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Abstract
In the present investigation, we introduce two new subclasses of the function class σ of bi-univalent functions in

the open unit disc. Also we find coefficient estimates on the coefficients |a2| and |a3| for functions in the function class
and several related classes are also considered and connections to earlier known results are made.
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1. Introduction

Let A denote the class of analytic functions in the unit disk

U = {z ∈ C : |z| < 1}

that have the form

f (z) = z +

∞∑
k=2

akzk. (1.1)

Further, the class of all functions in A which are univalent in U is denoted by the symbol S .
The Koebe one-quarter theorem (Duren, 1983) states that the image of U under every function
f ∈ S contains a disk of radius 1

4 . Thus every such univalent function has an inverse f −1 which
satisfies

f −1 ( f (z)) = z , (z ∈ U)

and

f
(

f −1 (w)
)

= w ,

(
|w| < r0 ( f ) , r0 ( f ) ≥

1
4

)
,
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where
f −1 (w) = w − a2w2 +

(
2a2

2 − a3

)
w3 −

(
5a3

2 − 5a2a3 + a4

)
w4 + · · · .

A function f (z) ∈ A is said to be bi-univalent in U if both f (z) and f −1 (z) are univalent in U.

Let Σ denote the class of bi-univalent functions defined in the unit disk U. For a brief history
and interesting examples in the class Σ, see (Srivastava et al., 2010). The concept of bi-univalent
function class was firstly studied by Lewin (Lewin, 1967) and obtained that the bound 1.51 for
modulus of the second coefficient |a2| . Subsequently, Brannan and Clunie (Brannan & Clunie,
1980) conjectured that |a2| ≤

√
2 for f ∈ Σ. Netanyahu (Netanyahu, 1969) showed that max |a2| =

4
3 if f (z) ∈ Σ.

Brannan and Taha (Brannan & Taha, 1986) introduced certain subclasses of the bi-univalent
function class Σ similar to the familiar subclasses δ? (α) and K (α) of starlike and convex function
of order α (0 < α ≤ 1) respectively. The classes δ?

Σ
(α) and KΣ (α) of bi-starlike functions of order

α and bi-convex functions of order α, corresponding to the function classes δ? (α) and K (α) , were
also introduced similarly. For each of the function classes δ?

Σ
(α) and KΣ (α) , non-sharp estimates

on the initial coefficients were found by them. In recent years, bounds for various subclasses of
bi-univalent functions were investigated by many authors ((Frasin & Aouf, 2011), (Srivastava et
al., 2010), (Xu et al., 2012b)). For each of the following Taylor-Maclaurin coefficients |an| for
n ∈ N\ {1, 2}, the problem of determining coefficient estimate is still an open problem. In the year
2010, the following subclasses of the bi-univalent function class Σ was introduced by Srivastava
et al. (Srivastava et al., 2010) and non-sharp estimates on the first two coefficients |a2| and |a3| was
obtained.

Definition 1.1. (Srivastava et al., 2010) A function f (z) given by the TaylorMaclaurin series ex-
pansion (1.1) is said to be in the classHα

σ if the following conditions are satisfied:

f ∈ Σ,
∣∣∣∣arg

(
f
′ (z)

)∣∣∣∣ < απ

2
(0 < α ≤ 1, z ∈ U)

and ∣∣∣∣arg
(
g
′ (w)

)∣∣∣∣ < απ

2
(0 < α ≤ 1, w ∈ U)

where the function g is given by

f −1 (w) = g (w) = w − a2w2 +
(
2a2

2 − a3

)
w3 −

(
5a3

2 − 5a2a3 + a4

)
w4 + · · · .

Theorem 1.1. (Srivastava et al., 2010) Let the function f (z) given by (1.1) be in the class
Hα

Σ (0 < α ≤ 1) . Then

|a2| ≤ α

√
2

α + 2
and |a3| ≤

α (3α + 2)
3

.

