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Abstract

This article introduces proximal̆Cech complexes in approximating object shapes in digital images. The theo-
retical framework is based on̆Cech complexes and proximity spaces. Several topological structures are defined for
the C̆ech nerve based covers of a finite region of Euclidean plane. We definek-petals andk-corollas which are the
generalizations of spokes and maximal nuclear clusters. Weextend the classical notion of a proximity as a binary
relation, to arbitrary number of sets. A new shape signaturebased on the distribution of orders ofC̆ech nerves is
defined. A practical application of this framework in approximating object shapes in digital images is given.
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1. Introduction

Understanding of shapes of objects in images is an importantaspect of artificial intelligence,
with numerous applications. Some of the applications detection of specific patterns in images
(Hettiarachchiet al., 2014), quantifying information content of images using Vorono ¨ı tessellations
(A-iyeh & Peters, 2016) and detecting outliers from images of different classes (Shamir, 2013). In
this paper we aim to understand the shape of the objects in a digital image, by covering it with sets
of known geometrical properties. Moreover, we aim at enriching the conventional notion of shape
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as its contour (as used in the prevalent literature) to include the interior as well. For this purpose
we will combine the notions of topology and geometry with proximity spaces.

E. C̆ech introducedC̆ech complexes during a seminar at Brno(1936-39) (C̆ech, 1966, §A.5).
Recent works define thĕCech complexes as collections of intersecting closed geometric balls of a
radius ofr (Edelsbrunner & Harer, 2010); (Peters, 2017a). In this study we focus on approximating
shapes of objects in planar digital images. This leads to therestriction of theC̆ech complexes to
a finite bounded region of the Euclidean Plane. In a recent study some open problems regarding
planar shapes(shapes of objects in Euclidean plane) have been posed (Peters, 2017a) . The viability
of C̆ech complexes as a method to approximate image object shapeshas been shown in (Peters,
2017b).

A previous study formulates the notion of an object in the digital image as a topological space
(Ahmad & Peters, 2017a). The notion of a nerve introduced by Alexandroff (Alexandroff, 1965)
has been generalized to the notion of spoke complexes. The basic building blocks of the topology
are assumed to be curvilinear triangulations. Another study builds on this notion and studies the
covering properties of the curvilinear triangulation using the notion of area and geodesic diameter
(Ahmad & Peters, 2017b). Moreover, a notion of the frequency of nerves of different order as a
possible signature of the image objects was also introduced. The notion of proximity was also
defined on triangulated spaces (Ahmad & Peters, 2017a) andC̆ech nerves (Peters, 2017b).

The subject of the current study is to extend the topologicalframework for object spaces for-
mulated in (Ahmad & Peters, 2017a) to C̆ech complexes. In addition to this the framework of
assessing the covering properties of nerves and object spaces similar to (Ahmad & Peters, 2017b)
is also developed. A notion of proximity will be introduced on the resulting object spaces. This
yields a relator space of objects in the digital images.

2. Basic Definitions

In this section, we will present some basic definitions. LetX = R2 be the Euclidean plane then
K ∈ 2X is a finite bounded region inX. The basic building block of̆Cech complex is the closed
geometric ball,Br(x), with centerx ∈ X and radiusr > 0 defined asBr(x) = {y ∈ X ∶ ∥x− y∥ ≤ r}.

In this paper, we will study the topology of the objects in a planar digital image. Let us first
defineabstract simplicial complex.

Definition 1. (Ghrist, 2014, §2.1) Let S be a discrete set. Then the collection of finite subsets of
S represented by X is called an abstract simplicial complex,provided for eachσ ∈ X, all subsets
ofσ are also in X. This means that X is closed under this restriction.

Example 1. Consider a geometric realization of an abstract simplicialcomplex in form of collec-
tions of triangles. Let us first look at the set X= {a,b,c}, representing the vertices of a triangle as
shown in Fig.1.1. Then the powerset of all the subsets of the set X is,

2X = {{a},{b},{c},{a,b},{a,c},{b,c},{a,b,c}}.
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Figure 1. This figure shows the geometric realizations of abstract simplicial com-
plexes as collections of connected triangles and intersecting closed geomet-
ric balls

It can be seen that the set2X is closed under restriction as per Def.1. The singleton elements of
the set2X, i.e. {a},{b} and{c} represent each of the vertices or the0-simplices. These are shown
in blue on the isolated triangle. The elements{a,b},{b,c} and{a,c} represent the edges or the
1-simplices. These are shown in green on the isolated triangle. The element{a,b,c} represents
the filled triangle or the2-simplex. This is shown with brown color on the isolated triangle. One
can easily verify that the connected triangles in Fig.1.1, also form a simplicial complex. This
follows from the fact that each of the triangles in itself is asimplicial complex determined by the
power set of the set of its vertices. The whole collection of the triangles is represented by the set
Y, which is the union of their respective power sets. Every possible subset of the elements in set Y
is contained in itself. Thus set Y is also a simplicial complex as per Def.1. “

Keeping in view the previous example it can be seen that the collection of geometric balls(Br(x)
for x ∈ K) with a finite number of intersections can be seen as a realization of the abstract simpli-
cial complex. For the purpose of visualization consider theFig. 1.2 The individual balls are the
0-simplices. The pairs of balls with non-empty intersection are the 1-simplices. The examples are
the blue and the violet ball, green and the blue ball etc. If three balls have a common intersec-
tion, they lead to a 2-simplex. The yellow, green and blue balls in Fig. 1.2 are an example of a
2-simplex. It can be seen that every pair of balls included inthe 2-simplex form a 1-simplex and
each constituent ball of this resulting 1-simplex is a 0-simplex. Hence, the collection of closed
geometric balls (Br(x), x ∈ K) is also a geometric realization of an abstract simplicial complex.
The 1-simplex which is a line segment in the simplicial complex, is analogous to twŏCech balls
having common intersection. The 2-simplex is a triangle in the simplicial complex and threĕCech
balls with a common intersection, in thĕCech complex.

Moreover, it can be seen from Fig.1.2 that one can draw analogs between the simplicial com-
plex (generalization of a triangle to arbitrary dimensions) and the simplices in ăCech complex. It
can be seen that each ball in aC̆ech complex is a 0-simplex and hence similar to the vertex in a
simplicial complex. Let us define the notion of aC̆ech nerve.

Figure1.eps
Figure2.eps
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Figure 2. This figure explains the notion of ăCech complex(Def.3) and compares it
with the simplicial complex. Moreover, the notion of the nerve (Def.11) of
a C̆ech complex is illustrated.

Definition 2. A C̆ech nerve, is a collection of sets having a non-empty intersection denoted by
(C̆echr(K)) i.e.,

C̆echr(K) = Nrv{Br(x) ∶ x ∈ K} = {Br(x) ∶ ⋂Br(x) ≠ ∅}.

Then, we can define the notion of theorder of a nerve. It is denoted by∣C̆echr(K)∣, and is
defined as the number of balls in the nerve. We define a set with no non-empty intersections as
being a nerve of order 1. Using this notion, we can formulate adefinition of theC̆ech complex in
a spaceX.

Definition 3. Let X be a finite, bounded planar region X∈ R2 and let K ∈ X be a nonempty
collection of points. AC̆ech complex is a collection of̆Cech nerves. ThĕCech nerves,̆Cechr(x ∈
K) of order k, form the k− 1-simplices. ThĕCech complex is denoted by cxK= 2C̆echr(K),K ∈ 2R

2
.

The basic building block of ăCech complex is a closed geometric ballBr(x). The view of a
digital image as a topological space has been detailed in (Peters, 2014). In current work we extend
the conventional notion of ăCech nerve as follows.

Definition 4. A strong C̆ech nerve, denoted byC̆echs
r(K), is a collection of sets whose interiors

have a non-empty intersection i.e.,

C̆echs
r(K) = Nrvs{Br(x)” x ∈ K} = {Br(x) ∶ ⋂ int(Br(x)) ≠ ∅}.

In doing so we have also extended the classical notion of anerve to strong nerve. A strong
nerve is a collection of sets, whose interiors have a non-empty intersection. The notion oforder
remains unchanged. Similar to the notion of theC̆ech complex, we define the concept of astrong
C̆ech complex on a spaceX.

Figure5.eps
Figure6.eps
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Definition 5. Let X be a finite, bounded planar region X∈ R2 and let K ∈ X be a nonempty
collection of points. A stronğCech complex is a collection of stronğCech nerves. The stronğCech
nerves,C̆echs

r(x ∈ K) of order k form the k− 1-simplices. The stronğCech complex is denoted by
cxsK = 2C̆echs

r (K),K ∈ 2R
2
.

In this paper we want to approximate the objects in the digital images as topological spaces.
This will allow us to talk about shape (Segal & Dydak, 1978) and define invariant signatures for
classification (Carlssonet al., 2005); (Chazalet al., 2009). The classical notion of a topology is
defined using the notion of open sets.

Definition 6. (Edelsbrunner& Harer, 2010) Topology is an ordered pair(X, τ), where X is a set
andτ is the collection of subsets of X satisfying the following axioms:
1o The empty set,∅, and X belong toτ
2o Union of sets inτ is also inτ
3o Intersection of finite number of members ofτ is also inτ

We call this classical notion of topology asopen topology. Using the De Morgan’s laws, we
can convert the notion of an open set topology to a closed set topology. Let us define the notion
of a complement with respect to a setX. For a setA ⊂ X, the complement of aA denoted byA is
defined asA = X/A. The laws state that for two setsA,B:

A∪ B = A∩ B

A∩ B = A∪ B

A setA is closed in a topologyτ, if its complementA is in τ. Using these notions we can extend
the definition of a topology with open set as a primitive to using the closed set as the basis. Let us
define the notion of topology using closed sets as primitive.To differentiate this we call it aclosed
topology.

Definition 7. Topology is an ordered pair(X, η), where X is a set andη is the collection of subsets
of X satisfying the following axioms:
10 The empty set,∅, and X are closed and belong toη
20 The intersection of any collection of sets inη is closed
30 The union of a collection of finite number of sets inη is closed

Example 2. Let us examine the equivalence of the two definitions of topology based on open
sets(Def.6) and closed sets(Def.7). It must be noted that as we have defined the set to be closed
under the topology if its complement is in the topology. To establish the equivalence of the notions
of open and closed topology we define the collections of subsets η to contain the complement of
each subset in the collectionτ. This complement is taken with respect to the set X. Let us begin
with the first axiom in Def.6. It states that both the∅ and X are inτ. Thus, both are open sets. It
can be seen that∅ = X ∈ τ andX = ∅ ∈ τ. Which means that both∅,X are closed and are inη.
Thus, this statement is equivalent to the first axiom stated in Def.7.
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The second axiom in the Def.6 can be stated as{ ⋃
i∈I

Ai ∶ Ai ∈ τ} ∈ τ, whereI is an index set

which can be infinite and Ai ∈ τ. This means that{ ⋃
i∈I

Ai} is an open set. Which is equivalent

to ⋃
i∈I

Ai ∈ η being a closed set. Using De Morgan’s law we can write this as⋂
i∈I

Ai, whereAi ∈

η and I is an index set which can be infinite. Since the complement of an open set must be
closed,⋂

i∈I
Ai must be closed. We have the second axiom of Def.7. Which states that intersection

of any collection of sets inη is closed.
The third axiom in Def.6 is { ⋂

i∈I
Ai ∶ Ai ∈ τ} ∈ τ, whereI is a finite index set. This means

that ⋂
i∈I

Ai is an open set and its complement is closed. Thus⋂
i∈I

Ai = { ⋃
i∈I

Ai ∶ Ai ∈ η} (using De

Morgan’s law), is a closed set. This statement is equivalentto the third axiom of Def.7, which
states that the union of a collection of finite number of sets in η is closed. Hence, the Def.6 and
Def.7 are equivalent. The former uses the open sets as the primitive and the later uses the notion
of a closed set. “

Let us define a topology on the Euclidean plane(R2) using the closed geometric balls ,Br(x).

Definition 8. Let U be a closed subset ofR2 andτstd be a family of closed subsets ofR2. Then,
U ∈ τstd if and only if for all p∈ U, there exists a positive real number r such that Br(p) ⊆ U.

Now, let us verify that(R2, τstd) is a closed topological space.

Lemma 1. The pair(R2, τstd) is a closed toplogical space.

Proof. Let us verify that the family of subsetsτstd satisfies the axioms stated in Def.7.
1o ∶ Let us verify that∅ ∈ τstd. From Def.8, if ∅ ∈ τstd, then the following condition must be

satisfied.

∀p ∈ ∅ ⇒ ∃r ∈ R+ s.t.Br(p) ⊆ ∅

It is evident from the definition of implication(⇒), that A ⇒ B is always true ifA is false.
Since,p ∈ ∅ is always false,thus the statement

∃r ∈ R+ s.t.Br(p) ∈ ∅,

is true. From this it follows that∅ ∈ τstd. Let us now verify that there exists a positive
real numberr such thatBr(x) ⊆ R2, for all x ∈ R2. It can be seen from the definition of
Br(x) = {y ∈ R2 ∶ ∥x− y∥ ≤ r} thatBr(x) ⊆ R2 independent ofx andr. ThusR2 ∈ τstd.

2o ∶ Let {Ci}i be a family of sets such that∀i,Ci ∈ τstd. Then, ifp ∈ ⋂Ci then there exists a positive
real numberr i for eachCi, such thatBr i(p) ⊆ Ci. It can be stated that,

Br1(p) ⊆ C1 ∧⋯ ∧ Br i(p) ⊆ Ci .
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Let us definer =min
i
(r i). Then it can be seen that,

Br(p) ⊆ Br1(p) ⊆ C1 ∧⋯ ∧ Br(p) ⊆ Br i(p) ⊆ Ci .

