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Abstract

The aim of this article is to present some general properties of orthogonal sequence of functions, respectively orthogonal
polynomials. We obtain some connections between the classical orthogonal polynomials: Legendre, Chebyshev, Laguerre and
Hermite.
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1. Introduction

The (classical) orthogonal polynomials represent one of the most important problems, extensively in-
vestigated in the literature from different points of view (see (Carlitz, 1968), (Chihara, 2011), (Dominici &
Maier, 2008), (Grinshpun, 2004), (Mason & Handscomb, 2002) and references therein).

In (McCarthy et al., 1993) the authors study the Dirichlet polynomials as a generalization of the Le-
gendre polynomials and prove a formula of Rodrigues type and some results for the zeros of the generalized
Legendre polynomials and an interesting approach is made in (Sun, 2014).

Relations for products of Chebyshev polynomials and the related generating functions are shown in
(Cesarano, 2012) and in (Siyi, 2015) some connections between the Chebyshev polynomials, Fibonacci
numbers and Lucas numbers are emphasized.

The Laguerre polynomials have been studied in mathematical physics, combinatorics and special func-
tions (see (Koeph, 1997), (Micu & Papp, 2005)) and T. Kim, D. S. Kim, K. W. Hwang and J. J. Seo ((Kim
et al., 2016)) derive a family of ordinary differential equations from the generating function of the Laguerre
polynomials and prove new identities for those polynomials.

Y. He and F. Yang ((He & Yang, 2018)) obtain recurrence formulas for the Hermite polynomials using
generating function methods and Padé approximation techniques and in (Kim & Kim, 2013) a formula for
a product of two Hermite polynomials is given. Also, recently, the differential equations associated with
squared Hermite polynomials are treated in (Kim ez al., 2017).
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In this paper we treat the orthogonal sequence of functions and the (classical) orthogonal polynomials.
Some relations for the classical orthogonal polynomials (Legendre, Chebyshev, Laguerre, Hermite) are
proved.

2. The main results

Definition 2.1. We consider p : (a,b) — R a nonnegative function on (a, b) and {f,},en C LIZR(a, b). We

b
assume that there exist f fnz(x)p(x) dx. The mapping (-, ) : L]%(a, b) x Lﬂzg(a, b) - R,
a

b
<fm’ fn) = ffm(x)fn(x)p(x) dx

is inner product on L]%{(a, b) and the function p is called the weight function of the inner product.
Proposition 1. The inner product from Definition 2.1 satisfies the following properties:
(@) Y{fonhmes fidnews phpen © L (@, b) = {fon + fs fip) = {fons fip) + {fovs S
(i) Ya € R, Y{finhmen, {fiknen C Ly(a,b) : @fms fo) = & fns fo);
i) Y fdmens Ufalnen C L (@, b) = {fons fiu) = {fos )
(@v) V{fulnen C Li(a,b) : {fu, fu) = 0.

Definition 2.2. The sequence of functions { f;},cy is called orthogonal if

fous fr) =0, Ym # n.
Proposition 2. Any orthogonal sequence of functions {f,},en on (a, b) is a linearly independent system.
Theorem 2.1. Any linearly independent sequence of functions { f,}nen can be orthogonalized.

Definition 2.3. The orthogonal polynomials {p,},en on (a, b) are called classical orthogonal polynomials
relative to the weight function p if the following differential equation is checked:

(c(®)p(x))" = T(0)p(x),
where 7 is a polynomial of degree 1 and o is given by:

(x—a)b-x), ifa,beR

(x) = X —a, ifaeR,b=o0
TV b, ifa=—-co,beR
1, ifa=—-00,b=0c0

and
lim x"o(x)p(x) = linll7 X'o(x)p(x) =0, Yn e N,
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Remark 1. From Definition 2.3, we obtain the expression of the function p:

x-a)b-xF, a=22-1,=-2 1(@beR)
(x—a)%e™®,  a=1@)-1(@eR,b=o0)

POI=14 (h— e ™®, B = —1(b)—1(a=—oco.bcR)
ef‘r(x)dx’ a:—oo,b:oo

Remark 2. In particular, considering in Definition 2.3

e (a,b) = (-L,1)and p(x) = 1, o(x) = 1 — X%, 7(x) = —2x, Vx € (=1, 1), we obtain the Legendre
polynomials denoted P,;

e (a,b) =(—1,1)and p(x) = ,o(x) = 1—x%, 7(x) = —x, Yx € (-1, 1), we obtain the Chebyshev