Definition 1.2. (Srivastava et al., 2010) A function f (z) given by (1.1) is said to be in the class
Hβ

Σ
(0 ≤ β < 1) if the following conditions are satisfied:

f ∈ Σ,
∣∣∣∣Re

(
f
′ (z)

)∣∣∣∣ > β (0 ≤ β < 1, z ∈ U)
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and ∣∣∣∣Re
(
g
′ (w)

)∣∣∣∣ > β (0 ≤ β < 1, w ∈ U)

where the function g is given by f −1 (w) = g (w) .

Theorem 1.2. (Srivastava et al., 2010) Let the function f (z) given by (1.1) be in the class Hβ
Σ

(0 ≤ β < 1) .
Then

|a2| ≤

√
2 (1 − β)

3
and |a3| ≤

(1 − β) (5 − 3β)
3

.

Here, in our present sequel to some of the aforecited works (especially [15]), the following
subclass of the analytic function class A is introduced. Also, by using the method of (Srivastava et
al., 2010), (Frasin & Aouf, 2011), (Xu et al., 2012b) and (Xu et al., 2012a) different from that used
by other authors, we obtain bounds for the coefficients |a2| and |a3| for the subclasses of bi-univalent
functions considered Porwal and Darus and get more accurate estimates than that given in (Porwal

& Darus, 2013). For the functions f ∈ A given by (1.1) and g ∈ A, g(z) = z +
∞∑

k=2
bkzk , their

Hadamard product or convolution (Duren, 1983) is defined by the power series

( f ∗ g)(z) = z +
∑
k=2

akbkzk.

For f (z) ∈ A, Al-Shaqsi (AL-Shaqsi, 2014) defined the following integral operator:

Lδc f (z) = (1+c)δΦδ(c; z) ∗ f (z)

= −
(1+c)δ

Γ(δ)

∫ 1

0
tc−1 log(

1
t
)δ−1 f (zt) dt (1.2)

(c > 0, δ > 1, z ∈ U)

where Γ stands for the usual gamma function, Φδ(c; z) is the well known generalization of the
Riemann-zeta and polylogarithm functions, or the δth polylogarithm function, given by

Φδ(c; z) =

∞∑
k=1

zk

(k + c)δ

where any term without k+c = 0 (see (Lerch, 1887) and (Bateman, 1953)(sections 1.10 and 1.12)).
Also, Φ−1(0; z) = z

(1−z)2 is Koebe function. One can find more details about polylogarithms in the-
ory of univalent functions in the study of Ponnusamy and Sabapathy (Ponnusamy & Sabapathy,
1996).

We also state that the operator Lδcf(z) given by the relation (1.2) can be expressed by the series
expansions as follows:

Lδc f (z) = z +

∞∑
k=2

(
1 + c
k + c

)δ
akzk.

First of all, we present the following lemma to prove our main result
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Lemma 1.1. (Pommerenke & Jensen, 1975) If h ∈ P then | ck |≤ 2 for each k, where P is the family
of all functions h analytic in E for which Re(h(z)) > 0, then

h(z) = 1 + c1z + c2z2 + c3z3 + . . . .

2. Coefficient Estimates for the class Bδ
σ(β, λ, c)

Definition 2.1. The classBδσ(β, λ, c) of the functions f (z) determined by the equality (1.1) consists
of those functions f (z) that satisfy the following conditions:
f ∈ σ,

Re
(
(1 − λ)Lδc f (z) + λLδ−1

c f (z)
z

)
> β (2.1)

where 0 ≤ β < 1, λ ≥ 1, c > 0,Reδ > 1, z ∈ U and

Re
(
(1 − λ)Lδcg(w) + λLδ−1

c g(w)
w

)
> β. (2.2)

where Lδ−1
c stands for polylogarithm function introduced and studied by Al-Shaqsi and the func-

tion g is given by g (w) = f −1 (w).

Remark. If we let c = 0 and δ = −n, for n ∈ N ∪ {0}, then we obtain

Bδσ(β, λ, c) = HΣ (n, β, λ)

studied by Porwal and Darus (Porwal & Darus, 2013). This class contains the function f ∈ Σ

satisfying

Re
(
(1 − λ)Dn f (z) + λDn+1 f (z)

z

)
> β

and

Re
(
(1 − λ)Dng(w) + λDn+1g(w)

w

)
> β.

whereDn stands for Salagean derivative introduced by Sâlâgean (Salagean, 1983).

