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Abstract

In the present investigation, we introduce two new subclasses of the function class o of bi-univalent functions in
the open unit disc. Also we find coeflicient estimates on the coefficients |a;| and |a3| for functions in the function class
and several related classes are also considered and connections to earlier known results are made.
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1. Introduction

Let A denote the class of analytic functions in the unit disk
U={zeC:l7 <1}

that have the form

f@ =2+ Y adt. (1.1)
k=2

Further, the class of all functions in A which are univalent in U is denoted by the symbol .

The Koebe one-quarter theorem (Duren, 1983) states that the image of U under every function
f € S contains a disk of radius i. Thus every such univalent function has an inverse f~' which
satisfies

' f@)=z, (zeU)

and

FFm)=w. (|w| <) ro(f) 2% ,
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where
f_l (W) =w —Clzwz +(2Cl§ —a3)w3 - (Sag —5a2a3 +a4)w4 4.,

A function f(z) € A issaid to be bi-univalentin U ifboth f(z) and f~'(z) are univalentin U.

Let X denote the class of bi-univalent functions defined in the unit disk U. For a brief history
and interesting examples in the class X, see (Srivastava et al., 2010). The concept of bi-univalent
function class was firstly studied by Lewin (Lewin, 1967) and obtained that the bound 1.51 for
modulus of the second coefficient |a,|. Subsequently, Brannan and Clunie (Brannan & Clunie,
1980) conjectured that |a;| < V2 for f € Z. Netanyahu (Netanyahu, 1969) showed that max |a,| =
‘3—‘ if f(z) € X.

Brannan and Taha (Brannan & Taha, 1986) introduced certain subclasses of the bi-univalent
function class X similar to the familiar subclasses §* (@) and K (a) of starlike and convex function
of order @ (0 < @ < 1) respectively. The classes 65 (o) and Ks (@) of bi-starlike functions of order
a and bi-convex functions of order «, corresponding to the function classes 6* (@) and K (a) , were
also introduced similarly. For each of the function classes 65 (@) and Ks (@) , non-sharp estimates
on the initial coefficients were found by them. In recent years, bounds for various subclasses of
bi-univalent functions were investigated by many authors ((Frasin & Aouf, 2011), (Srivastava et
al., 2010), (Xu et al., 2012b)). For each of the following Taylor-Maclaurin coefficients |a,| for
n € N\ {1, 2}, the problem of determining coefficient estimate is still an open problem. In the year
2010, the following subclasses of the bi-univalent function class X was introduced by Srivastava
et al. (Srivastava et al., 2010) and non-sharp estimates on the first two coefficients |a;| and |a3| was
obtained.

Definition 1.1. (Srivastava et al., 2010) A function f(z) given by the TaylorMaclaurin series ex-
pansion (1.1) is said to be in the class H if the following conditions are satisfied:

fes, 'arg(f’(z))'< %T O<a<l,zel)

and an
|arg(g’ (w))‘ <5 O<a<lwel)

where the function g is given by
f_l (w) = g(W) =w —Cl2W2 + (261% —613)W3 - (Sag - Sara; +a4)w4 4+,

Theorem 1.1. (Srivastava et al., 2010) Let the function f(z) given by (1.1) be in the class
Hy (O <a<1).Then

aBa+2)
< —-
a+2 and lasl - < 3

Definition 1.2. (Srivastava et al., 2010) A function f (z) given by (1.1) is said to be in the class
H’g (0 < B < 1) if the following conditions are satisfied:

lay| <

fex [Re(f @) >p ©<p<1,zev)
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and
‘Re(g’ (w))‘ >B (0<B<1, wel)

where the function g is given by f~! (w) = g(w).
Theorem 1.2. (Srivastava et al., 2010) Let the function f (z) given by (1.1) be in the class Hg O<p<l).

Then
las] < \/—2(13_@ and las| < d _'B);S _ 3ﬁ).