- X
polynomials of the first kind denoted T,;

e (a,b) = (-1, and p(x) = V1 — x2, o(x) = 1—x%, 7(x) = =3x, Vx € (=1, 1), we obtain the Chebyshev
polynomials of the second kind denoted U,;;

e (a,b) = (0,00) and p(x) = x%¢ ™, o(x) = x, 7(x) = —x+a + 1, Vx € (0, c0) (where @ > —1), we obtain
the Laguerre polynomials denoted LY

e (a,b) = (—00,00) and p(x) = e‘xz, o(x) = 1, 7(x) = —2x, Yx € (—00,0), we obtain the Hermite
polynomials denoted H,,.

Remark 3. Also, the expression of the Chebyshev polynomials of the first, respectively second kind, can be
given by:

sin((n + 1) arccos x)

T,(x) = cos(narccos x), respectively U,(x) = , Yxe(-1,1), Vne N.

sin(arccos x)

Now we emphasize some properties of the Legendre, Chebyshev, Laguerre and Hermite polynomials
(see (Bochner, 1929), (Szego, 1939)).

Proposition 3. The Legendre polynomials satisfy the following:

(5]
. 1:3.5.-Qn=-2k-1) .
— k ~k n—2k .
(i) Pu(x) = ;(—1) ck, P X% Vx e (=1,1), Vn e N;
) Lo,
(i) Pu(x) = : (x*=1)" Vxe(-1,1), ¥n e N;
2'n!  dx"

(iii) (1 - xz)P,'{(x) - 2xP,(x) +n(n+ 1)P,(x) =0, Vxe (-1,1), Vn e N;
(iv) m+ DPuri(x) — Cn+ DxPy(x) + nP,—1(x) =0, Yx e (-1,1), Yn € N*;

{0, ifm#+n

2 ; —
Tt fm=n

1
V) [ Pu(0)Py(x)dx =
-1

Proposition 4. The Chebyshev polynomials of the first kind verify the following:



138 G. Mot et al. /| Theory and Applications of Mathematics & Computer Science 8 (2) (2018) 135-142

(5]
(i) Tp(x) = Z(—chg"x"-”‘(l -2k ¥xe(-1,1), VYn e N;
k=0

(i) Tp(x) = M d”

Qn-DN dxn(l — ) Yxe (=1,1), Yn e N;
(iii) (1= )T (x) = XT)(x) + n2T,(x) = 0, Vx € (=1,1), ¥n € N;
(V) Tp1(x) = 2xT5(x) + Ty—1(x) = 0, Yx € (=1, 1), Yn € N*.
1 0, ifm#n
v) [P dx = 5, ifm=n#0
B n, ifm=n=0.

Proposition 5. The Chebyshev polynomials of the second kind verify the following:
[5]
(D) Un(x) = D (=DFCEE 241 = ), vx e (<1, 1), Vn e N,
k=0

) I V(R VI PP _ .
(i) Un(x)—(2n+1)”m dx"(l x)'"72, ¥xe(-1,1), Vn e N;

(i) (1 - xz)U,'l’(x) = 3xU)(x) + n(n +2)U,(x) =0, Vx e (-1,1), Vn e N;
(iv) Up1(x) =2xU,(x) + U,—1(x) =0, ¥Vx € (-1,1), Yn € N*.

] .
) [ UnUn0) VT = 2 dx = { 0. ifm#n
-1

5 ifm=n.
Proposition 6. The Laguerre polynomials verify the following:

n _1 k
() Ly(x) = Z %Cﬁ;ﬁxk, Vx € (0,00),a@ > -1, VYneN;
k=0 ’

1 d"
(i) LI(x) = —=x %" - — ("), Vx € (0,00),a > —1,Vn e N;
n! dx"
(@ii) x(Ly(x))" + (1 +a - x)(LI(x)) +nLy(x) =0, Vx € (0,0),@ > -1, Vn e N;
(v) (n+ DLY () +(x-2n—1-a)Li(x)+(n+a)ly (x) =0, Yx € (0,00),a>-1,¥neN"

