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Abstract

This article introduces proximalech complexes in approximating object shapes in digitagesa The theo-
retical framework is based dBech complexes and proximity spaces. Several topologinattsires are defined for
the Cech nerve based covers of a finite region of Euclidean plare d&finek-petals anc-corollas which are the
generalizations of spokes and maximal nuclear clusterseXnd the classical notion of a proximity as a binary
relation, to arbitrary number of sets. A new shape signabaed on the distribution of orders G&ch nerves is
defined. A practical application of this framework in approating object shapes in digital images is given.

Keywords: Cech complex, Digital image, Nerve, Object shape
2010 MSC NoPrimary 54E05 (Proximity), Secondary 68U05 (Computati@@@zometry)

1. Introduction

Understanding of shapes of objects in images is an impoatgpect of artificial intelligence,
with numerous applications. Some of the applications diete®f specific patterns in images
(Hettiarachchet al,, 2014), quantifying information content of images using Vorartessellations
(A-iyeh & Peters 2016 and detecting outliers from images offérent classesshamir 2013. In
this paper we aim to understand the shape of the objects gitaldmage, by covering it with sets
of known geometrical properties. Moreover, we aim at emniglhe conventional notion of shape
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as its contour (as used in the prevalent literature) to aeline interior as well. For this purpose
we will combine the notions of topology and geometry with)pnoity spaces.

E. Cech introducedCech complexes during a seminar at Brno(1936-8&8ch) 1966 S§A.5).
Recent works define theéech complexes as collections of intersecting closed getoetlls of a
radius ofr (Edelsbrunner & Harg2010); (Peters2017a). In this study we focus on approximating
shapes of objects in planar digital images. This leads todseiction of theCech complexes to
a finite bounded region of the Euclidean Plane. In a recentyssome open problems regarding
planar shapes(shapes of objects in Euclidean plane) hangosediReters2017a) . The viability
of Cech complexes as a method to approximate image object shapdseen shown irPeters
2017M).

A previous study formulates the notion of an object in thetdlgmage as a topological space
(Ahmad & Peters2017a). The notion of a nerve introduced by Alexanffr@Alexandrdt, 1965
has been generalized to the notion of spoke complexes. Hie talding blocks of the topology
are assumed to be curvilinear triangulations. Anotheryshudlds on this notion and studies the
covering properties of the curvilinear triangulation @gsthe notion of area and geodesic diameter
(Ahmad & Peters2017). Moreover, a notion of the frequency of nerves dfelient order as a
possible signature of the image objects was also introdudé®e@ notion of proximity was also
defined on triangulated spaceshnad & Peters2017a) andCech nervesReters201 7).

The subject of the current study is to extend the topolodreahework for object spaces for-
mulated in Ahmad & Peters2017a) to Cech complexes. In addition to this the framework of
assessing the covering properties of nerves and objectsganilar to Ahmad & Peters201D)
is also developed. A notion of proximity will be introduced the resulting object spaces. This
yields a relator space of objects in the digital images.

2. Basic Definitions

In this section, we will present some basic definitions. XetR? be the Euclidean plane then
K € 2% is a finite bounded region iX. The basic building block oEech complex is the closed
geometric balB, (x), with centerx ¢ X and radiug > 0 defined a$3;(x) = {y e X: [x-y|| <r}.

In this paper, we will study the topology of the objects in anar digital image. Let us first
defineabstract simplicial complex

Definition 1. (Ghrist, 2014 82.1) Let S be a discrete set. Then the collection of finibsets of
S represented by X is called an abstract simplicial complesyided for eachr € X, all subsets
of o~ are also in X. This means that X is closed under this restmicti

Example 1. Consider a geometric realization of an abstract simpli@amplex in form of collec-
tions of triangles. Let us first look at the setXa, b, c}, representing the vertices of a triangle as
shown in Fig.1.1 Then the powerset of all the subsets of the set X is,

2% = {{a}.{b}.{c}. {a b}.{a.c}.{b.c}.{a b.c}}.
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1.1: Collections of triangles ~ 1.2: Collections of Geometric Balls

Figure 1. This figure shows the geometric realizations of abstracpkoml com-
plexes as collections of connected triangles and intérgeclosed geomet-
ric balls

It can be seen that the s2t is closed under restriction as per D&f.The singleton elements of
the seX, i.e. {a}, {b} and{c} represent each of the vertices or txsimplices. These are shown
in blue on the isolated triangle. The elemefigsb}, {b,c} and{a,c} represent the edges or the
1-simplices. These are shown in green on the isolated trean§he elementa, b, c} represents
the filled triangle or the2-simplex. This is shown with brown color on the isolatedrigke. One
can easily verify that the connected triangles in Figl, also form a simplicial complex. This
follows from the fact that each of the triangles in itself isimplicial complex determined by the
power set of the set of its vertices. The whole collectiohefttiangles is represented by the set
Y, which is the union of their respective power sets. Evesgibte subset of the elements in set Y
is contained in itself. Thus set Y is also a simplicial comple per Defl. [ |

Keeping in view the previous example it can be seen that theotion of geometric ball€; (x)
for x e K) with a finite number of intersections can be seen as a réializaf the abstract simpli-
cial complex. For the purpose of visualization considerRlge 1.2 The individual balls are the
0-simplices. The pairs of balls with non-empty intersatt@oe the 1-simplices. The examples are
the blue and the violet ball, green and the blue ball etc. ré¢hoalls have a common intersec-
tion, they lead to a 2-simplex. The yellow, green and bludéshalFig. 1.2 are an example of a
2-simplex. It can be seen that every pair of balls includetth@2-simplex form a 1-simplex and
each constituent ball of this resulting 1-simplex is a Ogar. Hence, the collection of closed
geometric ballsB, (x), x € K) is also a geometric realization of an abstract simplicaahplex.
The 1-simplex which is a line segment in the simplicial coexplis analogous to tw8ech balls
having common intersection. The 2-simplex is a trianglé@dimplicial complex and thre&ech
balls with a common intersection, in tlkch complex.

Moreover, it can be seen from Fif).2 that one can draw analogs between the simplicial com-
plex (generalization of a triangle to arbitrary dimensjoausd the simplices in &ech complex. It
can be seen that each ball irCach complex is a 0-simplex and hence similar to the vertex in a
simplicial complex. Let us define the notion o€ach nerve.
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2.1: Comparison of corresponding simplices in a simpli@a2: Nucleus of aCech
complex andCech complex nerve

Figure 2. This figure explains the notion ofGech complex(Def3) and compares it
with the simplicial complex. Moreover, the notion of the vie(Def.11) of
aCech complex is illustrated.

Definition 2. A Cech nerve, is a collection of sets having a non-empty intersectionottesh by
(Cech(K)) i.e.,

Cech(K) = Nrv{B,(x) : xe K} = {B/(X) : (B (x) = &}.

Then, we can define the notion of theder of a nerve. It is denoted bizech(K)|, and is
defined as the number of balls in the nerve. We define a set witton-empty intersections as
being a nerve of order 1. Using this notion, we can formuladefaition of theCech complex in
a spaceX.

Definition 3. Let X be a finite, bounded planar region &RR? and let Ke X be a nonempty
collection of points. ACech complex is a collection @fech nerves. Th€ech nervesCech(x ¢
K) of order k, form the k 1-simplices. Th&€ech complex is denoted by cxkeCech(K) K ¢ 28,

The basic building block of &ech complex is a closed geometric b&l(x). The view of a
digital image as a topological space has been detaile@ete(s2014. In current work we extend
the conventional notion of @ech nerve as follows.

Definition 4. A strong Cech nerve, denoted byCectf(K), is a collection of sets whose interiors
have a non-empty intersection i.e.,

Cechl(K) = Nrv3{B,(x)"x € K} = {B(X) : []int(B,(x)) # }.

In doing so we have also extended the classical notionrarae to strong nerve. A strong
nerve is a collection of sets, whose interiors have a nontemgersection. The notion afrder
remains unchanged. Similar to the notion of @ech complex, we define the concept afteong
Cech complex on a space
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Definition 5. Let X be a finite, bounded planar region &XR? and let K ¢ X be a nonempty
collection of points. A stronGech complex is a collection of strofigch nerves. The strottdech
nervesCecl(x € K) of order k form the k- 1-simplices. The stronGech complex is denoted by
CxeK = 2Cectf(K) K ¢ 2F?,

In this paper we want to approximate the objects in the digitages as topological spaces.
This will allow us to talk about shap&égal & Dydak 1978 and define invariant signatures for
classification Carlssoret al,, 2009; (Chazalet al, 2009. The classical notion of a topology is
defined using the notion of open sets.

Definition 6. (Edelsbrunnei Harer, 2010 Topology is an ordered paifX, ), where X is a set
andr is the collection of subsets of X satisfying the followinigpens:

1° The empty seys, and X belong tar

2° Union of sets irr is also int

3° Intersection of finite number of membersa$ also int

We call this classical notion of topology apen topology Using the De Morgan’s laws, we
can convert the notion of an open set topology to a closedpetdgy. Let us define the notion
of a complement with respect to a $&tFor a sefA c X, the complement of & denoted byA is
defined asA = X\A. The laws state that for two sefsB:

AuB-=
AnB-=

> >
wl ol

N
U

A setAis closed in a topology, if its complementA is in 7. Using these notions we can extend
the definition of a topology with open set as a primitive tawgsihe closed set as the basis. Let us
define the notion of topology using closed sets as primiffeedifferentiate this we call it elosed
topology.

Definition 7. Topology is an ordered pairX,n), where X is a set anglis the collection of subsets
of X satisfying the following axioms:

1° The empty seg;, and X are closed and belong#o

20 The intersection of any collection of setsjiis closed

3% The union of a collection of finite number of setgiis closed

Example 2. Let us examine the equivalence of the two definitions of égyobased on open
sets(Def6) and closed sets(DeT). It must be noted that as we have defined the set to be closed
under the topology if its complement is in the topology. Taldsh the equivalence of the notions

of open and closed topology we define the collections of tipde contain the complement of
each subset in the collectian This complement is taken with respect to the set X. Let us beg
with the first axiom in Def6. It states that both thes and X are inr. Thus, both are open sets. It
can be seen that = X e T and X = @ € 7. Which means that both, X are closed and are in.
Thus, this statement is equivalent to the first axiom statéef. 7.
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The second axiom in the Défcan be stated a§ U A : A € 7} € 7, where.# is an index set
ies

which can be infinite and ;A4 7. This means tha{ U A} is an open set. Which is equivalent
ies

to U A € n being a closed set. Using De Morgan’s law we can write thigag\, whereA «
ies ies
n and .# is an index set which can be infinite. Since the complemenh ajpan set must be

closedn A must be closed. We have the second axiom of Dai/hich states that intersection

s
of anylcollection of sets inis closed.
The third axiom in Def6 is { m A : A et} er, where# is a finite index set. This means

that ﬂ A is an open set and |ts complement is closed. TnuA. {U A A € n} (using De

Morgan s law), is a closed set. This statement is equwaiemhe thlrd axiom of Def7, which
states that the union of a collection of finite number of setgis closed. Hence, the De&j.and
Def. 7 are equivalent. The former uses the open sets as the prnaitid the later uses the notion
ofaclosedset. N

Let us define a topology on the Euclidean pl&r(using the closed geometric ballB,,(x).

Definition 8. Let U be a closed subset Bf and rq be a family of closed subsetsgf. Then,
U € 74qif and only if for all pe U, there exists a positive real number r such tha¢® c U.

Now, let us verify tha{R?, 74y4) is a closed topological space.
Lemma 1. The pair(IR?, 7«yq) is a closed toplogical space.

Proof. Let us verify that the family of subsetgy satisfies the axioms stated in D&f.
1°: Let us verify thatz € 744 From Def.8, if @ € 144, then the following condition must be
satisfied.