The class B−n
σ (β, λ, 0) includes many earlier classes, which are mentioned below:

1. If we let n = 0, then we have
B−n
σ (β, λ, 0) = Hλ

Σ (β)

studied by Frasin and Aouf (Frasin & Aouf, 2011). This class contains the functions f ∈ Σ

satisfying

Re
(
(1 − λ) f (z)

z
+ λ f ′(z)

)
> β

and

Re
(
(1 − λ)g(w)

w
+ λg′(w)

)
> β.
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2. If we let n = 0 and λ = 1, then we have

B−n
σ (β, 1, 0) = HΣ (β)

studied by Srivastava et al.(Srivastava et al., 2010). This class contains the functions f ∈ Σ

satisfying
Re

(
f ′(z)

)
> β

and
Re

(
g′(w)

)
> β.

The next theorem gives the estimate on coefficient of the function in the class Bδσ(β, λ, c) given
in Definition 2.1.

Theorem 2.1. Let the function f (z) given by equation (1.1) be in the class Bδσ(β, λ, c). Then

|a2| ≤

√√
2(1 − β)(

1 + 2λ
1+c

) (
1+c
3+c

)δ (2.3)

and

|a3| ≤
4(1 − β)2(

1 + λ
1+c

)2 (
1+c
2+c

)2δ +
2(1 − β)(

1 + 2λ
1+c

) (
1+c
3+c

)δ (2.4)

where 0 ≤ β < 1 and λ ≥ 1.

Proof. Let f ∈ Bδσ(β, λ, c), λ ≥ 1 and 0 ≤ β < 1. Using argument inequalities in (2.1) and (2.2),
we can state their forms as follows:

(1 − λ)Lδc f (z) + λLδ−1
c f (z)

z
= β + (1 − β)p(z) (z ∈ U) (2.5)

and
(1 − λ)Lδcg(w) + λLδ−1

c g(w)
w

= β + (1 − β)q(w) (w ∈ U) (2.6)

where p(z) and q(w) given by the equalities

p (z) = 1 + p1z + p2z2 + p3z3 + · · · (2.7)

and
q (z) = 1 + q1w + q2w2 + q3w3 + · · · (2.8)

satisfy the inequalities Re(p (z)) > 0 and Re(q (w)) > 0 respectively. Equating coefficients (2.5)
and (2.6) yields (

1 +
λ

1 + c

) (1 + c
2 + c

)δ
a2 = (1 − β)p1, (2.9)
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(
1 +

2λ
1 + c

) (
1 + c
3 + c

)δ
a3 = (1 − β)p2, (2.10)

and

−

(
1 +

λ

1 + c

) (1 + c
2 + c

)δ
a2 = (1 − β)q1 (2.11)

(
1 +

2λ
1 + c

) (
1 + c
3 + c

)δ
(2a2

2 − a3) = (1 − β)q2. (2.12)

From (2.9) and (2.11) , we have
p1 = −q1 (2.13)

and

2
(
1 +

λ

1 + c

)2 (
1 + c
2 + c

)2δ

a2
2 = (1 − β)2(p2

1 + q2
1). (2.14)

Also, adding (2.10) to (2.12) , we get

2
(
1 +

2λ
1 + c

) (
1 + c
3 + c

)δ
a2

2 = (1 − β)(p2 + q2). (2.15)

Applying Lemma 1.1 for equality (2.15), we have

|a2|
2
≤

(1 − β)(|p2| + |q2|)

2
(
1 + 2λ

1+c

) (
1+c
3+c

)δ ≤ 2(1 − β)(
1 + 2λ

1+c

) (
1+c
3+c

)δ
This gives the bound on |a2| as asserted in (2.3).