< 0 ifm#+n
a 3 @ ,—X — ’
) OfLm(x)L" ()xTe dx = { %F(n +1+a), fm=n.
Proposition 7. The Hermite polynomials satisfy the following:
[5]

(i) Hy(x) = Z(—l)kcgk ck+ 1) (k+2) ... - (2k) - 2x)", Vx € (=00, 00), Vn € N;
k=0

(i) Ha(a) = (1" - e, Vx e (=o0,00), ¥ €
X



G. Mot et al. /| Theory and Applications of Mathematics & Computer Science 8 (2) (2019) 135-142 139
(iii) H,/(x) —2xH,(x) + 2nH,(x) = 0, Yx € (=00, ), ¥n € N;
(iv) Hpp1(x) —2xH,(x) + 2nH,_1(x) = 0, Yx € (—00, ), Yn € N*;

< 2 |0, ifm+#n
W e m<x>Hn(x>dx—{ YniNE. ifm =,

Further, we show other connections between the classical orthogonal polynomials indicated in Remark
2.

Proposition 8. For the Legendre polynomials, the following relations hold:

(@) xP/_ (x) =P, (x) =+ 1)Py1(x), Vx € (-1,1), Yn e N*;

n+l
(@) P, (x) = xP(x) = (n+ DPy(x), Vx € (-1,1), Y¥n € N*.
Proof. Using Proposition 3, we deduce

nPy_i(x) — nxPpy(x)

2 , ¥xe(-1,1), Yn e N*,
—-x

P (x) =

Thus, making the computations, we obtain:

(@)
xP_,(x) = P,(x) =
_ . (m+ DPy(x) = (n+ DxPpy1(x)  nPp1(x) — nxPu(x) _
- 1—x2 1—x2 a
_2n+ DxPy(x) = nPy_1(x) = nX*Ppiy (X) = X2 Py (%)
B 1-x2 B
)
_ I)P”“(x)l al 2(” P 1P (), V€ (<1.1), Vn € N*:
— X
(1)
P — a0 = VP =0+ DB ) nPoci(3) = naPu) _
n 1-—x 1—x2
_ (n+ DPy(x) = nxPyii (X) + X2 Py(x) — XPyi (x) — nxPp_y(x)
B 1-x2 B
_ (n+ DPp(x) = xPpy1(x) — nxPp_1(x) + xPpy1(x) — nszn(x) - szn(x) + nxPp,_1(x) _
a 1—x2 -
(n+ DP,(x) — X2(n + DPy(x)

= =m+ DHP,(x), Vxe (=1,1), Vn e N*,
1-x2

Proposition 9. The Chebyshev polynomials of the first, respectively second kind, verify:
@) Un(x) =2xU,—1(x) + Up—n(x) =0, Vx € (—1,1), Yn € N*;

@) Unp(x) =2T,(x) = Up—2(x) =0, Vx € (-1, 1), Vn e N*.
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Proof. From Remark 3, after some computations we obtain:

T . (x
"*1(1),Vx € (-1,1), ¥n e N.

Un(x) =

(i) We have:
L™ o T, T, @
- 2x + =

+1 n n—1

Un(x) = 2xUu-1(x) + Up2(x) =

1
= [sin((n + 1) arccos x) + sin((n — 1) arccos x) — 2x sin(n arccos x)] =

V1 —x2

1
= = [2x sin(n arccos x) — 2x sin(rnarccos x)] = 0, Vx € (=1, 1), ¥n € N*.
1-x

(if) Similarly with (i), we deduce:

T, (%) _ T, (%)

- 2T =
n+1 n—1 ()

Un(x) = 2T, (x) = Uy2(x) =

1
= [sin((n + 1) arccos x) — sin((n — 1) arccos x)] — 2 cos(n arccos x) =

V1 — x2

1
= 22 sin(arccos x) cos(n arccos x) — 2 cos(n arccos x) = 0, Vx € (-1, 1), Vn € N*,
1-x

Proposition 10. For the Hermite polynomials, the following relations are checked.:
) H;,1+1(x) + H,'l_l(x) =Q2n+ 1)H,(x) +2xH,_1(x), Yx € (=00, ), Yn > 2;
(i) H,,(x) = 2xH,(x) = 2H,(x) — 4n(n — 1)H,—»(x), Yx € (-0, ), ¥n > 2.
Proof. From Proposition 7, Vx € (=00, 00), Yn € N* it results