Vpea = Ire R*st.B/(p) c

It is evident from the definition of implicatior¢), thatA = B is always true ifA is false.
Since,p € g is always false,thus the statement

Ire R*st.B(p) €@

is true. From this it follows thaty € 754 Let us now verify that there exists a positive
real number such thatB,(x) ¢ R?, for all x ¢ R?. It can be seen from the definition of
B (x) = {yeR?: | x-y| <r} thatB;(x) c R? independent ok andr. ThusR? € 7qg.

20: Let{C;}; be afamily of sets such th&i, C; € 7. Then, ifp e N C; then there exists a positive
real number; for eachC;, such thaB,, (p) c C;. It can be stated that,

B, (p) SCiA--AB(p)cC
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Let us defing = min(r;). Then it can be seen that,
|

B(P) € Br,(pP) S Cin-AB(p) < By(p) cCi.

From this we can conclude thBt(p) € N C;. ThereforeNC; € 1.
3°: Let {C;}i be a finite collection of sets such théit,C; € 75 andp € UC;. Thenp € G, for
somei. Since,C; € Tsyq:

IreR*st.BipcUc|JC.

From this we can conclude thghC; € t4g.
Thus, it can be concluded th@R?, 74y). O

Remark 1. The notion of a closed standard topology is important astihésclosed set analouge
of the standard topology, used for analysis and the conwratisignal and image processing.

Moving on, we define the notion of the closed subset topology.

Definition 9. Let (X, 1) be a closed topological space, and S be a closed subset @&.)S 4. X.
Let us defines = {Sn U st.U e r}. Then the pair(S,rs) is a topological space whers; is the
subset topology.

Let us verify that(S, rs) is indeed a topological space.

Lemma 2. Let (X,7) be a topological space and let S be a closed subset of X. Tleepatih
(S,7s), wherers = {SnU st.U e 7}, is a closed topological space.

Proof. To prove that the paiS, rs) is a closed topological space it must satisfy the axioms de-

tailed in Def.9.

1°: It can be verified from the definition af, thatSn (o € ) = @ is inrs. Moreover, it can also
be verified from definition ofs, thatSn (X € ) = Sis also inrs. Thus, bothz andS are in
Ts.

2°: Let {C;}i be a collection of sets, such thék, C; € 7s. Then from definition ofrs it can be
inferred that, for eaclt; € r5 there exists a sdd; in , such that for all, S n D; = C;. Since
7 is a closed topology over the ¢fthen by Def9 the sefn\ D; is also int. This leads to the
conclusion thaf D;) n S is in 75 by definition. We can see thgf) D;) n'S can be written as
N(Din'S). As, we defined in this argument thaf n' S = C; we can conclude tha C; is in
Ts.

3°: Let {Ci}; be a finite collection of sets, such that for &ll; € 7s. Then from the definition of
75, we can infer that for eact; € r5 there exists a sdd; € r, such thaD; n S = C;. Since,
7 is a closed topology then by definition it satisfies the caadithat| J D; is in . From the
definition of rs we can conclude the& n (UD;) is in rs. From the distributive laws of set
algebra we can rewrite this a4 D; n S) is in 7s. We know thatD; n S = C;, henceJC; is in
Ts.



88 M.Z. Ahmad, J. PeteysTheory and Applications of Mathemati&sComputer Science 7 (2) (2017) 8123

Since the pai(S, 75) satisfies all the axioms it is a closed topological space Syavith a subset
topologyrs. O

Now, let us talk about thEech complex as a closed topological space.

Theorem 1. Let (R?,7), be a closed topological space and let cxK béech complex. Then the
pair (cxK tcecn) iS a closed topological subspace, whetg. is the subset topology, defined as
{cxKnU st.U e 7}.

Proof. Let us first ascertain thatxK is a subset oR?. This follows from definition axxK is

the union ofCech nervesfech(K)) as defined in Def3. Moreover, theCech(K) is a union

of closed geometric balls as per D&f. Next, we can see that the closed geometric balls are
in standard closed topology by definition as there exists a positive real numbasuch that
B:(p) c B(x) for all pin B;(x). Since, the closed geometric balls aredg, thus by the definition

of a closed topology, the union of a finite number of closedngetnic balls must also be ifyy

i.e. closed. ThugsxK is closed and by the definition it is a subsef8f From this and Lemma3,

it can be concluded that given a closed topological sg@er), the pair(cxK, rcecn), Where
Tcech= {CXKN U st.U € 7}, is a topological space, whetgecis the subset topology. 0

Now that we have a notion dfech nerves as a topological space, we have to draw a corre-
spondence to the objects in digital images. For this purpeseise specific points from the image
called keypoints. There are several algorithms for selguch points based on their strength in
an appropriate feature spacés\e, 1999; (Bronstein & Kokkinos2010; (Aubry et al., 2011);
(Bruna & Mallat 2013; (Alahi et al, 2012. We construc€ech nerves with these keypoints as
the centers of the geometric closed balls. We assume thatbjeet under consideration, is the
most important part of an image in the feature space. Let wsdafine the topological structures
in the strongCech nerves, that we are going to use as approximations obieets in an image.
We have used the notion of stro@gch nerves because they allow a more rich set of proximity
relations, that we will define later on. The same can be donghé&Cech nerves.

The first structure that we are going to define is the notiontal pe

Definition 10. LetCecl(K) be a strongCech nerve,then each closed geometric ball in the nerve
Ceclf(K) is called a petal and is denoted pyl.

Now, we define the notion of a nucleus.

Definition 11. LetCeclf(K) be a strongCech nerve. Then, the nucleus of the nerve is the common
intersection of the constituent sets of the nerve. Itis defas./"(CectA) = {N By (X) : Bi(x) €
CeclfA}, whereCeclfA is a strongCech nerve.

Example 3. Let us explain the concept of a stroBgch nerve. For this consider Fig.2 K is a
set of points in the finite, bounded regionR#, shown as red points in the figure. TBect(K)

in this illustration is the union of the three geometric Isélilue, green and yellow) centered at the
points represented as red dots. Each of the individual ballse petalptl) of theéeckf(K). This

is represented agtl (Cect#(K)). The common intersection of the nerve is called the nuclEhis.

is represented ast’ (Cect(K)). ]
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We now generalize the concept of a petal to the notionlopatal, defined using a recursive
definition.

Definition 12. Let cX¥A be a strongCech complex on a finite, bounded region of the Euclidean
planeR2,CeclfA is a strongCech nerve,and k 0, k € Z. Then k-petal is defined as the closed
geometric ball B(x) that has a nonempty intersection with(- 1)-petal. TheO-petal is the
nucleus. This can be formally written as:

ptly = {Br (%) € CA{Uptl 1} : B (x) 0 {Uptl ) # @, ptlg = 4 (CecHA) ).

Here, it is important to mention that the nerve of the higleger in the image is very im-
portant for object extraction in digital imageBdters &Inan 201§. Such a nerve is called the
maximal strong Cech nerveand is denoted asaxCect(K ). The nucleus of the maximal strong
Cech nerve is called theaximal nucleusand is denoted amax.#". It must be noted that there
can be multiple maximal stror@ech nerves in a digital image. In this case therttexCect$(k) is
a set of each of the maximal stro@gch nerves, and theax.# is the set of the nuclei associated
with the maximal nerves.

Next, we consider the analogue of a corolla, from Botany. folta is a cluster of petals of
a flower, typically forming a whorl within the sepals and ersthg the reproductive organs. This
construct works well in analyzing the interior6&ch complexes that cover an image object shape.

Definition 13. Let cxA be a stron@ech complex on a finite, bounded region of the Euclidean
planeR?. Then the k-corolla, denoted ad is defined ascrly = Uptl,.

Another notion that we will define using the notion okgetal is thek-petal chain. Itis a
sequence of petals, one for each valu&.dtach petal has a nonempty intersection with adjacent
petals in the chain. This notion is formalized as follows.

Definition 14. Let c¥A be a strongCech complex on a finite, bounded region of Euclidean plane
R?. Then the k-petal chain denotedgtichain, is defined as:

k>1: ptichain, = (UA A ccrli, AnA1#0,.7 =1,k
5
k=0: ptichain, = A (CechA)

Example 4. Let us explain the topological structures that we have ddfimaove. Let us first
explain the notion of a k-petad(,) defined in Def12, using Fig.3.1 Theptl,(0O-petal) has not
been explicitly marked on the figure. Itis the intersectibtime yellow balls and is also the nucleus
of the strongCech nerve,# (Cect#(K)). Each of the yellow balls is thail, (1-petal). It is evident
form the illustration that each of the green balls has a nampgy intersection with the yellow balls
(ptl,) and no intersection with the nuclept(). Thus each of the green balls ipt,(2-petal) as
per Def.12. Each of the blue balls has a non-empty intersection withgtieen ballsgtl,), while
has no intersection with the yellow bali$i;) and as per Defl2 are thepitl.
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X
X
crl;
crl, ptlchain, A e ptlchain,C
ecrl; ptlchain, B e ptlchain, D
3.1: Collections of triangles 3.2: Collections of Geometric Balls

Figure 3. This figure displays the geometric realizations of thecorolla,
crly(Def. 13), andk-petal chairptichain, (Def. 14).

Let us now use the notion of a k-petal to define the notion otar&Ha(crly). We are still
using the Fig3.1 The union of all thedtl, in the image are therl,. Since, there is one nucleus in
the image and it has not been marked, hencecthghas not been marked. The union of all the
yellow balls 6tl,) is thecrl;(1-corolla). The union of all the green ballg(,) is thecrl,(2-corolla)
and the union of all the blue ballst(,) is thecrl,(3-corolla) as per Def13.

Now using Figs3.1and 3.2in conjunction, we will explain the idea ofglchain, (Def. 14).

It must be noted that, similar to each of the structures erpl@d in this example, each of the
structures has the nucleus of the neMé(Cecf‘f)) as its generating point. Thgtlchain, is the
nucleus of the nerve which is the intersection of the yellalglin Fig. 3.1 Itis not labeled in this
image. Itis important to note here that each of the yellowsdaltheptichain,, from Def.14. This

is because it contains the nucleus and piig(the yellow ball). Thus thptlchain, is the same as
theptl,. There are four possiblgtl, and similarly four possiblgtichain,. Now, by adding to this
construction a ball fronerl,, that has a non-empty intersection with tht€, € ptlchain,, we can
construct gotlchain, as per Defl14. In a similar fashion we can construptichain, by adding to
this construction a ball fronarls, having non-empty intersection with th#, € ptlchain,. It can
be seen that we can have four possitilehain, as illustrated in Fig.3.2 [ |

Using the above definitions we will now define the notion of hjeot space in the strorigech
complex.

Definition 15. Let cXA be a strongCech complex in a finite, bounded region of an Euclidean
planeR?,and letk € Z* such thatcrl; = . Then, the object spad@§e", for each pe max./" is
defined as:

O(g,ech: {UCHk . Cr|o =D, k= O,"',R— 1}
k

We define the notion of a boundary petbalypt.


Figure3.eps
Figure4.eps
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Definition 16. Let ﬁgeChA be an object space over a finite, bounded region of the Eeafighlane,
R2. Then the boundary petal of the object spduigt( &5e") is defined as:

bdypt(ﬁgecr‘) = {x:Vkxecrlgand xncrlg,, = o}
Now, we introduce a bounding corolla in the object spaceptihasdycrl (ﬁSeCh).

Definition 17. Let ﬁSeChA be an object space over a finite, bounded region of the Eeafighlane,
R2. Then the bounding corolla of the object spatnnb,lcrl(ﬁgeCh) is defined as:

bdycrl (ﬁse"h) = |J bdypt( ﬁge‘:h)
Let us define the notion of a maximal petal chains.

Definition 18. Let cX¥A be a strongCech complex, and lgitlchain A be a petal chain in cxA.
Then,ptlchain,A is called a maximal chain tichain,Ancrly,; = @. The k for which a petal
chain becomes maximal is called tleagth of the chain.