From this we can conclude thatBr(p) ∈ ⋂Ci. Therefore,⋂Ci ∈ τstd.
3o ∶ Let {Ci}i be a finite collection of sets such that∀i,Ci ∈ τstd and p ∈ ⋃Ci. Thenp ∈ Ci, for

somei. Since,Ci ∈ τstd:

∃r ∈ R+ s.t.Br p ⊆ U ⊆ ⋃Ci .

From this we can conclude that⋃Ci ∈ τstd.
Thus, it can be concluded that(R2, τstd).

Remark 1. The notion of a closed standard topology is important as it isthe closed set analouge
of the standard topology, used for analysis and the conventional signal and image processing.

Moving on, we define the notion of the closed subset topology.

Definition 9. Let (X, τ) be a closed topological space, and S be a closed subset of X, i.e. S⊆ X.
Let us defineτS = {S ∩U s.t.U ∈ τ}. Then the pair(S, τS) is a topological space whereτS is the
subset topology.

Let us verify that(S, τS) is indeed a topological space.

Lemma 2. Let (X, τ) be a topological space and let S be a closed subset of X. Then the pair
(S, τS), whereτS = {S∩U s.t.U ∈ τ}, is a closed topological space.

Proof. To prove that the pair(S, τS) is a closed topological space it must satisfy the axioms de-
tailed in Def.9.
1o ∶ It can be verified from the definition ofτS, thatS∩(∅ ∈ τ) = ∅ is in τS. Moreover, it can also

be verified from definition ofτS, thatS∩ (X ∈ τ) = S is also inτS. Thus, both∅ andS are in
τS.

2o ∶ Let {Ci}i be a collection of sets, such that∀i,Ci ∈ τS. Then from definition ofτS it can be
inferred that, for eachCi ∈ τS there exists a setDi in τ, such that for alli, S ∩ Di = Ci. Since
τ is a closed topology over the setX,then by Def.9 the set⋂Di is also inτ. This leads to the
conclusion that(⋂Di)∩S is in τS by definition. We can see that(⋂Di)∩S can be written as
⋂(Di ∩ S). As, we defined in this argument thatDi ∩ S = Ci we can conclude that⋂Ci is in
τS.

3o ∶ Let {Ci}i be a finite collection of sets, such that for alliCi ∈ τS. Then from the definition of
τS, we can infer that for eachCi ∈ τS there exists a setDi ∈ τ, such thatDi ∩ S = Ci . Since,
τ is a closed topology then by definition it satisfies the condition that,⋃Di is in τ. From the
definition ofτS we can conclude thatS ∩ (⋃Di) is in τS. From the distributive laws of set
algebra we can rewrite this as⋃(Di ∩S) is in τS. We know thatDi ∩S = Ci, hence⋃Ci is in
τS.
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Since the pair(S, τS) satisfies all the axioms it is a closed topological space overS, with a subset
topologyτS.

Now, let us talk about thĕCech complex as a closed topological space.

Theorem 1. Let (R2, τ), be a closed topological space and let cxK be aC̆ech complex. Then the
pair (cxK, τCech) is a closed topological subspace, whereτCech is the subset topology, defined as
{cxK∩U s.t.U ∈ τ}.

Proof. Let us first ascertain thatcxK is a subset ofR2. This follows from definition ascxK is
the union ofC̆ech nerves(̆Cechr(K)) as defined in Def.3. Moreover, theC̆echr(K) is a union
of closed geometric balls as per Def.2. Next, we can see that the closed geometric balls are
in standard closed topologyτstd by definition as there exists a positive real numberr such that
Br(p) ⊆ Br(x) for all p in Br(x). Since, the closed geometric balls are inτstd, thus by the definition
of a closed topology, the union of a finite number of closed geometric balls must also be inτstd

i.e. closed. Thus,cxK is closed and by the definition it is a subset ofR2. From this and Lemma2,
it can be concluded that given a closed topological space(R2, τ), the pair(cxK, τCech), where
τCech= {cxK∩U s.t.U ∈ τ}, is a topological space, whereτCech is the subset topology.

Now that we have a notion of̆Cech nerves as a topological space, we have to draw a corre-
spondence to the objects in digital images. For this purpose, we use specific points from the image
called keypoints. There are several algorithms for selecting such points based on their strength in
an appropriate feature spaces (Lowe, 1999); (Bronstein & Kokkinos, 2010); (Aubry et al., 2011);
(Bruna & Mallat, 2013); (Alahi et al., 2012). We constructC̆ech nerves with these keypoints as
the centers of the geometric closed balls. We assume that theobject under consideration, is the
most important part of an image in the feature space. Let us now define the topological structures
in the strongC̆ech nerves, that we are going to use as approximations of the objects in an image.
We have used the notion of stronğCech nerves because they allow a more rich set of proximity
relations, that we will define later on. The same can be done for theC̆ech nerves.

The first structure that we are going to define is the notion a petal.

Definition 10. Let C̆echs
r(K) be a strongC̆ech nerve,then each closed geometric ball in the nerve

C̆echSr (K) is called a petal and is denoted byptl .

Now, we define the notion of a nucleus.

Definition 11. LetC̆echs
r(K) be a strongC̆ech nerve. Then, the nucleus of the nerve is the common

intersection of the constituent sets of the nerve. It is defined asN (C̆echs
r A) = {⋂Br(x) ∶ Br(x) ∈

C̆echs
r A}, whereC̆echs

r A is a strongC̆ech nerve.

Example 3. Let us explain the concept of a strongC̆ech nerve. For this consider Fig.2.2. K is a
set of points in the finite, bounded region ofR2, shown as red points in the figure. TheC̆echs

r(K)
in this illustration is the union of the three geometric balls(blue, green and yellow) centered at the
points represented as red dots. Each of the individual ballsis the petal(ptl ) of theC̆echs

r(K). This
is represented asptl(C̆echs

r(K)). The common intersection of the nerve is called the nucleus.This
is represented asN (C̆echs

r(K)). “
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We now generalize the concept of a petal to the notion of ak-petal, defined using a recursive
definition.

Definition 12. Let cxsA be a strongC̆ech complex on a finite, bounded region of the Euclidean
planeR2,C̆echs

r A is a strongC̆ech nerve,and k> 0, k ∈ Z. Then k-petal is defined as the closed
geometric ball Br(x) that has a nonempty intersection with a(k − 1)-petal. The0-petal is the
nucleus. This can be formally written as:

ptl k = {Br(x) ∈ cxsA/{⋃ptl k−1} ∶ Br(x) ∩ {⋃ptl k−1} ≠ ∅,ptl 0 =N (C̆echs
r A)}.

Here, it is important to mention that the nerve of the highestorder in the image is very im-
portant for object extraction in digital images (Peters &İnan, 2016). Such a nerve is called the
maximal strong C̆ech nerveand is denoted asmaxC̆echs

r(K). The nucleus of the maximal strong
C̆ech nerve is called themaximal nucleusand is denoted asmaxN . It must be noted that there
can be multiple maximal stronğCech nerves in a digital image. In this case the themaxC̆echs

r(k) is
a set of each of the maximal strongC̆ech nerves, and themaxN is the set of the nuclei associated
with the maximal nerves.

Next, we consider the analogue of a corolla, from Botany. A corolla is a cluster of petals of
a flower, typically forming a whorl within the sepals and enclosing the reproductive organs. This
construct works well in analyzing the interior ofC̆ech complexes that cover an image object shape.

Definition 13. Let cxA be a stronğCech complex on a finite, bounded region of the Euclidean
planeR2. Then the k-corolla, denoted ascrl k is defined as:crl k = ⋃ptl k.

Another notion that we will define using the notion of ak-petal is thek-petal chain. It is a
sequence of petals, one for each value ofk. Each petal has a nonempty intersection with adjacent
petals in the chain. This notion is formalized as follows.

Definition 14. Let cxsA be a strongC̆ech complex on a finite, bounded region of Euclidean plane
R2. Then the k-petal chain denoted asptlchaink is defined as:

k>1 ∶ ptlchaink = {⋃
I

Ai ∶ Ai ∈ crl i,Ai ∩ Ai−1 ≠ ∅,I = 1,⋯,k}

k=0 ∶ ptlchaink = N (C̆echs
r A)

Example 4. Let us explain the topological structures that we have defined above. Let us first
explain the notion of a k-petal(ptlk) defined in Def.12, using Fig.3.1. Theptl0(0-petal) has not
been explicitly marked on the figure. It is the intersection of the yellow balls and is also the nucleus
of the strongC̆ech nerve,N (C̆echs

r(K)). Each of the yellow balls is theptl1(1-petal). It is evident
form the illustration that each of the green balls has a non-empty intersection with the yellow balls
(ptl1) and no intersection with the nucleus(ptl0). Thus each of the green balls is aptl2(2-petal) as
per Def.12. Each of the blue balls has a non-empty intersection with thegreen balls(ptl2), while
has no intersection with the yellow balls(ptl1) and as per Def.12 are theptl3.
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Figure 3. This figure displays the geometric realizations of thek-corolla,
crl k(Def. 13), andk-petal chainptlchaink(Def. 14).

Let us now use the notion of a k-petal to define the notion of a k-corolla(crlk). We are still
using the Fig.3.1. The union of all theptl0 in the image are thecrl0. Since, there is one nucleus in
the image and it has not been marked, hence thecrl0 has not been marked. The union of all the
yellow balls (ptl1) is thecrl1(1-corolla). The union of all the green balls(ptl2) is thecrl2(2-corolla)
and the union of all the blue balls(ptl3) is thecrl2(3-corolla) as per Def.13.

Now using Figs.3.1and3.2 in conjunction, we will explain the idea of aptlchaink (Def.14).
It must be noted that, similar to each of the structures explained in this example, each of the
structures has the nucleus of the nerve(N (C̆echs

r)) as its generating point. Theptlchain0 is the
nucleus of the nerve which is the intersection of the yellow balls in Fig.3.1. It is not labeled in this
image. It is important to note here that each of the yellow balls is theptlchain1, from Def.14. This
is because it contains the nucleus and theptl1(the yellow ball). Thus theptlchain1 is the same as
theptl1. There are four possibleptl1 and similarly four possibleptlchain1. Now, by adding to this
construction a ball fromcrl2, that has a non-empty intersection with theptl1 ∈ ptlchain1, we can
construct aptlchain2 as per Def.14. In a similar fashion we can constructptlchain3 by adding to
this construction a ball fromcrl3, having non-empty intersection with theptl2 ∈ ptlchain2. It can
be seen that we can have four possibleptlchain3 as illustrated in Fig.3.2. “

Using the above definitions we will now define the notion of an object space in the stronğCech
complex.

Definition 15. Let cxsA be a strongC̆ech complex in a finite, bounded region of an Euclidean
planeR2,and letk̂ ∈ Z+ such thatcrlk̂ = ∅. Then, the object spaceOC̆ech

p , for each p∈ maxN is
defined as:

OC̆ech
p = {⋃

k
crlk ∶ crl0 = p, k = 0,⋯, k̂− 1}

We define the notion of a boundary petalbdypt.

Figure3.eps
Figure4.eps
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Definition 16. LetOC̆ech
p A be an object space over a finite, bounded region of the Euclidean plane,

R2. Then the boundary petal of the object space,bdpt(OC̆ech
p ) is defined as:

bdypt(OC̆ech
p ) = {x ∶ ∀k x ∈ crlk and x∩ crlk+1 = ∅}

Now, we introduce a bounding corolla in the object space, denoted asbdycrl(OC̆ech
p ).

Definition 17. LetOC̆ech
p A be an object space over a finite, bounded region of the Euclidean plane,

R2. Then the bounding corolla of the object space,bdycrl(OC̆ech
p ) is defined as:

bdycrl(OC̆ech
p ) = ⋃bdypt(OC̆ech

p )

Let us define the notion of a maximal petal chains.

Definition 18. Let cxsA be a strongC̆ech complex, and letptlchainkA be a petal chain in cxA.
Then,ptlchainkA is called a maximal chain ifptlchainkA ∩ crlk+1 = ∅. The k for which a petal
chain becomes maximal is called thelength of the chain.

Remark 2. Each maximal petal chain(maxptlchaink contains a boundary petal(bdpt). This fol-
lows directly from Def.16and Def.18.

Using this notion of alength of petal chain, we define the regularity of an object spaceOC̆ech
p .

Definition 19. LetOC̆ech
p be an object space and A be the set of all the maximal petal chains in the

object space.OC̆ech
p is calledregular, provided the length of all the maximal petal chains in A is

the same. The object space is calledirregular otherwise.

Example 5. Two types of object spaces are shown in Fig.4.1 and4.2. According to Def.16, in
Fig. 4.1 each of the blue balls(incrl3) is the boundary petal as it has a non-empty intersection
with the previous corolla(incrl2) but has no intersection with the with next corolla(crl4). This is
due to the fact that the next corolla,crl4, is ∅. In Fig. 4.2 each of the blue balls(incrlk) is the
boundary petal as it has an intersection with the previous corolla(crlk−1), but has no intersection
with the next corolla(crlk+1). In contrast to the Fig.4.1the Fig.4.2has boundary petals in different
corolla(crlk). As per Def.17 the collection of all the blue balls is the bounding corolla(bdycrl).
From Def.18 we see that both the figures have three maximal petal chains(maxptlchain). In
Fig. 4.1 all the maximal chains are of equal length3, thus from Def.19, the object space in this
figure is regular. In Fig.4.2 the maximal chains(maxptlchain) have different length, two chains
having lengths of3 and one chain of length2. Thus, according to Def.19 the object space in the
figure is an irregular object. “

Let us consider the order of a nerve as a signature for theOC̆ech
p . Based on this notion we define

theC̆ech spectrum.
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X

b bdycrl

4.1: A regular object space

X

b bdycrl

4.2: An irregular object
space

Figure 4. This figure illustrates the bounding petal(bdypt) defined in Def.16 and the
bounding corolla (bdycrl ) of an object space defined in Def.17. More-
over, all the maximal petal chains(maxptlchaink) can be identified using
the Def.18 and the accompanying remark. The regularity of an object can
be determined using the Def.19

Definition 20. Let cxsA be aC̆ech complex over a finite, bounded region ofR2, Then theC̆ech
spectrum is defined as:

C (cxsA) = {∣Nk∣ ∶ ∀ k,Nk = {C̆echs
r(cxsA) ∶ ∣C̆echs

r(cxsA)∣ = k}}.