Here, in our present sequel to some of the aforecited works (especially [15]), the following
subclass of the analytic function class A is introduced. Also, by using the method of (Srivastava et
al., 2010), (Frasin & Aouf, 2011), (Xu et al., 2012b) and (Xu et al., 2012a) different from that used
by other authors, we obtain bounds for the coefficients |a,| and |as| for the subclasses of bi-univalent
functions considered Porwal and Darus and get more accurate estimates than that given in (Porwal

& Darus, 2013). For the functions f € A given by (1.1) and g€ A, gz) =z + S bzt their
k=2

Hadamard product or convolution (Duren, 1983) is defined by the power series

(F+ @) =2+ ) aibid.
k=2

For f(z) € A, Al-Shagsi (AL-Shagsi, 2014) defined the following integral operator:

Lif(z) = (I+c)’®s(c;2) * £(2)
(I+c) (! -1 L5
- r6) J, t log(;) f(zt)dt (1.2)

(c>0,6>1,zeU)

where ' stands for the usual gamma function, ®s(c; z) is the well known generalization of the
Riemann-zeta and polylogarithm functions, or the 6th polylogarithm function, given by

SR
D;(c;2) =
° ; (k +c)

where any term without k+c = 0 (see (Lerch, 1887) and (Bateman, 1953)(sections 1.10 and 1.12)).
Also, ®_1(0;z) = a _ZZ)Z is Koebe function. One can find more details about polylogarithms in the-
ory of univalent functions in the study of Ponnusamy and Sabapathy (Ponnusamy & Sabapathy,

1996).

We also state that the operator £3f{z) given by the relation (1.2) can be expressed by the series

expansions as follows:
00 )
Lof(z)=z+ Z ( ) a7~
=2

First of all, we present the following lemma to prove our main result

1+c¢
k+c
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Lemma 1.1. (Pommerenke & Jensen, 1975) If h € P then | ¢, |< 2 for each k, where P is the family
of all functions h analytic in E for which Re(h(z)) > 0, then

h@) =1+cz+0+c8 +....

2. Coefficient Estimates for the class B‘;(B, A,¢)

Definition 2.1. The class 8° (8, 4, ¢) of the functions f(z) determined by the equality (1.1) consists
of those functions f(z) that satisfy the following conditions:
feo,

Re ((1 ~DLSf(2) + AL f(2)
K
where 0 << 1,4>1,¢>0,Re6 > 1,z € U and

Re ((1 — D) L2%gw) + AL g(w)

)>,8 2.1

w

) > B. (2.2)
where £27! stands for polylogarithm function introduced and studied by Al-Shagsi and the func-
tion g is given by g (w) = £~ (w).
Remark. If we let ¢ = 0 and 6 = —n, for n € N U {0}, then we obtain

Bg—(ﬂa /1’ C) = HZ (n’ﬁ’ /l)

studied by Porwal and Darus (Porwal & Darus, 2013). This class contains the function f € X
satisfying

((1 - DD f(2) + 1D f(2)
Re .

s

and

((1 — DD'g(w) + 1D g(w)
Re "

)

where 9" stands for Salagean derivative introduced by Salagean (Salagean, 1983).

The class B."(8, 4, 0) includes many earlier classes, which are mentioned below:

1. If we let n = 0, then we have
B,"(B,4,0) = HE (B)

studied by Frasin and Aouf (Frasin & Aouf, 2011). This class contains the functions f € X
satisfying

Re((l =R/ Mf,(z)) o5

and

Re (% + /lg’(w)) > .
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2. If weletn = 0and A = 1, then we have
B (B,1,0) = Hy (B)

studied by Srivastava et al.(Srivastava et al., 2010). This class contains the functions f € X
satisfying

Re(f'(2)) > p
and

Re(g'(w)) > B.

The next theorem gives the estimate on coefficient of the function in the class Bg(ﬂ, 4, c) given
in Definition 2.1.

Theorem 2.1. Let the function f (z) given by equation (1.1) be in the class B2(B, A, c). Then

las| < J( 20 -5 (2.3)

)
21 1+c
1+ m) (F)

and

4(1 - B)? N 2(1-p4)
(1422 (R) (1 &) (&)

las| < 2.4)

where 0 < S < 1and A > 1.