Remark 2. Each maximal petal chainfaxptichain, contains a boundary petdddpt). This fol-
lows directly from Defl6 and Def.18.

Using this notion of dength of petal chain, we define the regularity of an object s;ﬁg@h.

Definition 19. Let ﬁge‘:h be an object space and A be the set of all the maximal petahshiaithe
object spaceﬁgeCh is calledregular, provided the length of all the maximal petal chains in A is
the same. The object space is calieckgular otherwise.

Example 5. Two types of object spaces are shown in Big.and4.2. According to Defl6, in
Fig. 4.1 each of the blue balls(inorls) is the boundary petal as it has a non-empty intersection
with the previous corolla(irerl,) but has no intersection with the with next corotidg). This is
due to the fact that the next corolletl,, is @. In Fig. 4.2 each of the blue balls(iorly) is the
boundary petal as it has an intersection with the previousktacrlc_;), but has no intersection
with the next corollagrly,1). In contrast to the Fig4.1the Fig.4.2has boundary petals in glerent
corolla(crly). As per Defl7 the collection of all the blue balls is the bounding corolidycrl).
From Def. 18 we see that both the figures have three maximal petal chmaaxgtichain). In
Fig. 4.1 all the maximal chains are of equal lengBnthus from Defl19, the object space in this
figure is regular. In Fig.4.2 the maximal chainsfaxptlchain) have diferent length, two chains
having lengths 08 and one chain of lengtB. Thus, according to Defl9 the object space in the
figure is an irregular object. W

Let us consider the order of a nerve as a signature foﬁﬁ?@‘. Based on this notion we define
theCech spectrum.
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X X

ebdycrl ebdycrl

4.1: Aregular object spacet.2: An irregular object
space

Figure 4. This figure illustrates the bounding petadfpt) defined in Def.16 and the
bounding corolla l§dycrl) of an object space defined in Deff7. More-
over, all the maximal petal chaimeéxptichain,) can be identified using
the Def.18 and the accompanying remark. The regularity of an object can
be determined using the D&f

Definition 20. Let c¥A be aCech complex over a finite, bounded regiorR3f Then theCech
spectrum is defined as:

F(cxA) = {IN¥|: V k,N¥ = {CectF(cx?A) : |Cectf(cx*A)| = k}}.

It is important to be noted that we count only the unique nerve. the nerves that are not
completely included in a nerve of higher order.

In this paper we study thgroximity relations defined over the topological structures defined
above.Proximity is a measure of nearness between non-empty sets, and a poysetrendowed
with a proximity is known as g@roximity space. The proximity space is represented as a pair
(X,6), whereX is a non-empty set and tlédgs an arbitrary proximity relation on the s¥t In this

paper we will use the concept of spatial Lodato proxindityétrong proximityg) and descriptive
proximity(de). Let us list the axioms of of each of the proximities. We tstath the spatial Lodato
proximity(6).

Definition 21. Let X be a non-empty set andB\C c X be the subsets of X. Then the spatial
Lodato proximityg) is a binary relation on the set X, that satisfies the follaywxioms:

(P1) @ § A VAC X.

(P2) ASB < BA.

(P3) An B# = ASB.

(P4) AS(BUC) < AsBorAsC.
(P5) AéBandv be B{b}6C = AsC.
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Now we move on to the definition of strong proximigy(

Definition 22. Let X be a non-empty set andB\C c X be the subsets of X. Then the strong
proximity(g) is a binary relation on the set X, that satisfies the follaywxioms:

(snN1) o ¢ A, VAc X, and Xg A VAc X.
(SNN2) A6 B < B 5 A.
(SNN3) AS B = ANB # o.

(snN4) If {B;}ic is an arbitrary family of subsets of X and QAB“ for some i ¢ | such that
int(Bi-) + @, then Ag(uiel Bi).

(snN5) intAN intB+ & = A § B.
(SNN6) x € int(B) = x5 A.

(sNN7) {x} g{y} < X=VY.

Moving on to the notion of a descriptive proximiby), we first define the notion of probe
function. For a setA, the functiong maps a feature vector to each of the elementé.oft is
defined asp(A) = {#(X) € R": x ¢ A}. Based on this let us define the concept of a descriptive
intersection rQ). It is defined asAQB = {xe AUB : ¢(x) € ¢(A)and¢(x) € ¢(B)}. These

concepts were introduced and formalizedre{ers2007a),(Peters2007). Let us now formalize
the notion of a descriptive proximitgs).

Definition 23. Let X be a non-empty set andB\C c X be the subsets of the set X. Then the
descriptive proximityfp) is a binary relation on the set X, that follows the followiagoms:

(dP1) @dop A, VAC X.

(dP2) Ay B < BdgsA.

(dP3) ANB# @ = Ady B.
()

(dP4) M@Band{b} 00 C, Vbe B> Adbg C.

Let us build upon the notion a strong proxim@y( It is a boolean valued relation i.e. it either

N
tells whether two set8, B are strongly neag() or strongly far§). Next, consider an extension of
the Smirnov degree-of-closeness meas@mi(noy, 1952. We define a gradation of the strong
proximity to make it a continuous valued function. This thggmes a notion of the degree of
nearness rather than just an indication of being near or not.
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5.1: Gradation of a Strong Proximity  5.2: A sequence in a proximal space

Figure 5. This figure illustrates the gradation of proximity relatioft generalizes
the usual binary proximity to a continuous valued relafiboreover, the
concept of a sequence in the procimity space is also illiestra

Definition 24. Let X be a non-empty set andB\e X be two subsets of X, then we can define a
graded strong proximity as a functidi: X x X — [0,1].
g

B - |An B|
g min(]Al,|B|)’

3

A

where mirga, b) returns the smaller of the two numbers.
Remark 3. It can be seen from the Dét4, that if Aﬁsg B = 0 then then this means thatAB = &,
or A= g or B =@. Any of these conclusions leads t% B. Moreover, if Aﬂé B = 1 then either
Ac B or Bc A. Thus the graded strong proximity ranges frg(for § = 0) to c(for %:1).

Let us now talk about a sequence in a proximity space).

Example 6. The notion of proximity as defined in the D22.is a boolean function. This tells us

whether two sets are strongly neg)(or not(g). In Def.24, we define a notion of a continuous val-
ued proximity relation. An illustration of the graded stgpproximity is presented in the Fif.1 It

can be seen that for the case when B = &, the strong graded proximity is,ﬁ?\B = m =0.
9 ,

The other extreme of the proximity is where B\, then AS B= I_B} 1. All the other cases are in
¢}

between the two extreméss A(S B<1,as0< |AnB| < |B|. Thus, the graded strong proxm@(
gives us a more detailed view of the nearness or proximitydset two sets. M
Definition 25. Let X be a non-empty set aadoe an arbitrary proximity relation on the set X.

Then(X,6) is a proximity space. Let;& X fori e I, where | is an index set. Thedasequence x
in the proximity spacéX, ) is defined as:


Figure9.eps
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X = {A : AdA; for|j—i|<Ll i,jel}
whereé represents the proximity relation.
Let us explain the idea of a sequence in a proximal space.

Example 7. Let (X,6) be a proximity space equipped with an arbitrary proximitiaten. We
define the idea of a sequence which establishes an arrangefrgibsets of X. For an illustration
of this concept, let us consider Fi§.2. It shows a sequence of setscAX, where ie I, and | is
an index set. An important point to note in this definition seguence is that a sef & proximal
only to adjacent sets(A, A1) in the sequence and far(not proximal) from all other setshie

sequence. The idea ofdasequence can be extended to other proximites such af% amel 5.
|

Till now, we have been discussing the notion of proximity &sary mapping on a set, of the
form¢§ : XxX — {0, 1}. Now, let us extend this notion to a mappingxafets, wherais an arbitrary
number. This mapping is termed as a proximity of ordedenoted ag". It is non-continuous
surjective map of the forma" : X" - {0,1}. This generalized notion of a proximity is referred
to ashyper-connectedness Let us first define the axioms oflaodato hyper-connectedness
We have used the notatid®B to denote thaf, B are proximal, andA § B to denote otherwise.
Let us introduce a new notation that will come in handy in theecof hyper-connectedness. If
6(A,B,C) =1, thenA, B are hyper-connected, andsifA, B,C) = 0 then the opposite is true.

Definition 26. Let X be a non-empty set aféy c X :i € |}, where | is an index set, and 8 be

the non-empty subsets of X. L&tCH be the set of n-permutations of the elements of the set D, for
2 < n<|l]. Then the spatial Lodato hyper-connectedn#$s¢ a mapping on k subsets of the set
X, that satisfies the following axioms fopK.:

(hP1L) VA« c X, 0%(Ar,+, A) =0, ifany A, -, Ac = @.
(hP2) %(Ar, - A) =1 % (Y) =1, VY e S({A,~ A}).

k
(hP3) NA & = (A A = 1.

i=1
(hP4) 5k(A1, -, Aq, Bu C) =l 5k(A1, e A, B) = 10r5k(A1, "',Ak_l,C) =1.
(hP5) 5k(A1,"',Ak_1, B) =landVbe B, 52({b},C) =1=> 5k(A1,"',An_1,C) =1.
(hP6) YA c X, 6*(A) = 1, a constant map.

Now, we use an example to better understand the spatial b bgaer-connectedness denoted
by 6.
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6.1: Lodato Proximity 6.2: Lodato hyper-connectedness

Figure 6. This figure illustrates the spatial Lodato proximity in tharh of conver-
gence of exponential to the x-axis. It then generalizes phisimity to
a hyper proximity, by considering two exponentials conirgggo x-axis.
Further generalization to n such functions follow natytall

X

X
5(A,B.C) @C%)&(A,B,C)
fam | |CHC) aan

7.1: Strong hyper-connectedness 7.2: Descriptive  hyper-
connectedness

ol

Figure 7. The Fig.7.1lillustrates the extension of the classical binary relattbspa-
tial Lodato proximity to three sets. Such a relation can beegaized ton
sets. Fig.7.2displays the same for the strong proximity.

Example 8. Let us consider the idea of a spatial Lodato hyper-connewtss{Def26) as illus-
trated in Fig6.1 This figure uses two sets-A(y(t) =0: Vte R} and B= {y(t) = e': Vte R}. It
can be observed that these two sets are proximal in the sbasad t approaches, the function
et approache®. Thus An B # @ in the limit sense. This spatial Lodato hyper-proxinatyfor

k = 2 is the classical notion of spatial Lodato proximity definedief.21. Let us extend this idea
to arbitrary values of k i.e. to the proximity of k non-empipsets of a set X. Fork 1, the notion
of a proximity is trivial.6*(C) = 1VC c X as every set is proximal to itself. It does not make sense
to talk about k= 0 as there is nothing to quantify the nearness of. Now movirtg && 3 as shown
in Fig. 6.2 The sets used in this illustration areA{y(t) =0:te R}, B= {y(t) = et':t ¢ R}
and C= {y(t) =e 2 :t e R}. Itis obvious that all the three sets are proximal in the tisgnse as
the functions € and e approachO as t approachedo. ThusN (A, B,C) # @, which implies that
5%(A,B,C) = 1. Using a similar approach we can generalize this notion for&k

We generalize the notion of strong proximﬁy(defined in Def.21 to the notion of strong
hyper-connectedness.

Definition 27. Let X be a non-empty set ang B,C c X be subsets of X, where 1,I is an index
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set. Let §D) be the set of n-permutations of set D, wh&rg n < |I|.Then the strong hyper-
N

connectedness) is a mapping on k subsets of the set X, that satisfies theMalipaxioms for
k> 1:

(SNhN1) VA c X, § (A, - A = 0if any Ay, -+, Ac = & and 65(X, Aq, -, Ac 1) = L VA € X.
(SNhN2) 6K(Ag, -+ Ad) = 1< 6K(Y) = 1, VY € S({Ap, - A).