It is important to be noted that we count only the unique nerves, i.e. the nerves that are not
completely included in a nerve of higher order.

In this paper we study theproximity relations defined over the topological structures defined
above.Proximity is a measure of nearness between non-empty sets, and a non-empty set endowed
with a proximity is known as aproximity space. The proximity space is represented as a pair
(X, δ), whereX is a non-empty set and theδ is an arbitrary proximity relation on the setX. In this

paper we will use the concept of spatial Lodato proximity(δ), strong proximity(
⩕

δ) and descriptive
proximity(δΦ). Let us list the axioms of of each of the proximities. We start with the spatial Lodato
proximity(δ).

Definition 21. Let X be a non-empty set and A,B,C ⊂ X be the subsets of X. Then the spatial
Lodato proximity(δ) is a binary relation on the set X, that satisfies the following axioms:

(P1) ∅ /δ A, ∀A ⊂ X.

(P2) AδB⇔ BδA.

(P3) A ∩ B ≠ ∅ ⇒ AδB.

(P4) Aδ (B∪C) ⇔ AδB or AδC.

(P5) AδB and∀ b ∈ B{b} δC ⇒ AδC.

Figure7.eps
Figure8.eps
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Now we move on to the definition of strong proximity(
⩕

δ).

Definition 22. Let X be a non-empty set and A,B,C ⊂ X be the subsets of X. Then the strong

proximity(
⩕

δ) is a binary relation on the set X, that satisfies the following axioms:

(snN1) ∅
⩕

/δ A, ∀A ⊂ X, and X
⩕

δ A, ∀A ⊂ X.

(snN2) A
⩕

δ B ⇔ B
⩕

δ A.

(snN3) A
⩕

δ B ⇒ A∩ B ≠ ∅.

(snN4) If {Bi}i∈I is an arbitrary family of subsets of X and A
⩕

δ Bi∗ for some i∗ ∈ I such that

int(Bi∗) ≠ ∅, then A
⩕

δ (⋃i∈I Bi).

(snN5) intA⋂ intB ≠ ∅ ⇒ A
⩕

δ B.

(snN6) x ∈ int(B) ⇒ x
⩕

δ A.

(snN7) {x}
⩕

δ {y} ⇔ x = y.

Moving on to the notion of a descriptive proximity(δΦ), we first define the notion of aprobe
function. For a setA, the functionφ maps a feature vector to each of the elements ofA. It is
defined asφ(A) = {φ(x) ∈ Rn ∶ x ∈ A}. Based on this let us define the concept of a descriptive
intersection (⋂

Φ

). It is defined asA⋂
Φ

B = {x ∈ A⋃B ∶ φ(x) ∈ φ(A)andφ(x) ∈ φ(B)}. These

concepts were introduced and formalized in (Peters, 2007a),(Peters, 2007b). Let us now formalize
the notion of a descriptive proximity(δΦ).

Definition 23. Let X be a non-empty set and A,B,C ⊂ X be the subsets of the set X. Then the
descriptive proximity(δΦ) is a binary relation on the set X, that follows the followingaxioms:

(dP1) ∅ /δΦ A, ∀A ⊂ X.

(dP2) AδΦ B ⇔ BδΦ A.

(dP3) A⋂
Φ

B ≠ ∅ ⇒ AδΦ B.

(dP4) AδΦB and{b} δΦC, ∀b ∈ B⇒ AδΦC.

Let us build upon the notion a strong proximity(
⩕

δ). It is a boolean valued relation i.e. it either

tells whether two setsA,B are strongly near(
⩕

δ) or strongly far(
⩕

/δ). Next, consider an extension of
the Smirnov degree-of-closeness measure (Smirnov, 1952). We define a gradation of the strong
proximity to make it a continuous valued function. This thengives a notion of the degree of
nearness rather than just an indication of being near or not.
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A
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δ
g
B = 0

0 < A
⩕

δ
g
B < 1
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⩕

δ
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B = 1

X

b bA B

5.1: Gradation of a Strong Proximity

⋯

X

A1

⩕

δ A2

⩕

δ ⋯
⩕

δ Ak

5.2: A sequence in a proximal space

Figure 5. This figure illustrates the gradation of proximity relation. It generalizes
the usual binary proximity to a continuous valued relation.Moreover, the
concept of a sequence in the procimity space is also illustrated.

Definition 24. Let X be a non-empty set and A,B ∈ X be two subsets of X, then we can define a

graded strong proximity as a function
⩕

δ
g
∶ X × X→ [0,1].

A
⩕

δ
g

B =
∣A∩ B∣

min(∣A∣, ∣B∣) ,

where min(a,b) returns the smaller of the two numbers.

Remark 3. It can be seen from the Def.24, that if A
⩕

δ
g

B = 0 then then this means that A∩ B = ∅,

or A = ∅ or B = ∅. Any of these conclusions leads to A
⩕

/δ B. Moreover, if A
⩕

δ
g

B = 1 then either

A ⊆ B or B⊆ A. Thus the graded strong proximity ranges from
⩕

/δ(for
⩕

δ
g
= 0) to ⊆(for

⩕

δ
g
=1).

Let us now talk about a sequence in a proximity space(X, δ).

Example 6. The notion of proximity as defined in the Def.22 is a boolean function. This tells us

whether two sets are strongly near(
⩕

δ) or not(/
⩕

δ). In Def.24, we define a notion of a continuous val-
ued proximity relation. An illustration of the graded strong proximity is presented in the Fig.5.1. It

can be seen that for the case when A∩B = ∅, the strong graded proximity is, A
⩕

δ
g

B = 0
min(∣A∣,∣B∣) = 0.

The other extreme of the proximity is when B⊆ A, then A
⩕

δ
g

B = ∣B∣∣B∣ = 1. All the other cases are in

between the two extremes,0 < A
⩕

δ
g

B < 1, as0 < ∣A∩ B∣ < ∣B∣. Thus, the graded strong proximity(
⩕

δ
g
)

gives us a more detailed view of the nearness or proximity between two sets. “

Definition 25. Let X be a non-empty set andδ be an arbitrary proximity relation on the set X.
Then(X, δ) is a proximity space. Let Ai ∈ X for i ∈ I, where I is an index set. The aδ-sequence xn
in the proximity space(X, δ) is defined as:

Figure9.eps
Figure10.eps
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xn = {Ai ∶ AiδA j f or ∣ j − i∣ ≤ 1, i, j ∈ I}

whereδ represents the proximity relation.

Let us explain the idea of a sequence in a proximal space.

Example 7. Let (X, δ) be a proximity space equipped with an arbitrary proximity relation. We
define the idea of a sequence which establishes an arrangement of subsets of X. For an illustration
of this concept, let us consider Fig.5.2. It shows a sequence of sets Ai ⊂ X, where i∈ I, and I is
an index set. An important point to note in this definition of asequence is that a set Ai is proximal
only to adjacent sets(Ai−1,Ai+1) in the sequence and far(not proximal) from all other sets inthe

sequence. The idea of aδ-sequence can be extended to other proximites such as the
⩕

δ and δΦ.
“

Till now, we have been discussing the notion of proximity as abinary mapping on a setX, of the
formδ ∶ X×X → {0,1}. Now, let us extend this notion to a mapping ofnsets, wheren is an arbitrary
number. This mapping is termed as a proximity of ordern, denoted asδn. It is non-continuous
surjective map of the formδn ∶ Xn

→ {0,1}. This generalized notion of a proximity is referred
to ashyper-connectedness. Let us first define the axioms of aLodato hyper-connectedness.
We have used the notationAδB to denote thatA,B are proximal, andA /δ B to denote otherwise.
Let us introduce a new notation that will come in handy in the case of hyper-connectedness. If
δ(A,B,C) = 1, thenA,B are hyper-connected, and ifδ(A,B,C) = 0 then the opposite is true.

Definition 26. Let X be a non-empty set and{Ai ⊂ X ∶ i ∈ I}, where I is an index set, and B,C be
the non-empty subsets of X. Let S(D) be the set of n-permutations of the elements of the set D, for
2 ≤ n ≤ ∣I ∣. Then the spatial Lodato hyper-connectedness(δk) is a mapping on k subsets of the set
X, that satisfies the following axioms for k≥ 1:

(hP1) ∀Ak ⊂ X, δk(A1,⋯,Ak) = 0, i f any A1,⋯,Ak = ∅.

(hP2) δk(A1,⋯,Ak) = 1⇔ δk(Y) = 1, ∀Y ∈ S({A1,⋯,Ak}).

(hP3)
k
⋂
i=1

Ai ≠ ∅⇒ δk(A1,⋯,Ak) = 1.

(hP4) δk(A1,⋯,Ak−1,B∪C) = 1⇔ δk(A1,⋯,Ak−1,B) = 1or δk(A1,⋯,Ak−1,C) = 1.

(hP5) δk(A1,⋯,Ak−1,B) = 1and∀b ∈ B, δ2({b},C) = 1⇒ δk(A1,⋯,An−1,C) = 1.

(hP6) ∀A ⊂ X, δ1(A) = 1, a constant map.

Now, we use an example to better understand the spatial Lodato hyper-connectedness denoted
by δk.
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6.1: Lodato Proximity
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6.2: Lodato hyper-connectedness

Figure 6. This figure illustrates the spatial Lodato proximity in the form of conver-
gence of exponential to the x-axis. It then generalizes thisproximity to
a hyper proximity, by considering two exponentials converging to x-axis.
Further generalization to n such functions follow naturally.

⩕

δ2(A,B)

⩕

δ3(A,B,C)

X

7.1: Strong hyper-connectedness

b
b

b

b

b

b

b
b

b

δ2
Φ
(A,B)

δ3
Φ
(A,B,C)

X

7.2: Descriptive hyper-
connectedness

Figure 7. The Fig.7.1 illustrates the extension of the classical binary relationof spa-
tial Lodato proximity to three sets. Such a relation can be generalized ton
sets. Fig.7.2displays the same for the strong proximity.

Example 8. Let us consider the idea of a spatial Lodato hyper-connectedness(Def.26) as illus-
trated in Fig.6.1. This figure uses two sets A= {y(t) = 0 ∶ ∀t ∈ R} and B= {y(t) = e−t ∶ ∀t ∈ R}. It
can be observed that these two sets are proximal in the sense that as t approaches∞, the function
e−t approaches0. Thus A∩ B ≠ ∅ in the limit sense. This spatial Lodato hyper-proximity,δ2, for
k = 2 is the classical notion of spatial Lodato proximity defined in Def.21. Let us extend this idea
to arbitrary values of k i.e. to the proximity of k non-empty subsets of a set X. For k= 1, the notion
of a proximity is trivial.δ1(C) = 1∀C ⊂ X as every set is proximal to itself. It does not make sense
to talk about k= 0 as there is nothing to quantify the nearness of. Now moving onto k= 3 as shown
in Fig. 6.2. The sets used in this illustration are A= {y(t) = 0 ∶ t ∈ R}, B = {y(t) = e−t ∶ t ∈ R}
and C= {y(t) = e−2t ∶ t ∈ R}. It is obvious that all the three sets are proximal in the limit sense as
the functions e−t and e−2t approach0 as t approached∞. Thus⋂(A,B,C) ≠ ∅, which implies that
δ3(A,B,C) = 1. Using a similar approach we can generalize this notion for k> 3.

We generalize the notion of strong proximity(
⩕

δ) defined in Def.21 to the notion of strong
hyper-connectedness.

Definition 27. Let X be a non-empty set and Ai ,B,C ⊂ X be subsets of X, where i∈ I,I is an index

Lodato_hyper_2_paper.eps
Lodato_hyper_3_paper.eps
Figure11.eps
Figure12.eps
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set. Let S(D) be the set of n-permutations of set D, where2 ≤ n ≤ ∣I ∣.Then the strong hyper-

connectedness(
⩕

δk) is a mapping on k subsets of the set X, that satisfies the following axioms for
k ≥ 1:

(snhN1) ∀Ak ⊂ X,
⩕

/δk(Ai ,⋯,Ak) = 0 i f any A1,⋯,Ak = ∅ and
⩕

δk(X,A1,⋯,Ak−1) = 1,∀Ai ⊂ X.

(snhN2)
⩕

δk(A1,⋯,Ak) = 1⇔
⩕

δk(Y) = 1, ∀Y ∈ S({A1,⋯,Ak}).

(snhN3)
⩕

δk(A1,⋯,Ak) = 1⇒
k
⋂
i=1

Ai ≠ ∅.

(snhN4) If {Bi}i∈I is an arbitrary family of subsets of X and
⩕

δk(A1,⋯,Ak−1,Bi∗) = 1 for some i∗ ∈ I

such that int(Bi∗) ≠ ∅, then
⩕

δn(A1,⋯,Ak−1, (⋃i∈I Bi)) = 1.

(snhN5)
k
⋂
i=1

intAi ≠ ∅⇒
⩕

δk(A1,⋯,Ak) = 1.

(snhN6) x ∈
k−1
⋂
i=1

int(Ai)⇒
⩕

δk(x,A1,⋯,Ak−1) = 1.

(snhN7)
⩕

δk({x1},⋯,{xk}) = 1⇔ x1 = x2 = ⋯ = xn.

(snhN8) ∀A ∈ X,
⩕

δ1(A) = 1 is a constant map.