Next, to find the bound on |a3|, by subtracting (2.12) from (2.10), we get

2
(
1 +

2λ
1 + c

) (
1 + c
3 + c

)δ
(a3 − a2

2) = (1 − β)(p2 − q2) (2.16)

which, upon substitution of value of a2
2 from (2.14) yields

a3 =
(1 − β)2(p2

1 + q2
1)

2
(
1 + λ

1+c

)2 (
1+c
2+c

)2δ +
(1 − β)(p2 − q2)

2
(
1 + 2λ

1+c

) (
1+c
3+c

)δ .
Applying the lemma 1 for the coefficients p1, q1, p2 and q2, we readily get

|a3| ≤
4(1 − β)2(

1 + λ
1+c

)2 (
1+c
2+c

)2δ +
2(1 − β)(

1 + 2λ
1+c

) (
1+c
3+c

)δ .

Remark. Choosing c = 0 in Theorem 2.1, we have the following corollaries:
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1. If we let δ = −n, (n ∈ N ∪ {0}), then we obtain the following:

Corollary 2.1. (Porwal & Darus, 2013) Let the function f (z) given by (1.1) be in the class
H

Σ
(n, β, λ) ,

0 ≤ β < 1, λ ≥ 1, n ∈ N0. Then,

|a2| ≤

√
2(1 − β)

(1 − λ) 3n + λ3n+1

and

|a3| ≤
4(1 − β)2[

(1 − λ) 2n + λ2n+1]2 +
2(1 − β)

(1 − λ) 3n + λ3n+1 .

2. Especially, choosing n = 0 in Corollary 2.1, we have the following result:

Corollary 2.2. (Frasin & Aouf, 2011) Let the function f (z) given by (1.1) be in the class Hλ
Σ

(β) , 0 ≤
β < 1. Then

|a2| ≤

√
2(1 − β)
1 + 2λ

and

|a3| ≤
4(1 − β)2

(1 + λ)2 +
2(1 − β)
(1 + 2λ)

.

Remark. The estimates for |a2| and |a3| of Corollary 2.2 and Corollary 2.3 show that Theorem 2.1
coincides with the the estimates obtained by Frasin and Aouf (Frasin & Aouf, 2011).

3. If we choose n = 0 and λ = 1, then we obtain the following corollary:

Corollary 2.3. (Srivastava et al., 2010) Let the function f (z) given by (1.1) be in the class
H

Σ
(β) , 0 ≤ β < 1. Then

|a2| ≤

√
2(1 − β)

3
and

|a3| ≤
(1 − β)(5 − 3β)

3
.

3. Coefficient Estimates for the classHδ
σ(α, λ, c)

Definition 3.1. A function f (z) given by (1.1) is said to be in the classHδ
σ(α, λ, c) if the following

conditions are satisfied:

f ∈ σ,

∣∣∣∣∣∣arg
(
(1 − λ)Lδc f (z) + λLδ−1

c f (z)
z

)∣∣∣∣∣∣ < απ

2
(0 < α ≤ 1, λ ≥ 1, z ∈ U) (3.1)

and ∣∣∣∣∣∣arg
(
(1 − λ)Lδcg(w) + λLδ−1

c g(w)
w

)∣∣∣∣∣∣ < απ

2
(0 < α ≤ 1, λ ≥ 1, w ∈ U) (3.2)

where Lδ−1
c stands for polylogarithm function and the function (by Al-Shaqsi) g (w) = f −1 (w) .
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Theorem 3.1. Let the function f (z) given by (1.1) be in the classHδ
σ(α, λ, c). Then

|a2| ≤
2α√

2
(
1 + 2λ

1+c

) (
1+c
3+c

)δ
α − (α − 1)

(
1 + λ

1+c

)2 (
1+c
2+c

)2δ
(3.3)

and

|a3| ≤
4α2(

1 + λ
1+c

)2 (
1+c
2+c

)2δ +
2α(

1 + 2λ
1+c

) (
1+c
3+c

)δ ,where0 ≤ β < 1andλ ≥ 1. (3.4)

Proof. Let f ∈ Hδ
σ(α, λ, c), λ ≥ 1 and 0 < α ≤ 1. We can write the argument inequalities in (3.1)

and (3.2) as follows:
(1 − λ)Lδc f (z) + λLδ−1

c f (z)
z

=
[
p(z)

]α , z ∈ U (3.5)

(1 − λ)Lδcg(w) + λLδ−1
c g(w)

w
=

[
q(w)