(ShNB) S5(As, - A) = 1= N A + 2.
i=1

(snhN4) If {B;}i is an arbitrary family of subsets of X anti( Ay, -+, Ac_1, Bj+) = 1 for some1 ¢ |
such thatin(B;.) = @, thens"(Ay, -, Ac_1, (Ui Bi)) = 1.

(snhN5) rk] intA + @ = ﬁ‘(Al,---,Ak) =1
i-1
(SNhNB) x € kﬁlint(Ai) = ﬁ‘(x, A, Acr) =1
i1

(snhN7) 6mk({x1},---,{xk}) =le X=X ==X,

I
(snhN8) VA e X, 61 (A) = 1is a constant map.

To explain the notion of strong hyper-connectedness weeptes example.

N
Example 9. Let us consider the illustration of strong hyper-connentstg, in the Fig.7.1 First
we consider the case ofk2. The two geometric balls (red and green) have a non-empgy-int

N
section and thug?(red ball, green bal) = 1. Let us now generalize this notion to arbitrary values
of k. We consider the case oK., which is a trivial case. It can be seen that each ball is sfign
near it self. The case ofk0 does not make any sense as the notion of proximity requires@ s
an object for definition. Let us now consider the case ef&k We can see that three geometric
balls(red, blue and green) have a non-empty intersegtiored ball, green ballblue ball) + & ,
N

and thus are strongly proximal. Thus we can write thdred ball, green bal) blue ball). Using a

similar argument we can extend this notion of strong hymemectednessy) to the case of k 3.
|

Now, we extend the notion of a descriptive proximity to dgstore hyper-connectedness, de-
noted byss .

Definition 28. Let X be a non-empty set an¢gl B,C c X be the subsets of the set X, whetd,il

is an index set. Let @) be the set of all the n-permutations of set D, whren < |I|. Then the
descriptive hyper-connectedne®g(is a mapping on the set X, that satisfies the following axioms
fork > 1:
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8.1: Hyper-connected complexes8.2: Graded strong hyper-
connectedness

Figure 8. The Fig.8.1displays two diferent hyper-connected complexes defined in a
proximity spaceX. Fig. 8.2is a graphical visualization of the graded strong
proximity for different values in the interv@0, 1].

(dhP1) VA c X, 6¥ (A, Ac) = Qif any of the A, -, A« = @.
(dhP2) 6K (A, A) =1 oK (Y) =1VY e S({As, - Ac}).
(dhP3) NA # 2 = 65 (A, A = 1.

()

(dhP4) 6% (Aq,-+, Ac1,B) = landVbe B, 62 ({b},C) = 1 = 6K (A1, -, A1,C) = 1,
(dhP5) VA c X,6%(A) = 1 a constant map.
To help explain the notion of descriptive hyper-connecesss .

Example 10. We use the illustration in Fig.2to aid in understanding the concept of descriptive
hyper proximitygX). To describe the notion of descriptive proximity we reguirprobe function

¢ : A— R. In this example we define the probe function such that irmstthe hue value(color)
of each element of the set. Based on similarity in the hue domea define the notion of the
descriptive proximity(Def3). Let us first discuss the case o£kR. Consider the two sets at the
bottom of the figure. We can see that each has two elementswii@&e that both sets have an
element with red color. Thus the sets have a non-empty géserintersection i.e. /;«B * J.

This leads ta3 (A, B) = 1. Let us now generalize this concept to arbitrary values olkw we
consider the case ofk 1. It is obvious that every set is descriptively proximal gelf. Now we
can generalize to the case o£K3. We can see that the three sets on the top each have an element
with blue color. Thus the sets have a nhon-empty intersqui()A, B,C) + @, which implies that

53 (A, B,C) = 1. Using a similar argument we can extend this notion to agbitrvalues of k.

Using the notion of hyper-connectedness, let us define tiemof a hyper-connected com-
plex.

Definition 29. Let S be a discrete set and X be a collection of non-empty ®ub§&. X is
a hyper-connected compléx; cx , if every collection of non-empty subséfs, -, A} € X, of
cardinality|n|, is hyper-connected with respect to a proxinditye. 6"(Aq, ---, Ay) = 1. Every subset
of size k is the k 1 simplex in the resulting hyper-connected complex;x.
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To clarify the notion of a hyper-connected complex we pretanfollowing example.
Example 11. Let us consider the illustration of a strong hyper-conndaemplex as depicted in
the Fig.8.1 It can be seen that the bottom row of the figure represent8-fimplex as per Def.

M
27, we can see that every set is strongly connected to itsals A) = 1VA.
Let us move on to the middle row of the illustration. It can bersthat the two sets are

strongly connected thus(A, B) = 1 and the remaining constituent setd} and {B} are also

N N
strong hyper-connectesf(A) = 61(B) = 1). Thus, the collectiofA, B} is a 1-simplex of the
strong hyper-connected complex.
Let us now move to the top row of the illustration. It can benst#eat due to the com-

I
mon intersection thé3(A,B,C) = 1 and all of the collections of its subsets are also strongly
N N M

connected?(A, B) = 6%(A,C) = §%(B,C) = 6*(A) = 61(B) = 6*(C) = 1).Thus the collection of
sets{ A, B,C} forms a2-simplex as per DeR9.

It must be noted that this concept can be generalized toadatidato hyper-connectedness
and descriptive hyper-connectedness.

Let us now define the graded strong hyper-connectednesﬂ;edbby%k.

Definition 30. Let X be a non-empty set afd\;, A,,---, Ay} be a family of subsets of X. Then
the graded strong hyper-connectedness is a continuousction of the forn@‘ X" - [0,1] and is
defined as:

5mk= IN(AL, Ao+, An)|
g min(|Ad, |Az, - |An|’

where mirfay, ap, -+, a,) is the smallest of all the arguments.

Example 12. To explain the notion of graded strong hyper-connectedrisoted agk, let us

9
consider the Fig8.2 Since we are considering three sets we are going to us&ik the following
discussion. First consider the case illustrated towards lottom of the figure. It illustrates the

AN
case whem (A, B,C) # @ or any of the AB or C is an empty set. In this case t:lg’e: 0 as per

N
Defn.30and the three sets,B, C are not strong hyper-connectet#( A, B,C) = 0.

Let us move on to the case when there is a partial intersecmong the three sets as
shown in the illustration in the middle of the figure. We caa Heat the number of elements
in the intersection is smaller than the elements in smaklesti.e. C. Thus the value of the
graded strong hyper-connectedness is betw@and 1. The sets AB and C are strong hyper-

N

connected®(A, B,C) = 1).
Let us now consider the third case in which the smallest ofttie sets,namely C is contained
in the intersection. This is represented as=Q\(A, B,C). For this case it can be seen from the
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AN
Def. 30 that %3(A, B,C) = 1. We can extend this framework to higher values of k using dagim
argument. |

Last, but not the least we present the Borsuk’s nerve theorem

Theorem 2. (Borsuk 1948 If U is a collection of subsets in a topological space, theveecom-
plex is homotopy equivalent to the union of the subsets.

This theorem will be helpful in the study 6fech object space@&% undertaken in this paper.

3. Main Results

Lemma 3. Let 65°°" be an object spaceyl; € 655 be a corolla,ptichain, e 65N be a petal
chain andk € Z* such thatrl = @. Then,J crl; = Umaxptlchain,, where i=0,1,2,---, k- 1.
|

Prpof. From Def.13itis obyious thatrl; = U ptl,, thusi-corolla is the union of all thepetgls in
O5e". Thusfori = 0,1,2,---, k-1, the crl; is equivalent tqJ U ptl;. Thus,Ucrl;, i=1,2, - k-1,
| | |

is equal to the union of all the possilpd; € ﬁged(i-petals in the object space).

Let us now look at Defl4, from which it can be concluded that edcpetal chain in the object
space contains one instanceptif « ﬁgech(i-petal) for each value= 0, 1,---k. Thus if we consider
the Uptlchain,, for k = 0,1,k - 1, we get the union of all thetl; « ﬁged(i-petal), where
i =0,1,---,k. Which means that union of gfitichain, ¢ ﬁSeCh consists of all theptl; € ﬁgeCh for
all values ofi = 0,1,---,k. Thus, from Def.13we getU ptichain, = Uctrl; fori =0,1,---, k. From

Def. 18it can be seen that amtlchain, with the largest value otkI is called themaxptlchain.
From Def.14 it can be seen that every member of gikehain, has to be a member of thoel; in
the object space, for all values bt 0,1,---,k. Thus, the maximum possible value lofor any
petal chain can bk - 1, ascrl; = @. Itis possible for diferent maximal petal chains irﬁg“h to
have diferent values ok depending on the regularity, as per D&®. Keeping this in mind, it is
obvious that th&) maxptlchain equals the union of all thetl; ¢ &5 fori =0,1,---, k- 1.

Thus, we can conclude that batherl; fori = 0,1,---,k — 1, andU maxptichain are equal to
|

the union of all theptl; € ﬁSeCh. Hence we can conclude thgterl; = Umaxptichain,. O
|

Using this we can formulate an other definition of the objgaceheveced), equivalent to
the Def.15.

Theorem 3. Let c¥A be a strong-ech complex and an arbitrary positive integﬁer Z* such that
crli € XA = @.The object space, denoted Bf*(Def. 15), can be defined as:

ﬁgeCh:{Ucrlk . Crlo = p, k: O,"',R_ 1}
k

= maxptichain.
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Proof. From Lemma3 it can be seen that fdr= 0,1, -,k — 1, Ucrl; = Umaxptlchain,. Using
|

this conclusion and Defl5it is evident tha‘rﬁSeCh: U maxptlchain. O

Using this new definition of an object spaﬁf(“h), we can comment on the homotopy type of
¢Cech
p

Theorem 4. The object spacé’gemhas the same homotopy type as the union of all the maximal
petal chainstaxptlchain).

Proof. From Def.3the object space is the union of all the maximal petal chagnsjimaxptlchain.
From the Def.14 we can conclude that eveptichain, ﬁgeCh contains the nucleug which is
¥ (Cechi(A). Thus, we can conclude thétge‘:h is a nerve as it is union of setgmaxptichain,
and the sets have a common intersectipmaxptichain = p. From Thm.2, it follows that
the homotopy type of thﬁgeCh is the same as the union of all ilsaxptlchain(maximal petal
chains). O

Let us formulate some results for hyper-connectednessaesa

Lemma 4. Let C = {A, As,---, Ay} be a collection of non-empty subsets of a non-empty set X.
If 6"(A1, Az, An) = 1, then all the possible non-empty sub-collections are apsdial Lodato
hyper-connected. This is representedddgT) = 1, where T is a sub-collection of the set C.

Proof. From axiom(hP2) of Def. 26, it can be seen that givefi(A;, Az, -+, Ay) = 1(i.e. is Lodato
hyper-connected), then all thepermutations of the elements in the $&g, Ay, -, Ay} are also
Lodato hyper-connected, for 2 k < n. One can see that this axiom is satisfied, provided we
introduce an integen € Z*, such that 2< k < A < n. Thus, the axiom is satisfied for all such
h. We have shown that #"(Aq, Az, ---, Ay) = 1, then there exists ¢ Z*+and2 < h < n, such that
§h(Y € §(C)) = 1. S(C) is the set of all the permutations of elements of Getakenn at a
time. Now, we need to prove that this equation is also satigbe subsets o€ of size 1. This
follows directly from the axiom(hP6) of Def. 26, stating that for allA € C, 6*(A) = 1. Hence,

if O"(A1, Az,-+, An) = 1, then all non-empty sub-collectiof®(of C = {A1, Ag, -, A,} also satisfy
§ISI(C) = 1. u

Using the lemma we have just formulated, consider next th@fong result for spatial Lodato
hyper-connected complexes..