To explain the notion of strong hyper-connectedness we present an example.

Example 9. Let us consider the illustration of strong hyper-connectedness,
⩕

δk, in the Fig.7.1. First
we consider the case of k= 2. The two geometric balls (red and green) have a non-empty inter-

section and thus
⩕

δ2(red ball,green ball) = 1. Let us now generalize this notion to arbitrary values
of k. We consider the case of k= 1, which is a trivial case. It can be seen that each ball is strongly
near it self. The case of k= 0 does not make any sense as the notion of proximity requires a set or
an object for definition. Let us now consider the case of k= 3. We can see that three geometric
balls(red, blue and green) have a non-empty intersection,⋂(red ball,green ball,blueball) ≠ ∅ ,

and thus are strongly proximal. Thus we can write that
⩕

δ3(red ball,green ball,blueball). Using a

similar argument we can extend this notion of strong hyper-connectedness(
⩕

δ3) to the case of k> 3.
“

Now, we extend the notion of a descriptive proximity to descriptive hyper-connectedness, de-
noted byδk

Φ
.

Definition 28. Let X be a non-empty set and Ai ,B,C ⊂ X be the subsets of the set X, where i∈ I,I
is an index set. Let S(D) be the set of all the n-permutations of set D, where2 ≤ n ≤ ∣I ∣. Then the
descriptive hyper-connectedness(δk

Φ
) is a mapping on the set X, that satisfies the following axioms

for k ≥ 1:
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8.1: Hyper-connected complexes
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X

⩕
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g
(A,B,C) = 0
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⩕

δ3
g
(A,B,C) < 1

⩕

δ3
g
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8.2: Graded strong hyper-
connectedness

Figure 8. The Fig.8.1displays two different hyper-connected complexes defined in a
proximity spaceX. Fig.8.2is a graphical visualization of the graded strong
proximity for different values in the interval[0,1].

(dhP1) ∀Ai ⊂ X, δkΦ(A1,⋯,Ak) = 0 if any of the A1,⋯,Ak = ∅.

(dhP2) δk
Φ
(A1,⋯,Ak) = 1⇔ δk

Φ
(Y) = 1∀Y ∈ S({A1,⋯,Ak}).

(dhP3) ⋂
Φ

Ai ≠ ∅⇒ δkΦ(A1,⋯,Ak) = 1.

(dhP4) δkΦ(A1,⋯,Ak−1,B) = 1and∀b ∈ B, δ2Φ({b},C) = 1⇒ δkΦ(A1,⋯,Ak−1,C) = 1.

(dhP5) ∀A ⊂ X, δ1Φ(A) = 1 a constant map.

To help explain the notion of descriptive hyper-connectednessδkΦ.

Example 10. We use the illustration in Fig.7.2to aid in understanding the concept of descriptive
hyper proximity(δk

Φ
). To describe the notion of descriptive proximity we require a probe function

φ ∶ A→ R. In this example we define the probe function such that it returns the hue value(color)
of each element of the set. Based on similarity in the hue domain we define the notion of the
descriptive proximity(Def.23). Let us first discuss the case of k= 2. Consider the two sets at the
bottom of the figure. We can see that each has two elements. Nowwe see that both sets have an
element with red color. Thus the sets have a non-empty descriptive intersection i.e. A∩

φ
B ≠ ∅.

This leads toδ2Φ(A,B) = 1. Let us now generalize this concept to arbitrary values of k.Now we
consider the case of k= 1. It is obvious that every set is descriptively proximal to itself. Now we
can generalize to the case of k= 3. We can see that the three sets on the top each have an element
with blue color. Thus the sets have a non-empty intersection, ⋂

φ
(A,B,C) ≠ ∅, which implies that

δ3
Φ
(A,B,C) = 1. Using a similar argument we can extend this notion to arbitrary values of k.

Using the notion of hyper-connectedness, let us define the notion of a hyper-connected com-
plex.

Definition 29. Let S be a discrete set and X be a collection of non-empty subsets of S . X is
a hyper-connected complex,δ − cx , if every collection of non-empty subsets{A1,⋯,An} ∈ X, of
cardinality ∣n∣, is hyper-connected with respect to a proximityδ i.e. δn(A1,⋯,An) = 1. Every subset
of size k is the k− 1 simplex in the resulting hyper-connected complex,δ − cx.

Figure14.eps
Figure13.eps
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To clarify the notion of a hyper-connected complex we present the following example.

Example 11. Let us consider the illustration of a strong hyper-connected complex as depicted in
the Fig.8.1. It can be seen that the bottom row of the figure represents the0-simplex as per Def.

27, we can see that every set is strongly connected to itself. Thus
⩕

δ1(A) = 1∀A.
Let us move on to the middle row of the illustration. It can be seen that the two sets are

strongly connected thus
⩕

δ2(A,B) = 1 and the remaining constituent sets{A} and {B} are also

strong hyper-connected(
⩕

δ1(A) =
⩕

δ1(B) = 1). Thus, the collection{A,B} is a 1-simplex of the
strong hyper-connected complex.

Let us now move to the top row of the illustration. It can be seen that due to the com-

mon intersection the
⩕

δ3(A,B,C) = 1 and all of the collections of its subsets are also strongly

connected(
⩕

δ2(A,B) =
⩕

δ2(A,C) =
⩕

δ2(B,C) =
⩕

δ1(A) =
⩕

δ1(B) =
⩕

δ1(C) = 1).Thus the collection of
sets{A,B,C} forms a2-simplex as per Def.29.

It must be noted that this concept can be generalized to spatial Lodato hyper-connectedness
and descriptive hyper-connectedness.

Let us now define the graded strong hyper-connectedness, denoted by
⩕

δk
g

.

Definition 30. Let X be a non-empty set and{A1,A2,⋯,An} be a family of subsets of X. Then

the graded strong hyper-connectedness is a continuous surjection of the form
⩕

δ∶
g

Xn
→ [0,1] and is

defined as:

⩕

δk
g
=
∣⋂(A1,A2,⋯,An)∣

min(∣A1∣, ∣A2∣,⋯, ∣An∣
,

where min(a1,a2,⋯,an) is the smallest of all the arguments.

Example 12. To explain the notion of graded strong hyper-connectedness, denoted as
⩕

δk
g

, let us

consider the Fig.8.2. Since we are considering three sets we are going to use k= 3 in the following
discussion. First consider the case illustrated towards the bottom of the figure. It illustrates the

case when⋂(A,B,C) ≠ ∅ or any of the A,B or C is an empty set. In this case the
⩕

δ3
g
= 0 as per

Defn.30 and the three sets A,B,C are not strong hyper-connected,
⩕

δ3(A,B,C) = 0.
Let us move on to the case when there is a partial intersectionamong the three sets as

shown in the illustration in the middle of the figure. We can see that the number of elements
in the intersection is smaller than the elements in smallestset i.e. C. Thus the value of the
graded strong hyper-connectedness is between0 and 1. The sets A,B and C are strong hyper-

connected(
⩕

δ3(A,B,C) = 1).
Let us now consider the third case in which the smallest of thethree sets,namely C is contained

in the intersection. This is represented as C⊂ ⋂(A,B,C). For this case it can be seen from the
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Def. 30 that
⩕

δ3
g
(A,B,C) = 1. We can extend this framework to higher values of k using a similar

argument. “

Last, but not the least we present the Borsuk’s nerve theorem.

Theorem 2. (Borsuk, 1948) If U is a collection of subsets in a topological space, the nerve com-
plex is homotopy equivalent to the union of the subsets.

This theorem will be helpful in the study of̆Cech object spaces(OC̆ech
p ) undertaken in this paper.

3. Main Results

Lemma 3. Let OC̆ech
p be an object space,crli ∈ OC̆ech

p be a corolla,ptlchaink ∈ OC̆ech
p be a petal

chain andk̂ ∈ Z+ such thatcrlk̂ = ∅. Then,⋃
i

crli = ⋃maxptlchaink, where i= 0,1,2,⋯, k̂− 1.

Proof. From Def.13 it is obvious thatcrl i = ⋃ptl i, thusi-corolla is the union of all thei-petals in
OC̆ech

p . Thus fori = 0,1,2,⋯, k̂−1, the⋃
i

crl i is equivalent to⋃
i
⋃ptl i. Thus,⋃

i
crl i, i = 1,2,⋯, k̂−1,

is equal to the union of all the possibleptl i ∈ OC̆ech
p (i-petals in the object space).

Let us now look at Def.14, from which it can be concluded that eachk-petal chain in the object
space contains one instance ofptl i ∈ OC̆ech

p (i-petal) for each valuei = 0,1,⋯k. Thus if we consider
the⋃ptlchaink, for k = 0,1,⋯, k̂ − 1, we get the union of all theptl i ∈ OC̆ech

p (i-petal), where
i = 0,1,⋯,k. Which means that union of allptlchaink ∈ OC̆ech

p consists of all theptl i ∈ OC̆ech
p for

all values ofi = 0,1,⋯,k. Thus, from Def.13 we get⋃ptlchaink = ⋃
i

crl i for i = 0,1,⋯,k. From

Def. 18 it can be seen that anyptlchaink with the largest value ofk is called themaxptlchain.
From Def.14 it can be seen that every member of theptlchaink has to be a member of thecrl i in
the object space, for all values ofi = 0,1,⋯,k. Thus, the maximum possible value ofk for any
petal chain can bêk− 1, ascrl k̂ = ∅. It is possible for different maximal petal chains inOC̆ech

p to
have different values ofk depending on the regularity, as per Def.19. Keeping this in mind, it is
obvious that the⋃maxptlchain equals the union of all theptl i ∈ OC̆ech

p for i = 0,1,⋯, k̂− 1.
Thus, we can conclude that both⋃

i
crl i for i = 0,1,⋯, k̂ − 1, and⋃maxptlchain are equal to

the union of all theptl i ∈ OC̆ech
p . Hence we can conclude that,⋃

i
crl i = ⋃maxptlchaink.

Using this we can formulate an other definition of the object space(ObreveCech
p ), equivalent to

the Def.15.

Theorem 3. Let cxsA be a strongC̆ech complex and an arbitrary positive integerk̂ ∈ Z+ such that
crlk ∈ cxsA = ∅.The object space, denoted byOC̆ech

p (Def.15), can be defined as:

O
C̆ech
p ={⋃

k
crlk ∶ crl0 = p, k = 0,⋯, k̂− 1}

=⋃maxptlchain.
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Proof. From Lemma3 it can be seen that fori = 0,1,⋯, k̂ − 1, ⋃
i

crl i = ⋃maxptlchaink. Using

this conclusion and Def.15 it is evident thatOC̆ech
p = ⋃maxptlchain.

Using this new definition of an object space(OC̆ech
p ), we can comment on the homotopy type of

OC̆ech
p .

Theorem 4. The object spaceOC̆ech
p has the same homotopy type as the union of all the maximal

petal chains(maxptlchain).

Proof. From Def.3 the object space is the union of all the maximal petal chains i.e.⋃maxptlchain.
From the Def.14 we can conclude that everyptlchaink ∈ OC̆ech

p contains the nucleusp which is
N (C̆echs

r(A). Thus, we can conclude thatOC̆ech
p is a nerve as it is union of sets⋃maxptlchain,

and the sets have a common intersection⋂maxptlchain = p. From Thm.2, it follows that
the homotopy type of theOC̆ech

p is the same as the union of all itsmaxptlchain(maximal petal
chains).

Let us formulate some results for hyper-connectedness relations.

Lemma 4. Let C = {A1,A2,⋯,An} be a collection of non-empty subsets of a non-empty set X.
If δn(A1,A2,⋯,An) = 1, then all the possible non-empty sub-collections are also spatial Lodato
hyper-connected. This is represented asδ∣T∣(T) = 1, where T is a sub-collection of the set C.

Proof. From axiom(hP2)of Def. 26, it can be seen that givenδn(A1,A2,⋯,An) = 1(i.e. is Lodato
hyper-connected), then all thek-permutations of the elements in the set{A1,A2,⋯,An} are also
Lodato hyper-connected, for 2≤ k ≤ n. One can see that this axiom is satisfied, provided we
introduce an integer ´n ∈ Z+, such that 2≤ k ≤ ń ≤ n. Thus, the axiom is satisfied for all such
ń. We have shown that ifδn(A1,A2,⋯,An) = 1, then there exists ´n ∈ Z+ and2 ≤ ń ≤ n, such that
δń(Ý ∈ Ś(C)) = 1. Ś(C) is the set of all the permutations of elements of setC, takenń at a
time. Now, we need to prove that this equation is also satisfied for subsets ofC of size 1. This
follows directly from the axiom(hP6) of Def. 26, stating that for allA ∈ C, δ1(A) = 1. Hence,
if δn(A1,A2,⋯,An) = 1, then all non-empty sub-collections(C̃) of C = {A1,A2,⋯,An} also satisfy
δ∣C̃∣(C̃) = 1.

Using the lemma we have just formulated, consider next the following result for spatial Lodato
hyper-connected complexes..

Theorem 5. Let C= {A1,A2,⋯,An} be a collection of subsets of a non-empty set X, andδn(C) = 1.
Then C is a spatial Lodato hyper-connected complex(δ − cx).

Proof. From Lemma 4 it follows, that if a collection of setsC ⊆ X satisfyiesδn(C) = 1, then
∀T, δ∣T∣(T) = 1, whereT is a non-empty subcollection of the setC. Thus all possible sub-
collections of the setC are also Lodato hyper-connected. From this conclusion and the Def.29, it
directly follows thatC is a spatial Lodato hyper-connected complex. Every subsetS ⊆ X of sizek
forms thek− 1 simplex in the resulting spatial Lodato hyper-connected complex(δ − cx).
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Lemma 5. Let C = {A1,A2,⋯,An} be a collection of non-empty subsets of a non-empty set X. If
⩕

δn(A1,A2,⋯,An) = 1, then all the possible sub-collections are also strong hyper-connected. This

is represented as
⩕

δ∣T∣(T) = 1, where T is a sub-collection of the set C.