Proof. Let f € B°(B,4,¢),4 > 1 and 0 < B < 1. Using argument inequalities in (2.1) and (2.2),
we can state their forms as follows:

(1 -DLSf(2)+ 1L f(2)

s =B+ -P)pix) (zeU) (2.5)
nd (1= DLEW) + AL g(w)
— + -
S e B B+ (=P (we D) 2.6)
where p(z) and g(w) given by the equalities
p@=14piz+p+pd +-- (2.7)
and
q(z) = 1+q1w+q2w2+q3w3+--~ (2.8)

satisfy the inequalities Re(p(z)) > 0 and Re(q (w)) > O respectively. Equating coefficients (2.5)

and (2.6) yields
A \[1+c)
(153 c)(2 ; 2) @ =U=Fp (2.9)




36 Arzu Akgiil /| Theory and Applications of Mathematics & Computer Science 7 (2) (2017) 31-40

22 \(1+c\
(1+ 1+C)(3+c) az = (1 =pB)pa, (2.10)
and 5
A 1+c¢
20 \(1+c\
(1+1+c)(3+c) a3 - a3) = (1 - B)qy. (2.12)
From (2.9) and (2.11) , we have
P1 = —q (2.13)
and , s
A 1+c¢
21+ ) (2+C) @ = (1-BP( + ). (2.14)
Also, adding (2.10) to (2.12) , we get
220 \[1+c\
2(1 + 1+C)(3+C) a = (1-B)(p2 + q2). (2.15)

Applying Lemma 1.1 for equality (2.15), we have

» _ (1 =B)Ipa2| +1g2]) 20-p)
laal” < 2/11‘5S 21\ ( 1+c\°
+c +c
21+ F) (5] () ()
This gives the bound on |a,| as asserted in (2.3).
Next, to find the bound on |as|, by subtracting (2.12) from (2.10), we get

20 \(1+c\
2(1+ )( ”) (a3 —a2) = (1= B)(p2 — o) (2.16)

1+c/\3+c¢

which, upon substitution of value of a% from (2.14) yields

as =

(-ppi+a)  (A-Bp2—a)
21+ &) (57 20+ ) ()
Applying the lemma 1 for the coefficients py, g, p> and g,, we readily get

“1-p? . 21-B
(1+55) ()" (1 2) (&)

las| <

Remark. Choosing ¢ = 0 in Theorem 2.1, we have the following corollaries:
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1. If welet6 = —n, (n € N U {0}), then we obtain the following:

Corollary 2.1. (Porwal & Darus, 2013) Let the function f(z) given by (1.1) be in the class
HZ (n’ B’ /‘l) b

0<pB<1,2>1,neN,. Then,

2(1-p)
laa] < \/(1 )3+ A3

4(1 - By N 2(1 -p)
[(1-2)27+ 22+ (1 =2)3" + A3
2. Especially, choosing n = 0 in Corollary 2.1, we have the following result:

Corollary 2.2. (Frasin & Aouf, 2011) Let the function f (z) given by (1.1) be in the class H{ () ,0 <
B < 1. Then

and

las| <

20 -p)
1424

las| <
and
4(1 - B)? N 201-8)
(1+2?7  (1+20
Remark. The estimates for |a,| and |as| of Corollary 2.2 and Corollary 2.3 show that Theorem 2.1
coincides with the the estimates obtained by Frasin and Aouf (Frasin & Aouf, 2011).

las| <

3. If we choose n = 0 and A = 1, then we obtain the following corollary:

Corollary 2.3. (Srivastava et al., 2010) Let the function f(z) given by (1.1) be in the class
H; (8),0 < B <1.Then

and

|as]

LU=BE-3)

3. Coefficient Estimates for the class ?{g(a, A,¢)

Definition 3.1. A function f (z) given by (1.1) is said to be in the class H’(a, 4, c) if the following
conditions are satisfied:

_ 5 5-1
feo arg((l Mkf(z;“& f(Z))<% O<a<l,A>1,zeU) (.1

and | Jys
arg(( - )ch(wv)v+ L g(w)) T O<aslazlwel) 3.2)

where £ stands for polylogarithm function and the function (by Al-Shagsi) g(w) = f~' (w).
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Theorem 3.1. Let the function f (z) given by (1.1) be in the class H(a, A, c). Then

2a
las| < (3.3)

V(e 2 () o=@ ) (52)°
4a? . 2a
() (82)" (0 2) ()
Proof. Let f € H(a,4,¢), 1> 1and 0 < @ < 1. We can write the argument inequalities in (3.1)

and (3.2) as follows:

and

las] < ,whereO < 8 < landA > 1. (3.4)

(1-DLfR)+A1Lf@)

z =[p@]", zeU 3-3)
_ ) o—1
(1 A)ch(wv); AL gw) _ g, weU (3.6)

where p(z) and g(w) are given by (2.7) and (2.8) and satisfy the inequalities Re(p (z)) > 0 and
Re(q (w)) > 0 respectively. Now, equating the coefficients of (3.5) and (3.6), we have

A 1+c\’
(1+ 1+c)(2+c) @ =P, 37
22 \(1+c\ aa-1) ,
(1+ 1+c)(3+c) as = ap, + > D1 3.8)
A 1+c\
_(1+ 1+c)(2+c) a2 = G
and s
24 1+¢ 5 B a@-1) ,
(1+ 1+C)(3+C) (2a; —az) = agy + 7 q, (3.10)
From (3.7) and (3.9), we get
D1 = —qi (3.11)
and , ’s
A 1+c¢
2(1 n 1+C) (2+c) @2 =P+ ¢) (3.12)
Also from (3.8) and (3.10), we obtain
20 \(1+¢\ , aa-1), ,
2(1 + 1+c)(3+c) a, =a(py+qr)+ > (p1 + q7)- (3.13)

By using the relation (3.12) in (3.13), we find that

20 \(1+c\ A\ (1+c\”
201+ 2= + +(1+ ) 2.
( 1+c)(3+c) 4 = a(p2 +q2) I+c¢ (2+c) %2
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Thus we get

2
& = @ (p2 + q) (3.14)

214 2) (L) o — (@ - D1+ &) (k)

1+c¢ 3+c¢ 1+c 2+c¢

Then, applying Lemmal.l for the aforementioned equality, we get desired estimate on |a| as
asserted in (3.3). Next, in order to find the bound on |as|, by subtracting (3.10) from (3.8), we get

220 \(1+cY 1
2(1 YTy c)(3 - E) (05— ) = a2 - 4 + X - . (3.15)

Also from (3.11) , (3.12) and (3.15) we find that
a(pr—q) a*(py +q7)
NG 2 1he\2
20+ 2) () 2(1+ %) (&)

By applying the Lemmal for the equality (3.16), we obtain desired estimate and this complats the
proof of the theorem. O

(3.16)

as =

Remark. If we let ¢ = 0 in Theorem 3.1 and
1. 6 = —n, we obtain the following corollary:

Corollary 3.1. (Porwal & Darus, 2013) Let the function f (z) given by (1.1) be in the class
By (n,a,1),0<a<1,4>1,n€ Ny. Then,

2a
VA A+ D2+ @ (2.37 (1 +22) — 474 + 1)?)

las| <

and
4a? 2a

+ .
[(1-2)20+ 221 (1= A)3" + A3

laz| <

2. Choosing 6 = 0, we obtain the following corollary:

Corollary 3.2. (Frasin & Aouf, 2011). Let the function f(z) given by (1.1) be in the class
By (1,8),0<a < 1,42 1. Then

< 2a
Va2 ra(l+22-2)

|a,

and
4a° 2a

< + :
23] < A+1)? 24+1

3. Also, if we choose 4 = 1, we have the following corollary:
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Corollary 3.3. (Srivastava et al., 2010). Let the function f (z) given by (1.1) be in the class
HS,0 <a < 1. Then

<
@] < @ 2+«
and 3 ’)
aGa +
las| < —
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