Theorem 5.Let C= {A, Ay, -+, Ay} be a collection of subsets of a non-empty set X,@0@) = 1.
Then C is a spatial Lodato hyper-connected complexgx).

Proof. From Lemma 4 it follows, that if a collection of set€ c X satisfyiess"(C) = 1, then
VT, oITl(T) = 1, whereT is a non-empty subcollection of the $8t Thus all possible sub-
collections of the se€ are also Lodato hyper-connected. From this conclusionfa@®ef.29, it
directly follows thatC is a spatial Lodato hyper-connected complex. Every subseX of sizek
forms thek — 1 simplex in the resulting spatial Lodato hyper-connecttdglex§ — cX). O
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Lemma 5. Let C= {A, Az,-+, Ay} be a collection of non-empty subsets of a non-empty set X. If
N
o"(A1, Az, -+, An) = 1, then all the possible sub-collections are also strong hyanected. This

AN
is represented a87/(T) = 1, where T is a sub-collection of the set C.

Proof. From axiom(snhN2) of Def. 27, it can be seen that giveiﬁ%‘(Al,Az,---,An) = 1(i.e. is
strongly hyper-connected), then all tkgoermutations of the elements in the $&, Ay, -, An}

are also strongly hyper-connected, fot R < n. One can see that this axiom is satisfied, provided
we introduce an integear é Z*, such that X k < i < n. Thus, the axiom is satisfied for all such

n. We have shown that 't?"(Al,Az,---,An) = 1, then there exists ¢ Z*and2 < i < n, such that

M\ d 7 ’
o"(Y € S(C)) = 1. S(C) is the set of all the permutations of elements of Getakenr at a
time. Now, we need to prove that this equation is also satigéie subsets o€ of size 1. This

follows directly from the axion(snhN8) of Def. 22, such that for allA € C, e?l(A) = 1. Hence,
if §‘(A1,A2,-~-,An) = 1, then all non-empty sub-collectio®(of C = {A, A, -, Ay} also satisfy
57%\(6) = 1. O
Example 13. To explain the Lemm&, let us consider the Fig.1 There are two cases of strong
hyper-connectedness shown here, namely%thé, B)=1 andg“'v“(A, B,C) =1

Let us first look at the case é“F(A, B) = 1. Here the set G- {A B} and all the possible
sub-collections ar§d A} and {B}. From axiom(snhN8) of Def.27 it can be seen thafﬂt“l(A) =1
and(?l B = 1. Thus, Lemmé& is satisfied.

Now moving on to the case 3?(A, B,C) = 1. Here the set G {A, B,C} and all possible sub-
collections can be listed a§{A}, {B} {C}, {A, B}, {B C} {A.C},{A B,C}}. We can see that

from axiom(snhN8) of Def.27, thatdl(A) 61(B) 61(C) 1. Moreover, from the figure it can
be established that as all the three disks have interiorfgamcommon. This leads to the fact that
any two of the disks, also have interior points in common.ddefrom axion{snhN5) of Def.27

§%(A,B) = 6%(B,C) = 6%(A,C) = 1. Hence, Lemmaé& is satisfied.
The same argument can be extended to higher values of kil

From this lemma we obtain the following result.

Theorem 6. Let C= {Aq, Az, -+, An} be a collection of subsets of a non-empty set X,%fﬁ) =1
then C is a strong hyper-connected comp@ex(x).

Proof. From Lemma’s it follows, that if the for a collection of setS c X satisfying§1(C) =1

thenVvT, §/TI(T) = 1, whereT is a non-empty subcollection of the s&t Thus all possible sub-
collections of the se€ are also strong hyper-connected. From this conclusionfa®éef.29, it
directly follows thatC is a strong hyper-connected complex. Every suBsetX of sizek forms

thek — 1 simplex in the resulting strong hyper-connected com%lez@. O
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Lemma 6. Let C= {A, Az,-+, Ay} be a collection of non-empty subsets of a non-empty set X. If
55 (A1, Az,-+,Ay) = 1, then all the possible sub-collections are also descriptiyper-connected.

This is represented asT, 6g‘(T) =1, where T is a sub-collection of the set C.

Proof. From axiom(dhP2) of Def. 28, it can be seen that gives§ (A, As,---, Ay) = 1(i.e. is
Lodato hyper-connected), then all tkgpermutations of the elements in the 8%, A;,---, A} are
also Lodato hyper-connected, fokXx < n. One can see that this axiom is satisfied if we introduce
anintegen’e Z*, such that X k < h < n. Thus, the axiom is satisfied for all suchWe have shown
that if 67 (A1, Az, Ay) = 1, then there exists ¢ Z+*and2 < f < n, such thas (Y € S(C)) = 1.
$(C) is the set of all the permutations of elements ofGetakenn at a time. Now, we need to
prove that this equation is also satisfied for subsets of size 1. This follows directly from the
axiom (dhP6) of Def. 28, that for allA € C, 63,(A) = 1. Hence, if6g, (A1, A, -+, Ay) = 1, then all
non-empty sub-collection§j of C = {Ay, Ay, -, A,} also satisfysl>!(C) = 1. O
Example 14. To explain the Lemm@, let us consider the Fig.2 There are two cases of descrip-
tive hyper-connectedness shown here, namely3ba, B) = 1 ands? (A, B,C) = 1.

Let us first look at the case 6f (A B) = 1. Here the set C= {A,B} and all the possible
sub-collections ar§ A} and {B}. From axiom(dhP5) of Def.28, it can be seen thaf}(A) = 1
and¢;B = 1. Thus, Lemma is satisfied.

Now moving on to the case&‘g(A, B,C) = 1. Here the set G {A, B,C} and all possible sub-
collections can be listed a§{ A}, {B},{C},{A,B},{B,C},{A,C},{A,B,C}}. We can see from
axiom(dhP5) of Def.28, thats} (A) = 65(B) = 63 (C) = 1. Moreover, from the figure it can be
established that as all the three sets have constituentsglenof the same color(blue). This leads
to the fact that any two of the sets, will contain constitugetments of same color(blue). Thus,
from axiom(dhP3) of Def.28, 63 (A, B) = 63(B,C) = 65 (A,C) = 1. Hence, Lemmaé is satisfied.

The same argument can be extended to higher values of kil

We now give a result for descriptive hyper-connected corgde

Theorem 7. Let C= {A1, Az,---, Ay} be a collection of subsets of a non-empty set X,&i€) =
1. Then C is a descriptive hyper-connected complex(cx).

Proof. From Lemma 6, it follows, that if the for a collection of setS c X satisfyingdg (C) =

1, thenVvT, 6g|(T) = 1, whereT is a non-empty subcollection of the g8t Thus all possible
sub-collections of the s& are also descriptivly hyper-connected. From this conolusind the
Def. 29, it directly follows thatC is a descriptivly hyper-connected complex. Every sulSsetX
of sizek forms thek—1 simplex in the resulting descriptvly hyper-connected ptax@,-cx). [

Theorem 8. Let A, Ay, -+, A, be a collection of subsets of a non-empty set X then:
Z

100 O"(Ag, Ao, -, An) = 0" (A, Ao, -, Ay)
Z

200 (A, Ag, - Ag) = 00 (AL, Ao, A)

Proof. 1°: Itis obvious from axion{snhN3)of Def. 27, that ifdﬁ?‘(Al,Az,m,An) =1, thenr% A #
i=1

@. Using this conclusion and axiothP3) of Def. 26, from rn) A # @, we can conclude that
i=1
6n(Ala A25"" Aﬂ)
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2°: From axiom(snhN3) of Def. 27, that if§‘(A1,A2,---,An) =1, thenrn]Ai + @. Considering
i=1

pe m Ai, we know thatp € A fori = 1,---,n. If we define a probe functios: X — R, then it
is obV|ous thaty(p) € p(A) fori=1,---,n. ThusNA # @. From axiom(dhP3) of Def. 28 it
(O]

can be concluded thaf (A, A, ---,An) =1.
]

Example 15. Let us consider the Figl.1, to explain the Thn8. It illustrates two cases, namely
62(A,B) =1ands3(A,B,C) = 1.
N
It can be seen that i#?(A, B) = 1, both the sets /B have interior points in common. Thus,

from axiom(hP3) of Def.26, that5?(A,B) = 1. The same is true faf*(A, B,C) = 1. All the three
sets have interior points in common which from axi@R3) of Def.26, leads to53(A, B,C).

It can be seen that #2(A, B) = 1, both the sets B have interior points in common. If we
consider a probe functiop, which maps the elements of the sets to a descripti@ it can be
seen that for a point p AnB, ¢(p) € #(A)n¢(B). Which means that A B + @.Thus, from axiom

0]

(dhP3) of Def.28, it can be concluded tha® (A, B) = 1. The same is true fai®(A,B,C) = 1.

All the three sets have interior points in common. Thus forabe functiong, if there is a point

peN(A, B,C), thenp(p) e N(A,B,C). ThusN(A, B,C) + @. Thus, from axionjdhP3) of Def.28,
()

it can be concluded that (A, B,C) = 1.
This argument can be generalized for higher values of k.

Theorem 9. Let C = {A, Az,-++, Aq} be a collection of subsets of a non-empty set X, and C is a
strong hyper-connected complex igeecx. Then,

1°: Cis ag—cx: Cisad-cx

20: Cis ag—cx: Cisadgp —CX

Proof. 1°: From Thm.6it can be seen that @ is a strong hyper-comples-cX), thenc?”(C) =

1. From Thm8 it can be concluded that é%(C) =1, thens"(C) = 1. From this conclusion
and the Thmb5 it can be concluded that @3(C) = 1, C is a Lodato hyper-complex denoted
0—-CX

2°: From Thm.6 it can be seen that € is a strong hyper-complex(- cx), thens"(C) = 1.

From Thm.8 it can be concluded that émS(C) =1, thendg (C) = 1. From this conclusion and
the Thm.7 it can be concluded that @§(C) = 1, C is a descriptive hyper-complex denoted
0¢p — CX

O

Theorem 10. A Cech complex is:
1°: spatial Lodato hyper-connected compléx, cx
2°: descriptive hyper-connected compléx— cx
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Proof. 1°: From Def.3, we come to know tha€ech complex is a collection dfech nerves
represented a€ech(K),K ¢ R2. Form Def.2, it can be concluded thatech(K) is a
collection of closed geometric balB(x € K), with a non-empty intersection. Th&echK
of orderk forms thek — 1 simplex in theCech complex, as per De8. From the axiom
(dP3) of Def. 26,it can be concluded that eveky- 1 simplex(or thef:ech(K) of orderk) is
a spatial Lodato hyper-connected collection of setsgi¢c? ()l(Cech(K)) = 1. Using this
conclusion and Thrb, we can conclude that eaclech(K) is as - cx i.e. a spatial Lodato
hyper-connected complex. Similar to the simplicial compléae union of spatial Lodato
hyper-connected complexes is also a spatial Lodato hygamexted complex.

20: From Def.3, we come to know thatech complex is a collection 6fech nervesfech (K),K ¢
R?). Form Def.2, it can be concluded thatech(K) is a collection of closed geometric
ballsB;(x € K), with a non-empty intersection. TiechK of orderk forms thek — 1 sim-
plex in theCech complex, as per De®. Consider a probe functiop : K -~ R. From the
definition of intersection, it can be concluded that a p@irt B, (X € K) exists in each of
the individualB;(x € K). Now, when we map each ball to a feature space using the probe
function ¢, it is evident thatp(p) € N¢(B,(x € K)). From this it can be concluded that
if NB/(x € K) + &, thenQBr(x € K) # @. Using this result and from the axio(dhP3)

of Def. 28, it can be concluded that eveky- 1 simplex(or theéech(K) of orderk) is a

descriptively hyper-connected collection of sets, Bg.ech(K)l(éech(K)) = 1. Using this
conclusion and Thmb, we can conclude that eahech(K) is adq — cx, i.e. a descrip-
tively hyper-connected complex. Similar to the simplidamplex, the union of descriptively
hyper-connected complexes is also a descriptively hypenected complex.