Proof. From axiom(snhN2) of Def. 27, it can be seen that given
⩕

δn(A1,A2,⋯,An) = 1(i.e. is
strongly hyper-connected), then all thek-permutations of the elements in the set{A1,A2,⋯,An}
are also strongly hyper-connected, for 2≤ k ≤ n. One can see that this axiom is satisfied, provided
we introduce an integer ´n ∈ Z+, such that 2≤ k ≤ ń ≤ n. Thus, the axiom is satisfied for all such

ń. We have shown that if
⩕

δn(A1,A2,⋯,An) = 1, then there exists ´n ∈ Z+ and2 ≤ ń ≤ n, such that
⩕

δń(Ý ∈ Ś(C)) = 1. Ś(C) is the set of all the permutations of elements of setC, takenń at a
time. Now, we need to prove that this equation is also satisfied for subsets ofC of size 1. This

follows directly from the axiom(snhN8) of Def. 22, such that for allA ∈ C,
⩕

δ1(A) = 1. Hence,

if
⩕

δn(A1,A2,⋯,An) = 1, then all non-empty sub-collections(C̃) of C = {A1,A2,⋯,An} also satisfy
⩕

δ∣C̃∣(C̃) = 1.

Example 13. To explain the Lemma5, let us consider the Fig.7.1. There are two cases of strong

hyper-connectedness shown here, namely the
⩕

δ2(A,B) = 1 and
⩕

δ3(A,B,C) = 1.

Let us first look at the case of
⩕

δ2(A,B) = 1. Here the set C= {A,B} and all the possible

sub-collections are{A} and{B}. From axiom(snhN8) of Def.27 it can be seen that
⩕

δ1(A) = 1

and
⩕

δ1 B = 1. Thus, Lemma5 is satisfied.

Now moving on to the case of
⩕

δ3(A,B,C) = 1. Here the set C= {A,B,C} and all possible sub-
collections can be listed as{{A},{B},{C},{A,B},{B,C},{A,C},{A,B,C}}. We can see that

from axiom(snhN8) of Def.27, that
⩕

δ1(A) =
⩕

δ1(B) =
⩕

δ1(C) = 1. Moreover, from the figure it can
be established that as all the three disks have interior points in common. This leads to the fact that
any two of the disks, also have interior points in common. Hence, from axiom(snhN5) of Def.27
⩕

δ2(A,B) =
⩕

δ2(B,C) =
⩕

δ2(A,C) = 1. Hence, Lemma5 is satisfied.
The same argument can be extended to higher values of k.“

From this lemma we obtain the following result.

Theorem 6. Let C= {A1,A2,⋯,An} be a collection of subsets of a non-empty set X, and
⩕

δn(C) = 1,

then C is a strong hyper-connected complex(
⩕

δ −cx).

Proof. From Lemma5 it follows, that if the for a collection of setsC ⊆ X satisfying
⩕

δn(C) = 1,

then∀T,
⩕

δ∣T∣(T) = 1, whereT is a non-empty subcollection of the setC. Thus all possible sub-
collections of the setC are also strong hyper-connected. From this conclusion and the Def.29, it
directly follows thatC is a strong hyper-connected complex. Every subsetS ⊆ X of sizek forms

thek− 1 simplex in the resulting strong hyper-connected complex(
⩕

δ −cx).
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Lemma 6. Let C = {A1,A2,⋯,An} be a collection of non-empty subsets of a non-empty set X. If
δnΦ(A1,A2,⋯,An) = 1, then all the possible sub-collections are also descriptivly hyper-connected.

This is represented as∀T, δ∣T∣Φ (T) = 1, where T is a sub-collection of the set C.

Proof. From axiom(dhP2) of Def. 28, it can be seen that givenδn
Φ
(A1,A2,⋯,An) = 1(i.e. is

Lodato hyper-connected), then all thek-permutations of the elements in the set{A1,A2,⋯,An} are
also Lodato hyper-connected, for 2≤ k ≤ n. One can see that this axiom is satisfied if we introduce
an integer ´n ∈ Z+, such that 2≤ k ≤ ń ≤ n. Thus, the axiom is satisfied for all such ´n. We have shown
that if δnΦ(A1,A2,⋯,An) = 1, then there exists ´n ∈ Z+ and2 ≤ ń ≤ n, such thatδńΦ(Ý ∈ Ś(C)) = 1.
Ś(C) is the set of all the permutations of elements of setC, takenń at a time. Now, we need to
prove that this equation is also satisfied for subsets ofC of size 1. This follows directly from the
axiom (dhP6) of Def. 28, that for allA ∈ C, δ1Φ(A) = 1. Hence, ifδnΦ(A1,A2,⋯,An) = 1, then all

non-empty sub-collections(C̃) of C = {A1,A2,⋯,An} also satisfyδ∣C̃∣
Φ
(C̃) = 1.

Example 14. To explain the Lemma6, let us consider the Fig.7.2. There are two cases of descrip-
tive hyper-connectedness shown here, namely theδ2

Φ
(A,B) = 1 andδ3

Φ
(A,B,C) = 1.

Let us first look at the case ofδ2Φ(A,B) = 1. Here the set C= {A,B} and all the possible
sub-collections are{A} and{B}. From axiom(dhP5) of Def.28, it can be seen thatδ1Φ(A) = 1
andδ1

Φ
B = 1. Thus, Lemma5 is satisfied.

Now moving on to the case ofδ3Φ(A,B,C) = 1. Here the set C= {A,B,C} and all possible sub-
collections can be listed as{{A},{B},{C},{A,B},{B,C},{A,C},{A,B,C}}. We can see from
axiom(dhP5) of Def.28, that δ1

Φ
(A) = δ1

Φ
(B) = δ1

Φ
(C) = 1. Moreover, from the figure it can be

established that as all the three sets have constituent elements of the same color(blue). This leads
to the fact that any two of the sets, will contain constituentelements of same color(blue). Thus,
from axiom(dhP3) of Def.28, δ2Φ(A,B) = δ2Φ(B,C) = δ2Φ(A,C) = 1. Hence, Lemma6 is satisfied.

The same argument can be extended to higher values of k.“

We now give a result for descriptive hyper-connected complexes..

Theorem 7. Let C= {A1,A2,⋯,An} be a collection of subsets of a non-empty set X, andδnΦ(C) =
1. Then C is a descriptive hyper-connected complex(δΦ − cx).

Proof. From Lemma 6, it follows, that if the for a collection of setsC ⊆ X satisfyingδnΦ(C) =
1, then∀T, δ∣T∣Φ (T) = 1, whereT is a non-empty subcollection of the setC. Thus all possible
sub-collections of the setC are also descriptivly hyper-connected. From this conclusion and the
Def. 29, it directly follows thatC is a descriptivly hyper-connected complex. Every subsetS ⊆ X
of sizek forms thek−1 simplex in the resulting descriptvly hyper-connected complex(δΦ−cx).

Theorem 8. Let A1,A2,⋯,An be a collection of subsets of a non-empty set X then:

1o ∶
⩕

δn(A1,A2,⋯,An)⇒ δn(A1,A2,⋯,An)
2o ∶

⩕

δn(A1,A2,⋯,An)⇒ δnΦ(A1,A2,⋯,An)

Proof. 1o ∶ It is obvious from axiom(snhN3)of Def. 27, that if
⩕

δn(A1,A2,⋯,An) = 1, then
n
⋂
i=1

Ai ≠

∅. Using this conclusion and axiom(hP3) of Def. 26, from
n
⋂
i=1

Ai ≠ ∅, we can conclude that

δn(A1,A2,⋯,An).
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2o ∶ From axiom(snhN3) of Def. 27, that if
⩕

δn(A1,A2,⋯,An) = 1, then
n
⋂
i=1

Ai ≠ ∅. Considering

p ∈
n
⋂
i=1

Ai, we know thatp ∈ Ai for i = 1,⋯,n. If we define a probe functionφ ∶ X → R, then it

is obvious thatφ(p) ∈ φ(Ai) for i = 1,⋯,n. Thus⋂
Φ

Ai ≠ ∅. From axiom(dhP3) of Def. 28 it

can be concluded thatδn
Φ
(A1,A2,⋯,An) = 1.

Example 15. Let us consider the Fig.7.1, to explain the Thm.8. It illustrates two cases, namely
⩕

δ2(A,B) = 1 and
⩕

δ3(A,B,C) = 1.

It can be seen that if
⩕

δ2(A,B) = 1, both the sets A,B have interior points in common. Thus,

from axiom(hP3) of Def.26, thatδ2(A,B) = 1. The same is true for
⩕

δ3(A,B,C) = 1. All the three
sets have interior points in common which from axiom(hP3) of Def.26, leads toδ3(A,B,C).

It can be seen that if
⩕

δ2(A,B) = 1, both the sets A,B have interior points in common. If we
consider a probe functionφ, which maps the elements of the sets to a description inR. It can be
seen that for a point p∈ A∩B,φ(p) ∈ φ(A)∩φ(B). Which means that A⋂

Φ

B ≠ ∅.Thus, from axiom

(dhP3) of Def.28, it can be concluded thatδ2Φ(A,B) = 1. The same is true for
⩕

δ3(A,B,C) = 1.
All the three sets have interior points in common. Thus for a probe functionφ, if there is a point
p ∈ ⋂(A,B,C), thenφ(p) ∈ ⋂(A,B,C). Thus⋂

Φ

(A,B,C) ≠ ∅. Thus, from axiom(dhP3) of Def.28,

it can be concluded thatδ3Φ(A,B,C) = 1.
This argument can be generalized for higher values of k.

Theorem 9. Let C = {A1,A2,⋯,An} be a collection of subsets of a non-empty set X, and C is a

strong hyper-connected complex i.e.
⩕

δ −cx. Then,

1o ∶ C is a
⩕

δ −cx⇒ C is aδ − cx
2o ∶ C is a

⩕

δ −cx⇒ C is aδΦ − cx

Proof. 1o ∶ From Thm.6 it can be seen that ifC is a strong hyper-complex (sn−cx), then
⩕

δn(C) =
1. From Thm.8 it can be concluded that as

⩕

δn(C) = 1, thenδn(C) = 1. From this conclusion
and the Thm.5 it can be concluded that asδn(C) = 1, C is a Lodato hyper-complex denoted
δ − cx.

2o ∶ From Thm.6 it can be seen that ifC is a strong hyper-complex (sn− cx), then
⩕

δn(C) = 1.

From Thm.8 it can be concluded that as
⩕

δn(C) = 1, thenδn
Φ
(C) = 1. From this conclusion and

the Thm.7 it can be concluded that asδn
Φ
(C) = 1, C is a descriptive hyper-complex denoted

δΦ − cx.

Theorem 10. A C̆ech complex is:
1o ∶ spatial Lodato hyper-connected complex,δ − cx
2o ∶ descriptive hyper-connected complex,δΦ − cx
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Proof. 1o ∶ From Def.3, we come to know that̆Cech complex is a collection of̆Cech nerves
represented as̆Cechr(K),K ∈ R2. Form Def.2, it can be concluded that̆Cechr(K) is a
collection of closed geometric balls,Br(x ∈ K), with a non-empty intersection. ThĕCechr K
of order k forms thek − 1 simplex in theC̆ech complex, as per Def.3. From the axiom
(dP3) of Def. 26,it can be concluded that everyk− 1 simplex(or theC̆echr(K) of orderk) is
a spatial Lodato hyper-connected collection of sets, i.e.δ∣C̆echr(K)∣(C̆echr(K)) = 1. Using this
conclusion and Thm.5, we can conclude that each̆Cechr(K) is aδ − cx, i.e. a spatial Lodato
hyper-connected complex. Similar to the simplicial complex, the union of spatial Lodato
hyper-connected complexes is also a spatial Lodato hyper-connected complex.

2o ∶ From Def.3, we come to know that̆Cech complex is a collection of̆Cech nerves(̆Cechr(K),K ∈
R2). Form Def.2, it can be concluded that̆Cechr(K) is a collection of closed geometric
balls,Br(x ∈ K), with a non-empty intersection. ThĕCechr K of orderk forms thek− 1 sim-
plex in theC̆ech complex, as per Def.3. Consider a probe functionφ ∶ K → R. From the
definition of intersection, it can be concluded that a pointp ∈ ⋂Br(x ∈ K) exists in each of
the individualBr(x ∈ K). Now, when we map each ball to a feature space using the probe
function φ, it is evident thatφ(p) ∈ ⋂φ(Br(x ∈ K)). From this it can be concluded that
if ⋂Br(x ∈ K) ≠ ∅, then⋂

Φ

Br(x ∈ K) ≠ ∅. Using this result and from the axiom(dhP3)

of Def. 28, it can be concluded that everyk − 1 simplex(or theC̆echr(K) of orderk) is a

descriptively hyper-connected collection of sets, i.e.δ∣C̆echr(K)∣
Φ (C̆echr(K)) = 1. Using this

conclusion and Thm.5, we can conclude that each̆Cechr(K) is a δΦ − cx, i.e. a descrip-
tively hyper-connected complex. Similar to the simplicialcomplex, the union of descriptively
hyper-connected complexes is also a descriptively hyper-connected complex.

Remark 4. TheC̆ech complex is not guaranteed to be a strong hyper-connected complex,
⩕

δ −cx.
This is evident from the definition Def.3, as it requires the intersection of closed geometric
balls,Br(x), to be non-empty. Since the balls are closed it is possible for the intersection to be
points lying on the boundary of the balls. This leads to the spatial Lodato proximity(δ), spatial
Lodato hyper-connectedness(δn), descriptive proximity(δΦ) and descriptive hyper-connectedness

(δn
Φ
). However, this does not allow the notion of a strong proximity (

⩕

δ) and as a consequence the

notion of strong hyper-connectedness(
⩕

δn). For these two notions the intersection must comprise of
the interior points only.