]α , w ∈ U (3.6)

where p(z) and q(w) are given by (2.7) and (2.8) and satisfy the inequalities Re(p (z)) > 0 and
Re(q (w)) > 0 respectively. Now, equating the coefficients of (3.5) and (3.6), we have(

1 +
λ

1 + c

) (1 + c
2 + c

)δ
a2 = αp1, (3.7)

(
1 +

2λ
1 + c

) (
1 + c
3 + c

)δ
a3 = αp2 +

α(α − 1)
2

p2
1, (3.8)

−

(
1 +

λ

1 + c

) (1 + c
2 + c

)δ
a2 = αq1, (3.9)

and (
1 +

2λ
1 + c

) (
1 + c
3 + c

)δ
(2a2

2 − a3) = αq2 +
α(α − 1)

2
q2

1, (3.10)

From (3.7) and (3.9), we get
p1 = −q1 (3.11)

and

2
(
1 +

λ

1 + c

)2 (
1 + c
2 + c

)2δ

a2
2 = α2(p2

1 + q2
1) (3.12)

Also from (3.8) and (3.10), we obtain

2
(
1 +

2λ
1 + c

) (
1 + c
3 + c

)δ
a2

2 = α(p2 + q2) +
α(α − 1)

2
(p2

1 + q2
1). (3.13)

By using the relation (3.12) in (3.13), we find that

2
(
1 +

2λ
1 + c

) (
1 + c
3 + c

)δ
a2

2 = α(p2 + q2) +

(
1 +

λ

1 + c

)2 (
1 + c
2 + c

)2δ

a2
2.
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Thus we get

a2
2 =

α2(p2 + q2)

2
(
1 + 2λ

1+c

) (
1+c
3+c

)δ
α − (α − 1)

(
1 + λ

1+c

)2 (
1+c
2+c

)2δ . (3.14)

Then, applying Lemma1.1 for the aforementioned equality, we get desired estimate on |a2| as
asserted in (3.3). Next, in order to find the bound on |a3|, by subtracting (3.10) from (3.8), we get

2
(
1 +

2λ
1 + c

) (
1 + c
3 + c

)δ (
a3 − a2

2

)
= α(p2 − q2) +

α(α − 1)
2

(p2
1 − q2

1). (3.15)

Also from (3.11) , (3.12) and (3.15) we find that

a3 =
α(p2 − q2)

2
(
1 + 2λ

1+c

) (
1+c
3+c

)δ +
α2(p2

1 + q2
1)

2
(
1 + λ

1+c

)2 (
1+c
2+c

)2δ . (3.16)

By applying the Lemma1 for the equality (3.16), we obtain desired estimate and this complats the
proof of the theorem.

Remark. If we let c = 0 in Theorem 3.1 and

1. δ = −n, we obtain the following corollary:

Corollary 3.1. (Porwal & Darus, 2013) Let the function f (z) given by (1.1) be in the class
B

Σ
(n, α, λ) , 0 < α ≤ 1, λ ≥ 1, n ∈ N0. Then,

|a2| ≤
2α√

4n(λ + 1)2 + α
(
2.3n (1 + 2λ) − 4n(λ + 1)2)

and

|a3| ≤
4α2[

(1 − λ) 2n + λ2n+1]2 +
2α

(1 − λ) 3n + λ3n+1 .

2. Choosing δ = 0 , we obtain the following corollary:

Corollary 3.2. (Frasin & Aouf, 2011). Let the function f (z) given by (1.1) be in the class
B

Σ
(λ, β) , 0 < α ≤ 1, λ ≥ 1. Then

|a2| ≤
2α√

(λ + 1)2 + α
(
1 + 2λ − λ2)

and

|a3| ≤
4α2

(λ + 1)2 +
2α

2λ + 1
.

3. Also, if we choose λ = 1, we have the following corollary:
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Corollary 3.3. (Srivastava et al., 2010). Let the function f (z) given by (1.1) be in the class
Hα

Σ
, 0 < α ≤ 1. Then

|a2| ≤ α

√
2

2 + α

and
|a3| ≤

α(3α + 2)
3

.
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