L

Remark 4. TheCech complex is not guaranteed to be a strong hyper-corﬂme@mplexg —CX.
This is evident from the definition D&, as it requires the intersection of closed geometric
balls,B(x), to be non-empty. Since the balls are closed it is possibléhtintersection to be
points lying on the boundary of the balls. This leads to thetispLodato proximity§), spatial
Lodato hyper-connectedne&¥( descriptive proximityip) and descriptive hyper-connectedness

(03). However, this does not allow the notion of a strong protg'rr(@) and as a consequence the

N
notion of strong hyper-connectedne®$( For these two notions the intersection must comprise of
the interior points only.

Based on the above observation we restrict the notion@©&eh complex to the notion of a
strongCech complex as defined in D&5. Now, we present the following results for the strong
Cech complex.

Lemma 7. A strongCech complex is a strong hyper-connected comaex,x.

Proof. It is obvious from Def, that a strongech complex is a collection of stroi@ech nerves,
which are represented &%eclf(K). From the De#, it is evident that the stronGech nerve
is a collection of closed geometric balB,(x € K), such that their interiors have a non-empty
intersection. This can be written @eclf(K) = Nint(B,(x € K)) # @. From the axion{snhN5),
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o A -
it can be concluded thas|“e¥(K)l(Ceclf(K)) = 1. Using this conclusion and from Thr8, it

can be concluded thmecrf(K) is a strong hyper-connected complex cx. We have proved
that, each stronGech nerveCeckf(K) is asn- cx.The union of simplicial complexes is also a
simplicial complex. From the DeR9 that the hyper-connected complex is a case of a simplicial
complex (Def.1), where the simplices are strong hyper-connected cablestof sets. Thus, it

follows directly that the union of —cx is also as —cx. Thus, the collections of strongech
- RN
nerves, or &ech complex, is a strong hyper-connected compiexgx. O

_Using this lemma, let us formulate the following hyper-cectedness relations for the strong
Cech complex.

Theorem 11. A strongCech complex, ¢Kis:
1°: spatial Lodato hyper-connected compléx, cx
2°: descriptive hyper-connected compléx— cx

Proof. 1°: From LemmaZ, it can be seen that a strofech complexcxeK is a strong hyper-

connected complefi“ —-cx. From Thm.9 it can be concluded thab¢K is a spatial Lodato
hyper-connected comple&;- cx. 5
2°: From Lemma/, it can be seen that a strofgch complexcxeK is a strong hyper-connected

complex,g —cx. From Thm.9 it can be concluded that¢K is a descriptive hyper-connected
complex,dgp — CX.
]

Now, we formulate some importatnt results regarding eguagppn object space with proximity
relations.

Lemma 8. Let (ﬁgeCh, {6,2,6(1)}) be a proximal relator space, anttly ¢ ﬁgeCh, where ke Z*.

i A
Assumingrl, ¢ crly, then
M
1°: crl, 6 crly, = crlgscerly
M
20: crly 6 crly = crlydg Crlp

Proof. 1°: From axiom(snN3)of Def. 22, it can be concluded that asla§ crly, crlancerly £ @.
Using the axiom(P3) of Def. 21, we can conclude that &sl, n crly # @, thencrl ;6crl .

2°: From axiom(snN3)of Def. 22, it can be concluded thatwaslagcrlb, crlanecerly, # @. Letus
consider a poinp ¢ crl, ncrl, and a probe function : ﬁge‘:h» R. Then it can be seen that
#(p) € ¢(crly) ng(crly), which leads to the fact tharlag crly # @. Using the axion(dP3)

of Def. 23, we can conclude that mlagcrlb + &, thencrl 64t p.
O

Theorem 12. Let S be an object space araly € 65", where ke Z*. Letk be the value of k
such thatrlg = @. Then, for0< j <k-1,

N
1°: crlj,q 6 crl;
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N
20: crlj §erljy

Proof. 1°: From Def.13it can be concluded thatl ., = Uptlj+1 andcrl; = Uptlj. From the
Def. 12it can be seen thatgtl ;,, is a closed geometric bal (x) € (cxK\Uptl;), such that
B/ (x) nUptl; # 2. Thus eactptl;,, has a non-empty intersection withptl ; = crl ;(Def. 13).
Sincecrl 1 = Uptl;,,(Def. 13) and eactptl ;,; ncrl; # @, we can conclude thatl ., nerl; #

@. Here, our choice to use the strofigch complextx¢) rather than th€ech complextx) as
the basis of topological approximation of the underlyingagcomes in handy. From Déb

it can be seen that we consider the object s;ﬁg@o to be defined over a stror@ech
complex€Ex®). Moreover, we can see from the Dé&R that the petals are the closed geometric
balls in thecx®, and thus the resulting corolla are a collection of thesks bisloreover, each of
the intersections in thexs(strongCech complex) is of the form int(B;(x)), as per Def5.
Based on this we can conclude that all the intersectionsaratiove argument are also on
the interiors of the closed geometric balls. Thus, we cartlooie that as the object space is
formulated on thexs(strongCech complex), ircrl j,1) nint(erl;) # @. Thus from axiom

(snN5)of Def. 22, we can conclude thatl chrl i
2°: The argument for the previous casecdf;. 5 crlj extends directly to this case offl ; scrl i1y
just by considering a dummy variabje- j + 1. Thus, the case of thel Hlﬁ;crlj forO<j<

k-1 becomesrl;gcrl jq forlc j < k. This change in the inequality ensures that we only

consider the-corollas for O< k < k, thus covering a complete range of corollas.
L

Based on this theorem we formulate the follwing importasutefor the adjacent corollas in
an an object space.

Theorem 13. Let (ﬁgec", {6,?,%}) be a proximal relator space, whecely € ﬁge‘:h and ke Z+*.

Letk be the value of k such thatl; = . Then, for0 < j <Kk,

10: crlj+1§crlj = crlj.ocrl;

20: crl; gcrlj_l = crljocrlj_y

3°: crIchrlj = Cflj.1 60 cCrl;

4 crl; gcrlj_l = crljoperlj_y

Proof. 1°: We can conclude from Thni2, thatcrlhlgcrlj, and then from Lemma& we can
conclude thatrl j,;6crl .

2°: We can conclude from Thni2, thatcrl gcrlj,l, and then from Lemma& we can conclude
thatcrl jocrl j_,.

3°: We can conclude from Thni2, thatcrlhlgcrlj, and then from Lemma& we can conclude
thatcrl j,100Cr1 ;.

4°: We can conclude from Thni2, thatcrl; gcrlj_l, and then from Lemma& we can conclude

thatcrl jopCrlj_;.
O
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Let us move on to discuss some important results regardipgesees in a proximity space
(X,0).

Lemma 9. Let (X, {6, ”5“,5@}) be a proximal relator space, and A, ---, A, be subsets of X. Then,
if the collection of sets € {Aq, Ay, -+, Ay} is g-sequence:

1°: Cis ag-sequen0@> C is ad-sequence

2:Cis aﬁ;-sequencea C is adp-sequence

Proof. 1°: If Cis ag-sequence, then from De?5 it can be concluded that for all= 1,---,n,

A §Aj for |j — 1] < 1. Using this conclusion and axioanN3) of Def. 22, we can establish
that A n A; # @ for |j - 1] < 1. Using axiom(P3) of Def. 21, it can be concluded tha%dA,
for |j - 1] < 1. Thus from Def25, we can conclude th& is aé-sequence.

20: If Cis ag-sequence, then from De?25 it can be concluded that for all= 1,---,n, A gAj
for |j - 1] < 1. Using this conclusion and axio(snN3) of Def. 22, we can establish that
A nA; # g for|j-1 < 1. Now let us consider a poimte Ain A for |j —i| < 1 and a probe
functiong : C — R. It can be seen thai(p) € ¢(A) n¢(A;) for |j —i| < 1, thusA; QA,- * Q.
Using axiom(dP3) of Def. 23, it can be concluded thad,A; for |j — 1| < 1. Thus from
Def. 25, we can conclude th& is ade-sequence.

L

Let us now consider the petal chaitichain,, as a sequence in a proximity space.

Theorem 14. Let (ﬁSeCh,g) be a proximal object space arpiichain, ﬁgec",for keZ* be a
petal chain contained in it. Theptlchain, is ag-sequence.

Proof. From Def.14 it can be seen thattlchain, is a collection of subset4; of cx® (a strong
Cech complex). These subsets satify the condition that éachcrl; and thatA n A, # @.
Since we consider the stromigech complex(Def5), thus all the intersections of the interiors of
the subsets afx® are non-empty. Thus we can conclude thatAnt nint(Ai_;) # @. From axiom

(snN5) of Def. 22, it can be concluded thak gAi_l. Moreover, subsituting = i — 1, we get
A;+1§A,°, thus A, gA.- for |[j —i| < 1. Thus, from the Def25it can be seen that gstichain, =
{UA : A € crlj, AJ@A; for |j-i| < 1,i,j € #}. Hence,ptlchain, is ag-sequence with an
agditional condition that each ¢ crl;. O

Using these results we formulate proximity relations forapehainsgtichain,) in an object
space@ 5.

Theorem 15. Let (ﬁ’gec", {6,3“,&1)}) be a proximal relator spaceptichain, e ﬁ’SeCh be a petal
chain, for ke Z*. Then.

19: ptlchain, is a¢-sequence

20: ptlchain, is ade-sequence
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Proof. 1°: From Thm.14 we can see thaitichain, is ag-sequence and using Lemrave can
conclude thaptlchain, is ad-sequence.

2°: From Thm.14we can see thadtlchain, is ag-sequence and using Lemr@ave can conclude
thatptlchain, is ade-sequence.
]

Let, us now move on to defining proximity relations on the vehalbject spacw’gec".

Lemma 10. Let (ﬁged‘,g) be a proximal object space and € {crly : crly € &5echandk =
0,1,2,---, j} is the set of k-corollas of the object space. Supposé&* such thaterl; = @. Then

for 0 < j < k, the collection of subsets C isgasequence.

Proof. From Thm.13 it can be seen thatl j+1§crlj andcrl scrl i1 for0< j<k. Thusitcan be
concluded thatrl ; gcrli for |j—i| < 1 where (X j,i < 1. From Def25it can be concluded that the
setC = {crly: crly e ﬁgechand k=0,1,--, R} is ag-sequence. O

Let us now extend this result to the object spétgé?h.

Theorem 16. Let (ﬁgec",g) be a proximal object space, then the object space ﬁg?c" is a
g-sequence.

Proof. From Def.15it can be seen thatsec"= {Ucrly : crlo = p, k = 0,1, -+, k}, which from the
k

definition of union is equivalent tocrl; : crl; € ﬁgech, k=0,1,---,k}. Thus, from Lemmdoit is

evident thatrSechis as-sequence. O

Using this theorem, we detail the following proximity retats on the object spacéjgeCh.

Theorem 17. Let (ﬁgem, 3“) be a proximal object space, and tmf“his ag-sequence. Then,
1°: o5ehis as-sequence
20 O5*Mis ady-sequence

Proof. 1°: From Thm.16it can be concluded thﬁge“‘is ag-sequence and from Lemn8at is
evident thaﬁge‘:h IS ad-sequence.

20: ﬁgechis ag-sequence and from Lemn@4t is evident thatﬁge‘:h IS adep-sequence.