Based on the above observation we restrict the notion of aC̆ech complex to the notion of a
strongC̆ech complex as defined in Def.5. Now, we present the following results for the strong
C̆ech complex.

Lemma 7. A strongC̆ech complex is a strong hyper-connected complex,
⩕

δ −cx.

Proof. It is obvious from Def.5, that a strongC̆ech complex is a collection of stronğCech nerves,
which are represented as̆Cechs

r(K). From the Def.4, it is evident that the stronğCech nerve
is a collection of closed geometric balls,Br(x ∈ K), such that their interiors have a non-empty
intersection. This can be written asC̆echs

r(K) = ⋂ int(Br(x ∈ K)) ≠ ∅. From the axiom(snhN5),
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it can be concluded that,
⩕

δ∣C̆echsr (K)∣(C̆echs
r(K)) = 1. Using this conclusion and from Thm.6, it

can be concluded that̆Cechs
r(K) is a strong hyper-connected complex,

⩕

δ −cx. We have proved
that, each stronğCech nerve,C̆echs

r(K) is a sn− cx.The union of simplicial complexes is also a
simplicial complex. From the Def.29 that the hyper-connected complex is a case of a simplicial
complex (Def.1), where the simplices are strong hyper-connected collections of sets. Thus, it

follows directly that the union of
⩕

δ −cx is also a
⩕

δ −cx. Thus, the collections of stronğCech

nerves, or aC̆ech complex, is a strong hyper-connected complex,
⩕

δ −cx.

Using this lemma, let us formulate the following hyper-connectedness relations for the strong
C̆ech complex.

Theorem 11. A strongC̆ech complex, cxsKis:
1o ∶ spatial Lodato hyper-connected complex,δ − cx
2o ∶ descriptive hyper-connected complex,δΦ − cx

Proof. 1o ∶ From Lemma7, it can be seen that a stronğCech complex,cxsK is a strong hyper-

connected complex,
⩕

δ −cx. From Thm.9 it can be concluded thatcxsK is a spatial Lodato
hyper-connected complex,δ − cx.

2o ∶ From Lemma7, it can be seen that a stronğCech complex,cxsK is a strong hyper-connected

complex,
⩕

δ −cx. From Thm.9 it can be concluded thatcxsK is a descriptive hyper-connected
complex,δΦ − cx.

Now, we formulate some importatnt results regarding equipping an object space with proximity
relations.

Lemma 8. Let (OC̆ech
p ,{δ,

⩕

δ, δΦ}) be a proximal relator space, andcrlk ∈ OC̆ech
p , where k∈ Z+.

Assumingcrla
⩕

δ crlb, then

1o ∶ crla
⩕

δ crlb⇒ crla δ crlb
2o ∶ crla

⩕

δ crlb⇒ crla δΦ crlb

Proof. 1o ∶ From axiom(snN3)of Def. 22, it can be concluded that ascrl a

⩕

δ crl b, crl a ∩ crl b ≠ ∅.
Using the axiom(P3)of Def. 21, we can conclude that ascrl a ∩ crl b ≠ ∅, thencrl aδcrl b.

2o ∶ From axiom(snN3)of Def. 22, it can be concluded that ascrl a

⩕

δ crl b, crl a ∩ crl b ≠ ∅. Let us
consider a pointp ∈ crl a ∩ crl b and a probe functionφ ∶ OC̆ech

p → R. Then it can be seen that
φ(p) ∈ φ(crl a) ∩ φ(crl b), which leads to the fact thatcrl a∩

Φ
crl b ≠ ∅. Using the axiom(dP3)

of Def. 23, we can conclude that ascrl a∩
Φ

crl b ≠ ∅, thencrl aδΦcrl b.

Theorem 12. LetOC̆ech
p be an object space andcrlk ∈ OC̆ech

p , where k∈ Z+. Let k̂ be the value of k
such thatcrlk̂ = ∅. Then, for0 ≤ j < k̂− 1,

1o ∶ crl j+1
⩕

δ crl j
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2o ∶ crl j

⩕

δ crl j−1

Proof. 1o ∶ From Def.13 it can be concluded thatcrl j+1 = ⋃ptl j+1 andcrl j = ⋃ptl j. From the
Def. 12 it can be seen that aptl j+1 is a closed geometric ballBr(x) ∈ (cxK/⋃ptl j), such that
Br(x)∩⋃ptl j ≠ ∅. Thus eachptl j+1 has a non-empty intersection with⋃ptl j = crl j(Def. 13).
Sincecrl j+1 = ⋃ptl j+1(Def. 13) and eachptl j+1∩crl j ≠ ∅, we can conclude thatcrl j+1∩crl j ≠
∅. Here, our choice to use the strongC̆ech complex(cxs) rather than thĕCech complex(cx) as
the basis of topological approximation of the underlying space,comes in handy. From Def.15
it can be seen that we consider the object space(OC̆ech

p ) to be defined over a stronğCech
complex(cxs). Moreover, we can see from the Def.12 that the petals are the closed geometric
balls in thecxs, and thus the resulting corolla are a collection of these balls. Moreover, each of
the intersections in thecxs(strongC̆ech complex) is of the form⋂ int(Br(x)), as per Def.5.
Based on this we can conclude that all the intersections in the above argument are also on
the interiors of the closed geometric balls. Thus, we can conclude that as the object space is
formulated on thecxs(strongC̆ech complex), int(crl j+1) ∩ int(crl j) ≠ ∅. Thus from axiom

(snN5)of Def. 22, we can conclude thatcrl j+1
⩕

δ crl j.

2o ∶ The argument for the previous case ofcrl j+1
⩕

δ crl j extends directly to this case ofcrl j

⩕

δ crl j−1,

just by considering a dummy variableĵ = j + 1. Thus, the case of thecrl j+1
⩕

δ crl j for 0 ≤ j <

k̂ − 1 becomescrl ĵ

⩕

δ crl ĵ−1 for 1 ≤ ĵ < k̂. This change in the inequality ensures that we only
consider thek-corollas for 0≤ k < k̂, thus covering a complete range of corollas.

Based on this theorem we formulate the follwing important result for the adjacent corollas in
an an object space.

Theorem 13. Let (OC̆ech
p ,{δ,

⩕

δ, δΦ}) be a proximal relator space, wherecrlk ∈ OC̆ech
p and k∈ Z+.

Let k̂ be the value of k such thatcrlk̂ = ∅. Then, for0 < j < k̂,

1o ∶ crl j+1
⩕

δ crl j ⇒ crl j+1 δ crl j

2o ∶ crl j

⩕

δ crl j−1 ⇒ crl j δ crl j−1

3o ∶ crl j+1
⩕

δ crl j ⇒ crl j+1 δΦ crl j

4o ∶ crl j

⩕

δ crl j−1 ⇒ crl j δΦ crl j−1

Proof. 1o ∶ We can conclude from Thm.12, that crl j+1
⩕

δ crl j, and then from Lemma8 we can
conclude thatcrl j+1δcrl j.

2o ∶ We can conclude from Thm.12, thatcrl j

⩕

δ crl j−1, and then from Lemma8 we can conclude
thatcrl jδcrl j−1.

3o ∶ We can conclude from Thm.12, thatcrl j+1
⩕

δ crl j, and then from Lemma8 we can conclude
thatcrl j+1δΦcrl j.

4o ∶ We can conclude from Thm.12, thatcrl j

⩕

δ crl j−1, and then from Lemma8 we can conclude
thatcrl jδΦcrl j−1.
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Let us move on to discuss some important results regarding sequences in a proximity space
(X, δ).

Lemma 9. Let(X,{δ,
⩕

δ, δΦ}) be a proximal relator space, and A1,A2,⋯,An be subsets of X. Then,

if the collection of sets C= {A1,A2,⋯,An} is
⩕

δ-sequence:

1o ∶ C is a
⩕

δ-sequence⇒ C is aδ-sequence

2o ∶ C is a
⩕

δ-sequence⇒ C is aδΦ-sequence

Proof. 1o ∶ If C is a
⩕

δ-sequence, then from Def.25 it can be concluded that for alli = 1,⋯,n,

Ai

⩕

δ A j for ∣ j − 1∣ ≤ 1. Using this conclusion and axiom(snN3)of Def. 22, we can establish
thatAi ∩ A j ≠ ∅ for ∣ j − 1∣ ≤ 1. Using axiom(P3) of Def. 21, it can be concluded thatAiδA j

for ∣ j − 1∣ ≤ 1. Thus from Def.25, we can conclude thatC is aδ-sequence.

2o ∶ If C is a
⩕
δ-sequence, then from Def.25 it can be concluded that for alli = 1,⋯,n, Ai

⩕
δ A j

for ∣ j − 1∣ ≤ 1. Using this conclusion and axiom(snN3) of Def. 22, we can establish that
Ai ∩ A j ≠ ∅ for ∣ j − 1∣ ≤ 1. Now let us consider a pointp ∈ Ai ∩ A j for ∣ j − i∣ ≤ 1 and a probe
functionφ ∶ C → R. It can be seen thatφ(p) ∈ φ(Ai) ∩ φ(A j) for ∣ j − i∣ ≤ 1, thusAi ∩

Φ
A j ≠ ∅.

Using axiom(dP3) of Def. 23, it can be concluded thatAiδΦA j for ∣ j − 1∣ ≤ 1. Thus from
Def. 25, we can conclude thatC is aδΦ-sequence.

Let us now consider the petal chain,ptlchaink, as a sequence in a proximity space.

Theorem 14. Let (OC̆ech
p ,

⩕

δ) be a proximal object space andptlchaink ∈ OC̆ech
p ,for k ∈ Z+, be a

petal chain contained in it. Thenptlchaink is a
⩕

δ-sequence.

Proof. From Def.14 it can be seen that aptlchaink is a collection of subsetsAi of cxs (a strong
C̆ech complex). These subsets satify the condition that eachAi ∈ crl i and thatAi ∩ Ai−1 ≠ ∅.
Since we consider the stronğCech complex(Def.5), thus all the intersections of the interiors of
the subsets ofcxs are non-empty. Thus we can conclude that int(Ai) ∩ int(Ai−1) ≠ ∅. From axiom

(snN5) of Def. 22, it can be concluded thatAi

⩕

δ Ai−1. Moreover, subsitutinĝi = i − 1, we get

Aî+1

⩕

δ Aî, thusA j

⩕

δ Ai for ∣ j − i∣ ≤ 1. Thus, from the Def.25 it can be seen that asptlchaink =

{⋃
I

Ai ∶ Ai ∈ crl i, A j

⩕

δ Ai f or ∣ j − i∣ ≤ 1, i, j ∈ I }. Hence,ptlchaink is a
⩕

δ-sequence with an

additional condition that eachAi ∈ crl i.

Using these results we formulate proximity relations for petal chains(ptlchaink) in an object
space(OC̆ech

p ).

Theorem 15. Let (OC̆ech
p ,{δ,

⩕

δ, δΦ}) be a proximal relator space,ptlchaink ∈ OC̆ech
p be a petal

chain, for k∈ Z+. Then.
10 ∶ ptlchaink is a δ-sequence
20 ∶ ptlchaink is a δΦ-sequence
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Proof. 1o ∶ From Thm.14 we can see thatptlchaink is a
⩕

δ-sequence and using Lemma9 we can
conclude thatptlchaink is aδ-sequence.

2o ∶ From Thm.14we can see thatptlchaink is a
⩕

δ-sequence and using Lemma9 we can conclude
thatptlchaink is aδΦ-sequence.

Let, us now move on to defining proximity relations on the whole object space,OC̆ech
p .

Lemma 10. Let (OC̆ech
p ,

⩕

δ) be a proximal object space and C= {crlk ∶ crlk ∈ OC̆ech
p and k =

0,1,2,⋯, j} is the set of k-corollas of the object space. Supposek̂ ∈ Z+ such thatcrlk̂ = ∅. Then

for 0 < j < k̂, the collection of subsets C is a
⩕

δ-sequence.

Proof. From Thm.13 it can be seen thatcrl j+1
⩕

δ crl j andcrl j

⩕

δ crl j−1 for 0 < j < k̂. Thus it can be

concluded thatcrl j

⩕

δ crl i for ∣ j − i∣ ≤ 1 where 0≤ j, i ≤ 1. From Def.25 it can be concluded that the

setC = {crl k ∶ crl k ∈ OC̆ech
p and k= 0,1,⋯, k̂} is a

⩕

δ-sequence.

Let us now extend this result to the object space,OC̆ech
p .

Theorem 16. Let (OC̆ech
p ,

⩕

δ) be a proximal object space, then the object space i.e.OC̆ech
p is a

⩕

δ-sequence.

Proof. From Def.15 it can be seen thatOC̆ech
p = {⋃

k
crl k ∶ crl 0 = p, k = 0,1,⋯, k̂}, which from the

definition of union is equivalent to{crl i ∶ crl i ∈ OC̆ech
p , k = 0,1,⋯, k̂}. Thus, from Lemma10 it is

evident thatOC̆ech
p is a

⩕

δ-sequence.

Using this theorem, we detail the following proximity relations on the object space,OC̆ech
p .

Theorem 17. Let (OC̆ech
p ,

⩕

δ) be a proximal object space, and theOC̆ech
p is a

⩕

δ-sequence. Then,
1o ∶ OC̆ech

p is a δ-sequence
2o ∶ OC̆ech

p is a δΦ-sequence

Proof. 1o ∶ From Thm.16 it can be concluded thatOC̆ech
p is a

⩕

δ-sequence and from Lemma9 it is
evident thatOC̆ech

p is aδ-sequence.

