,4], C, = (2,4,5), D, =[0,2,4].

We have

[-60,-13,15] [-51,-6,24] [-57,-10,20] [-60,-17,14]
~ ~ | [-24,6,51] [-60,-13,15] [-60,-17,14] [-20,10,57]
010 = [-20,10,57] [-14,17,60] [-60,-13,15] [-51,-6,24]

[-14,17,60] [-57,-10,20] [-24,6,51] [-60,-13,15]

and
[-60,-13,15] [-60,-18,15] [-57,-10,20] [-49,1,25]

5,0, = [-15,18,60] [-60,—13,15] [-49,1,25] [-20,10,57]
221 711-20,10,57] [-25,-1,49] [-60,-13,15] [-60,-18,15]|
[-25,-1,49] [-57,-10,20] [-15,18,60] [-60,—13,15]

Based on the previous results we obtain the following theorem:
Theorem 4.3. H,y has a noncommutative field structure.
Theorem 4.4. Hy and H, are isomorphic fields.

Proof. We consider the mapping ¢ : Hy — Hyp,

A -B -C -D
= == B A -D C
=pA+Bi+Cj+Dk)=|~ = = =|.
W@=¢A+Bi+Cj+Dh=|~ = = %
D -C B A

We note that ¢ is bijective and preserves the operations - it follows immediately by direct calcula-
tion, thus it is a isomorphism of fields. Therefore Hp ~ H,f. ]

Remark. The isomorphism Hy ~ H,r allows us to stat that each fuzzy quaternion number of Hy
admits a matrix representation under the form of the elements of H .
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Remark. Any element of H,r can be written

A -B -C -D 1000 0 -1 0 0
B A -D C| —[o1T00] {1 000
O =~ = ~ |=Al- - — _|+Bl—- - _ _|+
C D A -B 0010 0 0 0 —1
D -C B A 000 1 00 1 0
0 0 -10 00 0
~666T~66T6
+Cl—- - _ _|+D|- —
1 0 0 0 01 0 0
0 -1 0 0 10 0 0

Remark. Similarly, a fuzzy quaternion number ¢ = A+Bi+Cj Jj+ Dk can be represented as

l

A B C D 100 010 0
B A -D C| 0T 00| —|-100 0
Q2: ~ o~ ~ |=Al- — — _|+B| - - _ _|+

-C D A -B 0010 0O 0 0 -1
-D -C B A 000 1 001 0

0 0 10 00 0 1

o 0o 01l -0 0 -10

+C| — — — —_|+D| - - — _|.

-1 0 0O 0O 1 0 O

0 -10 0 10 0 0

Remark. The 48 possible matrix representation of fuzzy quaternion numbers are in fact the matri-
ces whose transpose is its negation (skew-symmetric matrices, i.e. —Q = Q7).

Proposition 4.3. In this representations, the conjugate of a fuzzy quaternion number corresponds
to the transpose of the matrix Q,, n = 1,48

g=A-Bi—Cj-Dk=(0)".

For example, for the representation Q; of a fuzzy quaternion number, we have

A B C D
g—oy =2 A P
-C -D A B
D C -B A
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Or, for second representation O,

A -B -C -D
g=y =2 L2
C -D A B
D C -B A

Remark. If C = D = 0 then q = A + Bi and it results the representation of fuzzy complex numbers
as diagonal matrices with two 2 X 2 blocks. .
For example, for the representation Q; when C = D = 0 it results

A -B 0 O

|Bi0 0

9=15 5 i -B

0 0 B A

and for Q, we obtain I
A B 0 0

|-BA0 0

©=5 51 -8

0 0 B A
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