4. Computational Experimentation

In this section, we will consider the applications of thedlmgical structures defined in this
paper. The aim of this study is to define a topological franréfar approximating and extracting
the shapes of objects in a digital image. As discussed earéaequire the choice of a selected
keypoints from the image. First, we use the scale invarieature transform(SIFT) based key-
points defined by Lowel(owe, 1999.
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9.2: Origianl image pre-
processed
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Figure 9. This figure displays the image of a boat(Fegl), and the same image after
preprocessing to aid in extracting topological struct{ifes 9.2). Fig. 9.3
shows the locations of SIFT keypoints. In Fig4, the Cech nerve are
superimposed atop the image. F8g5 displays theCech spectrum of the
object space, denoted W(ﬁgecr‘). Fig. 9.6displays the 1-corollafl ;) of
the object space or the maxin@é&ch nerve.

4.1. SIFT keypoints bas&tech complex

Let us first consider the image shown in Figl. The main object of focus in this image is
a boat. There are many other objects e.g. mountain, beaghgrgkpeople in the image, that
can be considered as noise for current application. To adghproximating the shape of the main
object i.e. the boat, we pre-process the image to removettah @bjects. The output of this
pre-processing is displayed in Fig.2 It can be observed that almost everything apart from the
distinctive features of the boat have been removed. Someegbdrts of the boat have also been
removed because of the similarity with the objects that weresidered to be noise.

After the pre-processing stage we extract the SIFT keypdinin the image, represented as
a setS. Based on these points we can now construceah complex(Def3) by considering a
collection of balls of radius, {B;(s) : se S} super-imposed on to the image. Every sek bhlls
with a non-empty intersection is the- 1 simplex in the resulting abstract simplicial complex.
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Algorithm 1: Cech Complex represenatation of Image Objects
Input : digital imageimg, KeypointsS, Cech radius
Output: Cech complex on the imagéech(S),Cech nerve of maximal order
maxCech(S), Cech spectrun®’
1 foreachse S do
2 | Cech(S):=CechSUB(s);

3 /*Calculating theCech spectrumy*

4 =S,

5 Nrv(0) :=S;

6 Continue«~ True; k< 1;

7 while Continue= Truedo

8 & = (k+ 1)-Combination of S

9 foreach combe . do

10 bndd sk« minimal bounding disk of the (k1) points in comb
11 rad < radius of bnddsk

12 if rad <r then

13 | nerve< comh

14 else

15 | /*Continue¥;

16 if nerve+ @ then

17 S « all the unique points s S present in nerye
18 Nrv(k - 1) := Nrv(k - 1) ~ {(k) - Combination 06};
19 S:=S-\ é;

20 k<~ k+1;

21 else

22 Continue« False

23 maximalorder< k;

24 | < 1;

25 while j < maximalorderdo
26 Nrv(j) — number of elements
27 | (]) < number of elements

28 maxCech(S) := Nrv(maximalordey;
29 Cech(S) — img;

[e¢]

Moreover, it can be seen that every sekgeometric balls with a non-empty intersection is called
aCech nerve, denoted yech(S). The common intersection is termed as the nucleus and the
number of ballk in the nerve is termed its order. An overview of the algoritttngenerate the
Cech complex is presented in Alfy. In Fig. 9.4all the{Cechs: se S} in theCech complex are
illustrated on the image. The nerves have been color codédr@spect to their order.
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Here we can see that for the current choice of radjuke collection of balls form two com-
plexes as there is no intersection in between them. One afdimplexes is on the front side of
the boat while the other complex is on the mast and the reaoktite boat. If we increase the
radius both these complexes will merge in to one complexs Ban important point to note and
is common to this and other frameworks which aim to model @ita dsing topological constructs
(Ghrist 2008. The topological features of the approximation built gsech and related com-
plexes is dependent on the radius. The appropriate choicdafs will be discussed in a future
work.

Here we present a possible topological sighature of thesshiis termed as th€ech spectrum
and is defined in Def20. It is defined as a sequence of numbers which represents thbemu
of nerves of a particular order in an image. A similar shagmature was considered for the
approximation of object space via curved and rectilingangulations Ahmad & Peters201 7).

It can be seen that this is related to the spatial distributiche keypoint locations and the radius
of the geometric balls. Nerves of higher order are a reswtlafge number of keypoints proximal
to each other. Thus, based on how the keypoints are selbe@dtves of dierent order represent
different concentrations(or clusters) of specific features image. Based on this we can assume
that the region in the image, where the highest number ofdeypare mutually proximal is the
most important region.

This brings us to the concept of a maxin@#ch nerve. For the image under consideration we
can see from th€ech spectrum that the order of the maximal nerve is 11 ane teemly one of
them in the image. Let us look at the location of this nervelmimage. It is shown in Fi.6.
We can see that this nerve lies on the saftey tube hangingeomaist towards the rear end of the
boat. The reason for this is the the tube is a compact steitttat is highly diferentiated from its
background. Thus there is a high distribution of SIFT keyp®i Moreover, there are keypoints
corresponding to the rear hull of the boat. The combinatidh@se points results in the existence
of the maximal nerve in this region of the image.

Each of the balls in this image is the maximal nerve is thethipdenoted aptl,. The union
of all theptl, in the maximal nerve is called ttegl,. Thus the maximaCech nerve is equivalent
to thecrl,. All the geometric balls in the image that has a non-emptgrggction with the 1-
corolla(rl,) is called the 2-petal, denoted jp,. The union of all theptl, in the image is called
the 2-corolla¢rl,). The concept can be generalized to higher valuésroé similar fashion. Thus,
the image shown in Fi.6 also represents the 1-corolla or ttré;.

Let us consider the image of a car as shown in the FigL This image contains a black car,
with many other objects such as a human, building, partidasd a car and bus. Thus, the image
contains the focal object and a lot of other objects whiclttierpurpose of this study we consider
to be noise. After the pre-processing to remove all otheeabjapart from the focal object we
obtain the image shown in Fig0.2 We use this image to select keypoints@gtvhich will then
be used to construct@ech complex and superimpose it on the image. The nerves iGebk
complex{éech(s) : se S}) are color coded with respect to number of sets in them(prddris
result is shown in Figl0.4 In contrast to the result for the image of the boat as showAign.4,
we can notice that the collection of all the geometric baflsdiusr form a singleCech complex.

Let us now move on to the newly proposed shape signature,lpahesCech spectrum. For
the approximation of the shape of the car witach complex, th€ech spectrum is displayed in
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10.1: Original Image

I -
W2 o N

‘ ‘0 3 1 oOrderof

172"3"4"5"6"7"8" 9" Nerve
10.4: Cech Nerves of fferent orders 10.5: Cech Spectrum 10.6: 1-Corolla¢rl;) of the maximal
nerve

Figure 10. This figure displays the image of a car (Fip.1), and the same image
after preprocessing to aid in extracting topological stres(Fig.10.2).
The keypoints extracted by the SIFT algorithm are shown i F0.3In
Fig. 10.4 the Cech nerve are superimposed atop the image. _Hipb
displays theCech spectrum of the object space, denotedﬁjﬁgec").
Fig. 10.6 displays the 1-corollatl ;) of the object space or the maximal
Cech nerve.

Fig. 10.5 It can also be observed that tBech spectrum for the car isftérent from that of the
image of the boat(Fig9.5). The order of the maximalech nerve was 11 for the boat and is 9
for the car. The number of nerves of maximal order is again @here can be multiple maximal
Cech nerves in an image. In that case we can either considertthee multiple objects or the
different(in terms of features) regions in the same image. Tuie is dependent on whether we
consider our image to contain a single focal object or migtgmes.

We plot the maximaCech nerve on the image and display it in Fi§.6 It can be seen that
the maximal nerve lies on the interior of the car on its froood Moreover, as discussed earlier
it the maximalCech nerve is the same as the 1-coralth( and each of the balls in it is the 1-
petalftl,). All the geometric balls that share a non-empty intersectvith thecrl, are called the
2-petalsptl,). The union of all the 2-petalstl,) is called the 2-corollafl;). We can extend the
concept ok-petals andk-corolla to this image as we did to the image of the boat.

4.2. Cech complex using hole based keypoints

After discussing the results of approximating the objestan image usingech complexes
based on SIFT based keypoints, we develop a new type of keyspdihese types of keypoints are
based on the notion of a hole. The notion of a hole is a vitaliotepology Alexandrdtf, 19695.
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Let us consider an extension of this concept to a digital en&ge use the notion of@escriptive
hole, defined as below.

Definition 31. A descriptive hole is a finite bounded sub-region of a plarte wimatching de-
scription. The description is obtained by the probe fungtio 2% — R.

Algorithm 2: Hole based Keypoints

Input : digital imageimg, Horizontal filter radiusy, Vertical filter radiusy, Hole
threshold, Number of hole$ge

Output: Hole locations#fes

1 fo(xY) = sEmexp(-(3 + 5));

2 imgri < fe(X,y) *img;

3 g:= empty matrix

4 foreach pixele imgdo

5 J := empty matrix

6 foreach channele pixeldo

7 | J(channe]:) := Grad(pixel);

8 (i, j) < location of pixe]

o | g(l’J) <V /lmax(JTJ);

10 g:= set all values of g t to 1 and rest ta0;

11 g — connected components

12 connected componeris-> size in terms of pixejs

13 /* arrange in descending order w.r.t. size in terms of pixgls *
14 connected components> arranged connected components
15 hole «first ne arranged connected components

16 hole— centroids

17 Fholes < CeNtroids

In this paper we consider the description to be the pixehsitg, which for coloured images is
a vector of values in domaiR". Wheren is the number of channels in the image. For a classical
coloured image, the RGB color image, this is 3. A digital imagrepresented as a matrix (size
m x n) for computation, and for the RGB image this becomes a dle©f three matrices or a
multi-way array of sizen x n x 3. For the purpose of detecting holes, we first convolve tregien
with a normalized Gaussian kernel to remove noise. The 2bhalized Gaussian is defined as:

wherer, andr, define the standard deviation of the Gaussian inxtaady direction respec-
tively. The standard deviation dictates the radius of thedatiming filter. This smoothed image
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is then used to calculate the derivative for each pixel. Tévdtive is calculated using the a
traditional derivative filter such as the sobel operatoratnimage, for each pixel there are two
derivative, one in thex and one in they direction. We combine the derivatives in a Jacobian
matrix(J).

To illustrate this concept, let us consider the RGB imagedabmapifng) that assigns an
intensity(R3) to each pixel locatiori¥?). This is represented amg : R?2 — R3. The Jacobian
matrix(J) for each pixel would thus be a matrix of sizex3, defined as:

dimg(1)  dimg(1)

" (')X2 " 0y2
J(img(xy)) = | 4548 drdd |
0img(3)  dimg(3)
ox ay

whereimg(i) represents thigh channel of the image. The gradient magnitude for eacH pixe
g(x,y) is calculated as:

g(xY) = VAmax(I(img(xy))T I(img(x.y))),

wheredmax(A) is the larget eigen value of matrix

Once, we have the gradient magnitude for each pixel in thgémwee can then threshold to
yield the location of regions with relatively constant gikgensities. The value of the threshold
decides the ammount of variation that we are willing to aliowhe description of a hole. Since, we
are interested in the areas with a gradient close to 0, wdldkéaixels with gradient values less
than the threshold to be 1 and the rest to be 0. In this fasheomark all the regions of interest(or
holes as we refer to them) as 1. We can extract these regiomgsamnected component analysis,
and then calculate the size of the region in terms of the nuoflxels and its centroid. The holes
are arranged in the descending order with respect to tleeiragid the hole based keypoinite)
are the centroids of these holes. The size of the hole is aligiet of its importance in the image.
This method is summarized in Alg.