2o ∶ OC̆ech
p is a

⩕

δ-sequence and from Lemma9 it is evident thatOC̆ech
p is aδΦ-sequence.

4. Computational Experimentation

In this section, we will consider the applications of the topological structures defined in this
paper. The aim of this study is to define a topological framework for approximating and extracting
the shapes of objects in a digital image. As discussed earlier we require the choice of a selected
keypoints from the image. First, we use the scale invariant feature transform(SIFT) based key-
points defined by Lowe (Lowe, 1999).
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9.1: Original Image 9.2: Origianl image pre-
processed

9.3: SIFT keypoints

9.4: Cech Nerves of different
orders
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9.5: Cech Spectrum 9.6: 1-Corolla(crl1) of the
maximal nerve

Figure 9. This figure displays the image of a boat(Fig.9.1), and the same image after
preprocessing to aid in extracting topological structures(Fig. 9.2). Fig. 9.3
shows the locations of SIFT keypoints. In Fig.9.4, the C̆ech nerve are
superimposed atop the image. Fig.9.5 displays theC̆ech spectrum of the
object space, denoted byC (OC̆ech

p ). Fig. 9.6displays the 1-corolla(crl 1) of
the object space or the maximalC̆ech nerve.

4.1. SIFT keypoints based̆Cech complex

Let us first consider the image shown in Fig.9.1. The main object of focus in this image is
a boat. There are many other objects e.g. mountain, beach, sea and people in the image, that
can be considered as noise for current application. To aid inapproximating the shape of the main
object i.e. the boat, we pre-process the image to remove all other objects. The output of this
pre-processing is displayed in Fig.9.2. It can be observed that almost everything apart from the
distinctive features of the boat have been removed. Some of the parts of the boat have also been
removed because of the similarity with the objects that wereconsidered to be noise.

After the pre-processing stage we extract the SIFT keypoints from the image, represented as
a setS. Based on these points we can now construct aC̆ech complex(Def.3) by considering a
collection of balls of radiusr, {Br(s) ∶ s ∈ S} super-imposed on to the image. Every set ofk balls
with a non-empty intersection is thek − 1 simplex in the resulting abstract simplicial complex.

Boat_original.eps
Boat_back_removed.eps
Boat_sift_keypoints.eps
Boat_nerves_diff_order.eps
Boat_cech_spectrum.eps
Boat_maximal_cech_nerve.eps
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Algorithm 1: C̆ech Complex represenatation of Image Objects

Input : digital imageimg, KeypointsS, C̆ech radiusr
Output : C̆ech complex on the imagĕCechr(S),C̆ech nerve of maximal order

maxC̆echr(S), C̆ech spectrumC
1 foreachs ∈ S do
2 C̆echr(S) ∶= C̆echrS∪ Br(s);
3 /*Calculating theC̆ech spectrum*/;
4 S ∶= S;
5 Nrv(0) ∶= S;
6 Continue← True; k← 1;
7 while Continue= Truedo
8 S ∶= (k+ 1)-Combination of S;
9 foreachcomb∈S do

10 bnddsk←minimal bounding disk of the (k+ 1) points in comb;
11 rad← radius of bnddsk;
12 if rad ≤ r then
13 nerve← comb;
14 else
15 /*Continue*/ ;

16 if nerve≠ ∅ then
17 Ŝ← all the unique points s∈ S present in nerve;
18 Nrv(k− 1) ∶= Nrv(k− 1) ∖ {(k) −Combination ofŜ};
19 Ś ∶= S ∖ Ŝ;
20 k← k+ 1;
21 else
22 Continue← False;
23 maximalorder← k;

24 j ← 1;
25 while j ≤maximalorderdo
26 Nrv( j)z→ number of elements;
27 ( j)← number of elements

28 maxC̆echr(S) ∶= Nrv(maximalorder);
29 C̆echr(S)z→ img;

Moreover, it can be seen that every set ofk geometric balls with a non-empty intersection is called
a C̆ech nerve, denoted by̆Cechr(S). The common intersection is termed as the nucleus and the
number of ballsk in the nerve is termed its order. An overview of the algorithmto generate the
C̆ech complex is presented in Alg.1. In Fig. 9.4all the{C̆echr s ∶ s ∈ S} in theC̆ech complex are
illustrated on the image. The nerves have been color coded with respect to their order.
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Here we can see that for the current choice of radiusr, the collection of balls form two com-
plexes as there is no intersection in between them. One of thecomplexes is on the front side of
the boat while the other complex is on the mast and the rear endof the boat. If we increase the
radius both these complexes will merge in to one complex. This is an important point to note and
is common to this and other frameworks which aim to model the data using topological constructs
(Ghrist, 2008). The topological features of the approximation built using C̆ech and related com-
plexes is dependent on the radius. The appropriate choice ofradius will be discussed in a future
work.

Here we present a possible topological signature of the shape. It is termed as thĕCech spectrum
and is defined in Def.20. It is defined as a sequence of numbers which represents the number
of nerves of a particular order in an image. A similar shape signature was considered for the
approximation of object space via curved and rectilinear triangulations (Ahmad & Peters, 2017b).
It can be seen that this is related to the spatial distribution of the keypoint locations and the radius
of the geometric balls. Nerves of higher order are a result ofa large number of keypoints proximal
to each other. Thus, based on how the keypoints are selected the nerves of different order represent
different concentrations(or clusters) of specific features in an image. Based on this we can assume
that the region in the image, where the highest number of keypoints are mutually proximal is the
most important region.

This brings us to the concept of a maximalC̆ech nerve. For the image under consideration we
can see from thĕCech spectrum that the order of the maximal nerve is 11 and there is only one of
them in the image. Let us look at the location of this nerve on the image. It is shown in Fig.9.6.
We can see that this nerve lies on the saftey tube hanging on the mast towards the rear end of the
boat. The reason for this is the the tube is a compact structure that is highly differentiated from its
background. Thus there is a high distribution of SIFT keypoints. Moreover, there are keypoints
corresponding to the rear hull of the boat. The combination of these points results in the existence
of the maximal nerve in this region of the image.

Each of the balls in this image is the maximal nerve is the 1-petal, denoted asptl 1. The union
of all theptl 1 in the maximal nerve is called thecrl 1. Thus the maximal̆Cech nerve is equivalent
to thecrl 1. All the geometric balls in the image that has a non-empty intersection with the 1-
corolla(crl 1) is called the 2-petal, denoted asptl 2. The union of all theptl 2 in the image is called
the 2-corolla(crl 2). The concept can be generalized to higher values ofk in a similar fashion. Thus,
the image shown in Fig.9.6also represents the 1-corolla or thecrl 1.

Let us consider the image of a car as shown in the Fig.10.1. This image contains a black car,
with many other objects such as a human, building, partial parts of a car and bus. Thus, the image
contains the focal object and a lot of other objects which forthe purpose of this study we consider
to be noise. After the pre-processing to remove all other objects apart from the focal object we
obtain the image shown in Fig.10.2. We use this image to select keypoints(setS) which will then
be used to construct ăCech complex and superimpose it on the image. The nerves in theC̆ech
complex({C̆echr(s) ∶ s ∈ S}) are color coded with respect to number of sets in them(order). This
result is shown in Fig.10.4. In contrast to the result for the image of the boat as shown inFig. 9.4,
we can notice that the collection of all the geometric balls of radiusr form a singleC̆ech complex.

Let us now move on to the newly proposed shape signature, namely the C̆ech spectrum. For
the approximation of the shape of the car withC̆ech complex, thĕCech spectrum is displayed in



M.Z. Ahmad, J. Peters/ Theory and Applications of Mathematics& Computer Science 7 (2) (2017) 81–123 113

10.1: Original Image 10.2: Origianl image pre-processed 10.3: SIFT keypoints
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10.5: Cech Spectrum 10.6: 1-Corolla(crl1) of the maximal
nerve

Figure 10. This figure displays the image of a car (Fig.10.1), and the same image
after preprocessing to aid in extracting topological structures(Fig.10.2).
The keypoints extracted by the SIFT algorithm are shown in Fig. 10.3.In
Fig. 10.4, the C̆ech nerve are superimposed atop the image. Fig.10.5
displays theC̆ech spectrum of the object space, denoted byC (OC̆ech

p ).
Fig. 10.6 displays the 1-corolla(crl 1) of the object space or the maximal
C̆ech nerve.

Fig. 10.5. It can also be observed that theC̆ech spectrum for the car is different from that of the
image of the boat(Fig.9.5). The order of the maximal̆Cech nerve was 11 for the boat and is 9
for the car. The number of nerves of maximal order is again one. There can be multiple maximal
C̆ech nerves in an image. In that case we can either consider them to be multiple objects or the
different(in terms of features) regions in the same image. This choice is dependent on whether we
consider our image to contain a single focal object or multiple ones.

We plot the maximalC̆ech nerve on the image and display it in Fig.10.6. It can be seen that
the maximal nerve lies on the interior of the car on its front door. Moreover, as discussed earlier
it the maximalC̆ech nerve is the same as the 1-corolla(crl 1) and each of the balls in it is the 1-
petal(ptl 1). All the geometric balls that share a non-empty intersection with thecrl 1 are called the
2-petals(ptl2). The union of all the 2-petals(ptl 2) is called the 2-corolla(crl 2). We can extend the
concept ofk-petals andk-corolla to this image as we did to the image of the boat.

4.2. C̆ech complex using hole based keypoints

After discussing the results of approximating the objects in an image usinğCech complexes
based on SIFT based keypoints, we develop a new type of key points. These types of keypoints are
based on the notion of a hole. The notion of a hole is a vital onein topology (Alexandroff, 1965).

Car_original.eps
Car_back_removed.eps
Car_sift_keypoints.eps
Car_nerves_diff_order.eps
Car_cech_spectrum.eps
Car_maximal_cech_nerve.eps
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Let us consider an extension of this concept to a digital image. We use the notion of adescriptive
hole, defined as below.

Definition 31. A descriptive hole is a finite bounded sub-region of a plane with a matching de-
scription. The description is obtained by the probe function,φ ∶ 2X

→ R.

Algorithm 2: Hole based Keypoints
Input : digital imageimg, Horizontal filter radiusrx, Vertical filter radiusry, Hole

thresholdt, Number of holesnhole

Output : Hole locationsKholes

1 fG(x,y) ∶= 1
2πrxry

exp(−( x2

2r2
x
+ y2

2r2
y
));

2 imgf ilt ← fG(x,y) ∗ img;
3 g ∶= empty matrix;
4 foreach pixel ∈ img do
5 J ∶= empty matrix;
6 foreachchannel∈ pixel do
7 J(channel, ∶) ∶=Grad(pixel);
8 (i, j)← location of pixel;

9 g(i, j)←
√
λmax(JT J);

10 g ∶= set all values of g< t to 1 and rest to0;
11 gz→ connected components;
12 connected componentsz→ size in terms of pixels;
13 /* arrange in descending order w.r.t. size in terms of pixels */;
14 connected componentsz→ arranged connected components;
15 hole←first nhole arranged connected components;
16 holez→ centroids;
17 Kholes← centroids;

In this paper we consider the description to be the pixel intensity, which for coloured images is
a vector of values in domainRn. Wheren is the number of channels in the image. For a classical
coloured image, the RGB color image, this is 3. A digital image is represented as a matrix (size
m× n) for computation, and for the RGB image this becomes a collection of three matrices or a
multi-way array of sizem× n× 3. For the purpose of detecting holes, we first convolve the image
with a normalized Gaussian kernel to remove noise. The 2D normalized Gaussian is defined as:

fG(x,y) =
1

2πrxry
e
−( x2

2r2x
+ y2

2r2y
)
,

whererx andry define the standard deviation of the Gaussian in thex andy direction respec-
tively. The standard deviation dictates the radius of the smoothing filter. This smoothed image
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is then used to calculate the derivative for each pixel. The derivative is calculated using the a
traditional derivative filter such as the sobel operator. Inan image, for each pixel there are two
derivative, one in thex and one in they direction. We combine the derivatives in a Jacobian
matrix(J).

To illustrate this concept, let us consider the RGB image to be a map(img) that assigns an
intensity(R3) to each pixel location(R2). This is represented asimg ∶ R2

→ R3. The Jacobian
matrix(J) for each pixel would thus be a matrix of size 2× 3, defined as:

J(img(x,y)) =
⎡⎢⎢⎢⎢⎢⎢⎣

∂img(1)
∂x

∂img(1)
∂y

∂img(2)
∂x

∂img(2)
∂y

∂img(3)
∂x

∂img(3)
∂y

⎤⎥⎥⎥⎥⎥⎥⎦
,

whereimg(i) represents theith channel of the image. The gradient magnitude for each pixel
g(x,y) is calculated as:

g(x,y) =
√
λmax(J(img(x,y))T J(img(x,y))),

whereλmax(A) is the larget eigen value of matrixA.
Once, we have the gradient magnitude for each pixel in the image we can then threshold to

yield the location of regions with relatively constant pixel intensities. The value of the threshold
decides the ammount of variation that we are willing to allowin the description of a hole. Since, we
are interested in the areas with a gradient close to 0, we set all the pixels with gradient values less
than the threshold to be 1 and the rest to be 0. In this fashion we mark all the regions of interest(or
holes as we refer to them) as 1. We can extract these regions using connected component analysis,
and then calculate the size of the region in terms of the number of pixels and its centroid. The holes
are arranged in the descending order with respect to their size and the hole based keypoints(Khole)
are the centroids of these holes. The size of the hole is a determinet of its importance in the image.
This method is summarized in Alg.2.