H}(x) = 2nH, 1 (x)

and then
@)
H,’Hl(x) + H;l_l(x) =2(n+ DH,(x) +2(n— 1)H,_»(x) =
=2n+ DH,(x) + Hy,(x) + 2(n — 1)H,_»(x) = 2n + 1)H,(x) + 2xH,_1(x);
(i)

H) (x) = 2xH;(x) = 2(n + 1)Hu(x) — 4nxH,_1(x) =
=2H,(x) + 2n(H,(x) — 2xH,_1(x)) = 2H,(x) — 4n(n — 1)H,_»(x).

Proposition 11. The classical orthogonal polynomials from Remark 2 satisfy:
() m+DHPu(x)+( - xz)P,;(x) —x(n+ 1)Py(x) =0, Vx e (-1,1), Vn € N¥;

(i) nTyr1(x) + (1 = x)T'(x) — nxTy(x) = 0, Vx € (~1,1), Yn € N*;
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(iii) nUp1(x) + (1 - xz)U,;(x) —nxU,(x) - U,_1(x) =0,¥x e (-1,1), Vn € N*;

141

(iv) (n+ DL ()= (LX) = (@—x+2n+ 2L () + (n+ ) L2 (x) = 0, Vx € (0, 00),& > —1, Vn € N*;

n+1
(v) Hpr1(x) + H)(x) = 2xH,(x) = 0, Yx € (=00, 0), Yn € N*.
Proof. (i) From Proposition 3, (if), respectively (iv), we obtain
(1 = x*)P(x) = nPy_1(x) = nxPy(x),

respectively
(n+ DPpi1(x) = 2n + 1)xPp(x) — nPp_1(x)

and then
n+DPi(x)+ (1 - xz)P;l(x) +(mx—-2n—-1)P,(x) =

=2n+ DxP,(x) — nPy_1(x) + nP,_1(x) — nxP,(x) — x(n + DP,(x) =0, Vx € (-1,1), ¥n € N*,

(if) From Proposition 4, (ii), respectively (iv), we deduce
(1 = x)T)(x) = —nxT(x) + nTp_1 (%),

respectively
Ty1(x) = 2xT(x) — Ty—1(x)

and then
nT 41 (x) + (1 = X)T(x) — nxT(x) =

=2nxT,(x) — nTyp_1(x) — nxTp(x) + nT,—1(x) — nxT,(x) =0, Yx € (-1,1), Vn € N*.
(iii) From Proposition 5, (ii), respectively (iv), we observe
(1 = XHULX) = —nxUpn(x) + (n + DU,—1 (%),

respectively
Un+1(x) = 2xUp(x) = Up-1(x)

and then
nUp1(x) + (1 = X)UL(x) = nxUp(x) = Upo1(x) =

=2nxU,(x) = nU,_1(x) — nxU,(x) + n + DU,_1(x) — nxU,(x) — U,_1(x) = 0,Yx € (-1, 1), ¥n € N*.

(iv) From Proposition 6, (ii), respectively (iv), it results
(L) (x) = =L+ (%),

respectively
(n+ 1HL® (@—=x+2n+ 1Ly (x) = (n+a)L;_ (x)

nel =
and then
(n+ DLYH (x) = (LX) = (@ = x + 2n+ 2)LT (x) + (n + @) L2 (x) =

n+1
=(@—x+2n+2)LT" (x) - (n+ a + DL (x) + L7 (x)-

—(@ = x+2n+ 2L (x) + (n + @)L (x) = 0, Vx € (0,00), @ > —1, ¥Yn € N*,

n
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(v) From Proposition 7, (ii), respectively (iv), it follows
H,(x) = 2nH,- (%),

respectively
Hy1(x) = 2xHy(x) — 2nHp,—1(x)

and then
Hy1(x) + Hy (x) — 2xH,(x) = 2xH,(x) — 2nH,—1(x) + 2nH,_1(x) — 2xH,(x) = 0, ¥Yx € (-0, ), Yn € N*.
O

Open problem: Animportant open problem is to define other orthogonal polynomials that fulfill similar
conditions with those emphasized for the classical orthogonal polynomials in this article.
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