Once, we have the hole-based keypoin#e., they are input to the Algl to build theCech
complex so that features of the objects in the image can baatatl. This process is similar to
the one performed for the SIFT keypoints id 8. Let us discuss the application of this new class
of keypoints to the images used iM48L Let us first illustrate the location of the new form of
keypoints on the image of the boat, as shown in Eifyl The diference between the objects
extracted from the digital images using the twé@linet types of keypoints lies in the location of
the keypoints. Let us compare the location of the SIFT and-baked keypoints{oe), Shown in
Fig. 9.3and Fig.11.1respectivly. We can see that due to the specific construofioF,, these
exist on a region with a constant intensity. It can be seeniththe SIFT based keypoints are
located along edges of the main body of the boat, while onkeo#; . lies near the center of the
body of the boat. The rest of the keypoints are mostly comated near the bottom edge of the
boat on the shadow, and the life tube. These objects are aemywn so the SIFT and th&f,, . are
at almost similar locations. It is easy to see that for a maobjects the centeroids are close to the
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11.1: Hole-based keypoints 11.2: Cech nerve of dferent 11.3: Cech Spectrum
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11.4: MaximalCech nerve

Figure 11. Fig. 11.1 displays the hole-based keypoints on the original imagdef t
boat. Cech nerves of dierent order are shown in Fid1.2 Fig.11.3
displays theCech spectrum for the hole-based keypoints. The maximal
Cech nerve or the 1-corolle ;) is displayed in Fig11.4

edges.

Let us now look at th€ech nerves of diernet order imposed on the image. It is shown in
Fig. 11.2and the nerves are color coded with respect order(the nuaflggrometric balls in the
nerve). The radius used to generate this result is the sartaafor the SIFT based keypoints
shown in Fig.9.4. It can be seen thatech nerve generated usitg,es cOvers more area of the
boat, that the&€ech nerve generated using the SIFT keypoints.

The Cech spectrum or the number of unlq(Iech nerves of a specific order in tkch
complexCech(K)) is defined as Def20. For theCech complex generated using the hole-based
keypoints, denoted aéech(jifho.es), theCech spectruny) is displayed in Figl11.3 Comparing
this with the result for the SIFT keypoints(Fig.5), it can be seen that t&ech spectrum is quite
different. It can be seen that the order of the maxi@eah nerve for#e is 9, while for the SIFT
based case is 11.

One commonality between tiech complexes for both the SIFT adéqesis the location
of the maximalCech nerve or the 1-corolla(;). Other topological structures can be extracted
for the #oles baseof:ech(,)iﬂmes) in the same fashion as for the SIFT based case explained with
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12.2: Cech nerve of dferent 12.3:Cech Spectrum
order

12.4: MaximalCech nerve

Figure 12. Fig. 12.1displays the hole-based keypoints on the original imageetar.
Cech nerves of dierent order are shown in Figj2.2 Fig.12.3displays the
Cech spectrum for the hole-based keypoints. The maxt®eah nerve or
the 1-corollaérl ;) is displayed in Fig12.4

detail in 84.1

Let us move on to the case of extracting the shape of the qag U4, We consider the loca-
tion of the SIFT keypoints(Fid0.3 and compare them with the location of th&e4{Fig. 12.1).
For this image it can be seen that the SIFT based keypointhéoimage of the car are located
in the center of the object on the front door. While, thg,es for this image are located towards
the upper contour of the car. The SIFT points are located effrtmt door due to the text. There
are lot of edges on the front door thus the SIFT based keypb@eon these edges. Moreover, the
location of ;s @re on the rims, the mirros and the bumper of the car on the Bédeklocations
of the keypoints for the SIFT are on the on the text, bottondéerof the car on the back and on
the arm of the man in the car. Due to the centrality of the texthe car the SIFT keypoints for
this image are concentrated on the center of the car.

This is the main reason for tiiéech (K) generated using the SIFT keypoints(Fi§.4) cover
the car better than thefq.{Fig. 12.2. The nerves of dierent order are color coded for the
Cech complex generated usiti,esare displayed in Figl2.2 TheCech complex for theZfojes
conforms very well to the top contour of the car and the tibes the bottom part of the front door
remains uncovered. THeech spectrum of théech(K) usig the#oes is shown in Fig.12.3
It can be seen that thiSech spectrum is €lierent from the case of the SIFT keypoints shown in
Fig. 10.5 The maximatCech nerve for the#qesis 8 while for the SIFT keypoints is 9. Moreover
the case of the car, the location of the maximal nerver or thertlla(crl,) is also diferent for
the SIFT keypoints and thef,,es FOr the SIFT the maximal nerve is on the front door while for
the s it is on the top of the rear end of the car. Thisteience is fundamentaly due to the
difference in the spatial distribution of the specific types gfpkents.
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4.3. Applications of the proposed framework

In this section we will present a few possible applicatiofthe proposed framework. The idea
is to formulate a proof of concept, that the current framéwaan be used in object extraction and
recognition tasks in computer vision. We will begin with fdea of extracting the shapes from an
image using the topological notion of cover.

4.3.1. Persistence @fech Shapes

One of the major themes in this article is to develop a topokigramework for covers of
an object in a digital image. The idea of using simple geoicedtobjects to cover a topological
space, so as to extract topological and geometrical infbiomabout it dates back to Poinear”
(Poincaré1895. The objects used here are disks (here calledh balls), parameterized by the
location of centers and radii. Animportant question thestesrhere is related to the choice of these
parameters.

We choose the centroids to be the keypoints contributedthgreSIFT or by hole based key-
points of Alg.2. As to the choice of radii goes, we will use a recently devetbfechnique, called
persistent topologyHdelsbrunner & Hare2010, which is aimed at filtering out noise. The idea
is that as we increase the radius of tech balls we get a ne@ech complex which is a super-
set of the previous one. This can be written &erallr,se R,r < S= cx € Cx. Herecx is
a Cech complex yielded bech balls of radius. This means that we get a filtration 6&ch
complexes indexed by the radius. Since, the question undestigation is the quality of a cover
of the objects in digital images, we will employ appropriateasures in this regard.

The two measures that we use are the fraction of the area afbjeet covered by th€ech
complex and the fraction of the area ©@éch complex that lies on the object in the image. We
want to cover the maximum area of the object while reducirgdtea of the background(parts
of an image that are not the object), in the resulting covers 1 a trade fi, which can be seen
from Figs.13.1and13.2 In Fig. 13.1all of theCech complex lies on the object, but it only covers
a small area of the object. In Fi3.2 we are covering a significant portion of the object area,
but the spillage into the background is also present. We twstlike a balance between the two
parameters to attain a cover of the object that is well sutieapproximating its geometrical and
topological features. Hence, we plot the normalized vdhreshe rangd0, 1]) of the measures
for the whole filtration in the plot shown in Fig.3.3

From this plot we can decide upon the appropriate value ofati for theCech balls, which
will suite our application. If the objective is to maximizestarea of the object covered we would
like the radius to be in the range of 17@20, but the spillage of the complex would be significant.
Another possible choice could be the intersection poinheftivo curves, which would yield a
value of 120 for the radius. This perspective gives us a vieth@ topological and geometrical
properties of the object, indexed by scale. Other possiikensions of this method could be, to
consider indexing by the number of keypoints or to index biltbe number of keypoints and the
radius.

4.3.2. Shapes of Bird Species
Let us consider another application of the concepts deeelapthis article. We will consider
the identification of dierent species of birds, based on their shape. The aim likpriéhgous
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Figure 13. This figure illustrates the change in the area of the objeetrea by the
Cech complexes of varying diameters The plots illustrate the fraction
of the object area covered by tich complexes and the fraction of the
complex area that lies on the object of interest.

application is to demonstrate the viability of the thearatframework. For this purpose we select
the database used ihgzebniket al, 2005. We select three images of birds belonging to three
different species. On the images we perform an analysis simitaetone detailed in Sed.2

We use the holebased keypoints as they take into accounesiceigtion of the image(in terms
of the locations of constant pixel intensity regions). Tiif be a crucial feature in the classifi-
cation of diferent patterns. The patterns inside an object and the sH#pgecontour are some of
the most important features when it comes to classificati@momputer vision. This can be under-
stood by looking at the pictures of the three birds we aimagsify, shown in Figsl4.1,14.4and
14.7. These dier not only in terms of the shapes of their boundary contoutshe patterns on
them. For each of the birds, titZech complexes formed by considering the holebased keypoint
determined using Alg2, are shown in Fig&4.214.5and14.8 We can see that the 1-skeleton of
the Cech complex (i.e. all the 1-simplices in it) conforms to theyse of the bird. An additional
point to note here is that, it represents the proximity ofdaetroids of the regions with fierent
descriptions. Hence, it is a more structural represemtaifa¢he bird in terms of the regions of
matching description in it.

For this example we resort to looking at tBech spectra(Def20) of each of the images.
This is the number o€ech nerves of dierent order in the image. Each of tBech Nerves is
itself a hyper-connected space, as it is a intersectionyingunumber of Cech balls. The order
of the hyper-proximity is the same as the cardinality of teeve. Hence, th€ech spectra can
be equivalently thought of as the number of hyper-connestsdpaces of tfierent order in the
image. TheCech spectra for the images of the three birds are show inlEgl4.6and14.9 It
can be seen that th&ech spectra for the three birds are significantl§iedent, hence providing a
possible feature for classification.

4.3.3. Shapes of Butterfly Species

We present another application of the proposed framewarkject detection for classification
in computer vision. The aim is to provide a proof of concepgttthe theoretical framework
developed in this article can be used in practical appbegti For this purpose, we aim to classify
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Figure 14. This figure illustrates thEech complex coverings and the associated Cech
spectra for images of threefflirent birds taken from the database devel-
oped in Lazebniket al,, 20085.

butterflies based on their shapes. The dataset used inskistaken fromLazebniket al. (2004).

We take three dierent images of butterflies belonging tdfdrent species. These images are
shown in Figs15.1,15.4and15.7. All these butterflies are fferent from one another based on
their shape and patterns.

As we discussed in the case of classifying bird species,ssifiler that incorporates the pixel
intensity description would perform better than the one tduasiders boundary contours alone.
This fact becomes even more evident when we comparelFigand15.4, showing Black Snow-
tail and Machaon butterflies respectively. Both the buiesfhave almost identical boundary
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Figure 15. This figure illustrates thEech complex coverings and the associated Cech
spectra for images of threeffiirent butterflies taken from the database
developed inl(azebniket al.,, 2004).

contours but dfer drastically in terms of patterns. Thus, we must use theldasled keypoints cal-
culated using Alg2, which are centroids of regions with matching descriptiotijis case [pixel
intensities). The methodology used here is similar to thesSe2 and4.3.2 TheCech covers of
the different butterflies are shown in Figib.215.5and15.8 It can be seen that theftBrence of
patterns dictates the locations of the holebased keypdtriesds to diferentCech complexes for
both the Black Snowtail(FigL5.1) and the Machaon(Fid.5.4). Moreover, the 1-skeletons(all the
1-simplices) of th&€ech complexes conform to the structure of the shape.

Now to exploit this diference in theCech complexes we ug@ech spectrum(Def20) as a
measure. The relationship between tbech spectrum and hyper-connected subspaces of the
image has been detailed in Sdc3.2 We can see thafech spectra for the fierent butterflies
as shown in Figd5.315.6 and 15.9 are substantially dierent. This diference elucidates the
possibility of classification.
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5. Conclusion

This paper uses proxim&lech complexes to approximates the shape of objects in Higita
ages. Several topological structures with closed geombdills as the primitive are formulated
to study the geometrical and topological properties of cisjeMoreover, instead of considering
only the boundary contours of the object we also includerttezior of the shape using descriptive
proximity relations. The classical notion of proximity asedation on two subsets has been ex-
tended to functions over arbitrary number of subsets. Magdhe usual binary proximity is also
extended to a continuous valued function also yielding #tere of nearness between objects. We
define the concept of a descriptive hole in an image as a fioaded region with a matching
description. These are then used to formulate an algorithextract keypoints from an image.
The distribution of the orders f theftirentCech nerves in the image is used to define a signature
for the shape of an object in digital images. The resultsierdomputational experiments along
with the algorithms used have also been presented.
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