Once, we have the hole-based keypoints,Khole, they are input to the Alg.1 to build theC̆ech
complex so that features of the objects in the image can be extracted. This process is similar to
the one performed for the SIFT keypoints in §4.1. Let us discuss the application of this new class
of keypoints to the images used in §4.1. Let us first illustrate the location of the new form of
keypoints on the image of the boat, as shown in Fig.11.1. The difference between the objects
extracted from the digital images using the two differnet types of keypoints lies in the location of
the keypoints. Let us compare the location of the SIFT and hole-based keypoints(Khole), shown in
Fig. 9.3and Fig.11.1respectivly. We can see that due to the specific constructionof Khole, these
exist on a region with a constant intensity. It can be seen that in the SIFT based keypoints are
located along edges of the main body of the boat, while one of theKhole lies near the center of the
body of the boat. The rest of the keypoints are mostly concentrated near the bottom edge of the
boat on the shadow, and the life tube. These objects are very narrow, so the SIFT and theKhole are
at almost similar locations. It is easy to see that for a narrow objects the centeroids are close to the
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11.1: Hole-based keypoints 11.2: C̆ech nerve of different
order
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11.3: C̆ech Spectrum

11.4: MaximalC̆ech nerve

Figure 11. Fig. 11.1 displays the hole-based keypoints on the original image of the
boat. C̆ech nerves of different order are shown in Fig.11.2. Fig.11.3
displays theC̆ech spectrum for the hole-based keypoints. The maximal
C̆ech nerve or the 1-corolla(crl 1) is displayed in Fig.11.4.

edges.
Let us now look at theC̆ech nerves of differnet order imposed on the image. It is shown in

Fig. 11.2and the nerves are color coded with respect order(the numberof geometric balls in the
nerve). The radius used to generate this result is the same asthat for the SIFT based keypoints
shown in Fig.9.4. It can be seen that̆Cech nerve generated usingKholes covers more area of the
boat, that theC̆ech nerve generated using the SIFT keypoints.

The C̆ech spectrum or the number of uniqueC̆ech nerves of a specific order in thĕCech
complex(C̆echr(K)) is defined as Def.20. For theC̆ech complex generated using the hole-based
keypoints, denoted as̆Cechr(Kholes), theC̆ech spectrum(C ) is displayed in Fig.11.3. Comparing
this with the result for the SIFT keypoints(Fig.9.5), it can be seen that thĕCech spectrum is quite
different. It can be seen that the order of the maximalC̆ech nerve forKhole is 9, while for the SIFT
based case is 11.

One commonality between thĕCech complexes for both the SIFT andKholes is the location
of the maximalC̆ech nerve or the 1-corolla(crl 1). Other topological structures can be extracted
for theKholes basedC̆echr(Kholes) in the same fashion as for the SIFT based case explained with

Boat_holes_keypoints.eps
Boat_holes_nerves_diff_order.eps
Boat_holes_cech_spectrum.eps
Boat_holes_maximal_cech_nerve.eps
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Figure 12. Fig.12.1displays the hole-based keypoints on the original image of the car.
C̆ech nerves of different order are shown in Fig.12.2. Fig.12.3displays the
C̆ech spectrum for the hole-based keypoints. The maximalC̆ech nerve or
the 1-corolla(crl 1) is displayed in Fig.12.4.

detail in §4.1.
Let us move on to the case of extracting the shape of the car usingKholes. We consider the loca-

tion of the SIFT keypoints(Fig.10.3) and compare them with the location of theKholes(Fig. 12.1).
For this image it can be seen that the SIFT based keypoints forthe image of the car are located
in the center of the object on the front door. While, theKholes for this image are located towards
the upper contour of the car. The SIFT points are located on the front door due to the text. There
are lot of edges on the front door thus the SIFT based keypoints lie on these edges. Moreover, the
location ofKholes are on the rims, the mirros and the bumper of the car on the back. The locations
of the keypoints for the SIFT are on the on the text, bottom fender of the car on the back and on
the arm of the man in the car. Due to the centrality of the text on the car the SIFT keypoints for
this image are concentrated on the center of the car.

This is the main reason for thĕCechr(K) generated using the SIFT keypoints(Fig.10.4) cover
the car better than theKholes(Fig. 12.2). The nerves of different order are color coded for the
C̆ech complex generated usingKholes are displayed in Fig.12.2. TheC̆ech complex for theKholes

conforms very well to the top contour of the car and the tires,but the bottom part of the front door
remains uncovered. ThĕCech spectrum of thĕCechr(K) usig theKholes is shown in Fig.12.3.
It can be seen that this̆Cech spectrum is different from the case of the SIFT keypoints shown in
Fig.10.5. The maximalC̆ech nerve for theKholes is 8 while for the SIFT keypoints is 9. Moreover
the case of the car, the location of the maximal nerver or the 1-corolla(crl 1) is also different for
the SIFT keypoints and theKholes. For the SIFT the maximal nerve is on the front door while for
theKholes it is on the top of the rear end of the car. This difference is fundamentaly due to the
difference in the spatial distribution of the specific types of keypoints.

Car_holes_keypoints.eps
Car_holes_nerves_diff_order.eps
Car_holes_cech_spectrum.eps
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4.3. Applications of the proposed framework

In this section we will present a few possible applications of the proposed framework. The idea
is to formulate a proof of concept, that the current framework can be used in object extraction and
recognition tasks in computer vision. We will begin with theidea of extracting the shapes from an
image using the topological notion of cover.

4.3.1. Persistence of̆Cech Shapes
One of the major themes in this article is to develop a topological framework for covers of

an object in a digital image. The idea of using simple geometrical objects to cover a topological
space, so as to extract topological and geometrical information about it dates back to Poincar˘e
(Poincaré, 1895). The objects used here are disks (here calledC̆ech balls), parameterized by the
location of centers and radii. An important question that arises here is related to the choice of these
parameters.

We choose the centroids to be the keypoints contributed by either SIFT or by hole based key-
points of Alg.2. As to the choice of radii goes, we will use a recently developed technique, called
persistent topology (Edelsbrunner & Harer, 2010), which is aimed at filtering out noise. The idea
is that as we increase the radius of theC̆ech balls we get a new̆Cech complex which is a super-
set of the previous one. This can be written as:f or all r , s ∈ R, r < s⇒ cxr ⊆ cxs. Herecxr is
a C̆ech complex yielded by̆Cech balls of radiusr. This means that we get a filtration ofC̆ech
complexes indexed by the radius. Since, the question under investigation is the quality of a cover
of the objects in digital images, we will employ appropriatemeasures in this regard.

The two measures that we use are the fraction of the area of theobject covered by thĕCech
complex and the fraction of the area ofC̆ech complex that lies on the object in the image. We
want to cover the maximum area of the object while reducing the area of the background(parts
of an image that are not the object), in the resulting cover. This is a trade off, which can be seen
from Figs.13.1and13.2. In Fig.13.1all of theC̆ech complex lies on the object, but it only covers
a small area of the object. In Fig.13.2, we are covering a significant portion of the object area,
but the spillage into the background is also present. We needto strike a balance between the two
parameters to attain a cover of the object that is well suitedto approximating its geometrical and
topological features. Hence, we plot the normalized values(on the range[0,1]) of the measures
for the whole filtration in the plot shown in Fig.13.3.

From this plot we can decide upon the appropriate value of theradii for theC̆ech balls, which
will suite our application. If the objective is to maximize the area of the object covered we would
like the radius to be in the range of 170−220, but the spillage of the complex would be significant.
Another possible choice could be the intersection point of the two curves, which would yield a
value of 120 for the radius. This perspective gives us a view of the topological and geometrical
properties of the object, indexed by scale. Other possible extensions of this method could be, to
consider indexing by the number of keypoints or to index by both the number of keypoints and the
radius.

4.3.2. Shapes of Bird Species
Let us consider another application of the concepts developed in this article. We will consider

the identification of different species of birds, based on their shape. The aim like theprevious
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13.1: C̆ech Complex withǫ = 50 13.2: C̆ech Complex withǫ = 150

Fraction of Cech Nerves Area lying on object

Fraction of object area Covered

50 100 150 200 250 300
ϵ

0.2

0.6

0.8

1.0

13.3: Persistence of̆Cech shapes

Figure 13. This figure illustrates the change in the area of the object covered by the
C̆ech complexes of varying diameters,ǫ. The plots illustrate the fraction
of the object area covered by thĕCech complexes and the fraction of the
complex area that lies on the object of interest.

application is to demonstrate the viability of the theoretical framework. For this purpose we select
the database used in (Lazebniket al., 2005). We select three images of birds belonging to three
different species. On the images we perform an analysis similar to the one detailed in Sec.4.2.

We use the holebased keypoints as they take into account the description of the image(in terms
of the locations of constant pixel intensity regions). Thiswill be a crucial feature in the classifi-
cation of different patterns. The patterns inside an object and the shape of its contour are some of
the most important features when it comes to classification in computer vision. This can be under-
stood by looking at the pictures of the three birds we aim to classify, shown in Figs.14.1,14.4and
14.7. These differ not only in terms of the shapes of their boundary contours but the patterns on
them. For each of the birds, thĕCech complexes formed by considering the holebased keypoints
determined using Alg.2, are shown in Figs.14.2,14.5and14.8. We can see that the 1-skeleton of
theC̆ech complex (i.e. all the 1-simplices in it) conforms to the shape of the bird. An additional
point to note here is that, it represents the proximity of thecentroids of the regions with different
descriptions. Hence, it is a more structural representation of the bird in terms of the regions of
matching description in it.

For this example we resort to looking at thĕCech spectra(Def.20) of each of the images.
This is the number of̆Cech nerves of different order in the image. Each of theC̆ech Nerves is
itself a hyper-connected space, as it is a intersection of varying number of Cech balls. The order
of the hyper-proximity is the same as the cardinality of the nerve. Hence, thĕCech spectra can
be equivalently thought of as the number of hyper-connectedsubspaces of different order in the
image. TheC̆ech spectra for the images of the three birds are show in Figs.14.3,14.6and14.9. It
can be seen that thĕCech spectra for the three birds are significantly different, hence providing a
possible feature for classification.

4.3.3. Shapes of Butterfly Species
We present another application of the proposed framework toobject detection for classification

in computer vision. The aim is to provide a proof of concept, that the theoretical framework
developed in this article can be used in practical applications. For this purpose, we aim to classify

cechcomplexcar50.eps
cechcomplexcar150.eps
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14.1: Egret 14.2: C̆ech Complex covering
of Egret

14.3: C̆ech Spectrum of Egret

14.4: Owl 14.5: C̆ech Complex covering
of Owl

14.6: C̆ech Spectrum of Owl

14.7: Wood Duck 14.8: C̆ech Complex of Wood
Duck

14.9: C̆ech Spectrum of Wood
Duck

Figure 14. This figure illustrates thĕCech complex coverings and the associated Cech
spectra for images of three different birds taken from the database devel-
oped in (Lazebniket al., 2005).

butterflies based on their shapes. The dataset used in this task is taken fromLazebniket al.(2004).
We take three different images of butterflies belonging to different species. These images are
shown in Figs.15.1,15.4and15.7. All these butterflies are different from one another based on
their shape and patterns.

As we discussed in the case of classifying bird species, a classifier that incorporates the pixel
intensity description would perform better than the one that considers boundary contours alone.
This fact becomes even more evident when we compare Figs.15.1and15.4, showing Black Snow-
tail and Machaon butterflies respectively. Both the butterflies have almost identical boundary

BirdEgret.eps
BirdEgretCech50.eps
BirdEgretCechSpectrum.eps
BirdOwl.eps
BirdOwlCech50.eps
BirdOwlCechSpectrum.eps
BirdDuck.eps
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BirdDuckCechSpectrum.eps
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15.1: Black Snowtail 15.2: C̆ech Complex covering
of Black Snowtail

15.3: C̆ech Spectrum of Black
Snowtail

15.4: Machaon 15.5: C̆ech Complex covering
of Machaon

15.6: C̆ech Spectrum of
Machaon

15.7: Zebra Butterfly 15.8: C̆ech Complex of Zebra
Butterfly

15.9: C̆ech Spectrum of Zebra
Butterfly

Figure 15. This figure illustrates thĕCech complex coverings and the associated Cech
spectra for images of three different butterflies taken from the database
developed in (Lazebniket al., 2004).

contours but differ drastically in terms of patterns. Thus, we must use the holebased keypoints cal-
culated using Alg.2, which are centroids of regions with matching description(in this case [pixel
intensities). The methodology used here is similar to the Secs.4.2and4.3.2. TheC̆ech covers of
the different butterflies are shown in Figs.15.2,15.5and15.8. It can be seen that the difference of
patterns dictates the locations of the holebased keypoints. It leads to differentC̆ech complexes for
both the Black Snowtail(Fig.15.1) and the Machaon(Fig.15.4). Moreover, the 1-skeletons(all the
1-simplices) of theC̆ech complexes conform to the structure of the shape.

Now to exploit this difference in theC̆ech complexes we usĕCech spectrum(Def.20) as a
measure. The relationship between theC̆ech spectrum and hyper-connected subspaces of the
image has been detailed in Sec.4.3.2. We can see that̆Cech spectra for the different butterflies
as shown in Figs.15.3,15.6 and 15.9 are substantially different. This difference elucidates the
possibility of classification.
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5. Conclusion

This paper uses proximal̆Cech complexes to approximates the shape of objects in digital im-
ages. Several topological structures with closed geometric balls as the primitive are formulated
to study the geometrical and topological properties of objects. Moreover, instead of considering
only the boundary contours of the object we also include the interior of the shape using descriptive
proximity relations. The classical notion of proximity as arelation on two subsets has been ex-
tended to functions over arbitrary number of subsets. Moreover, the usual binary proximity is also
extended to a continuous valued function also yielding the extent of nearness between objects. We
define the concept of a descriptive hole in an image as a finite bounded region with a matching
description. These are then used to formulate an algorithm to extract keypoints from an image.
The distribution of the orders f the differentC̆ech nerves in the image is used to define a signature
for the shape of an object in digital images. The results for the computational experiments along
with the algorithms used have also been presented.
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