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Abstract

In the present paper we deal with the concept of polynomial stability in average. We obtain two characterization theorems
that describe the concept mentioned above. In fact, we give a logarithmic criterion and a Datko type theorem for cocycles of linear
operators.
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1. Introduction

The notion of exponential dichotomy in average was introduced by L.Barreira, D.Dragicevic and C.
Valls in (Barreira et al., 2016) and it includes the classical concept of uniform exponential dichotomy which
appeared due to Perron (Perron, 1930).

A particular case of this dichotomy behavior was studied by Dragicevic in (Dragicevic, 2016). He
obtained a version of a well known theorem of R. Datko for the notion of the exponential stability in
average for cocycles over flows and also for cocycles over maps.

In (Hai, 2019) the author uses the theory of Banach function spaces to characterize polynomially
bounded stochastic skew evolution semiflows. He talks about polynomial stability and polynomial instabil-
ity in mean. He states and proves results which are continuous or discrete-time versions of the Datko type
characterization theorems.

The objective of this paper is to find for cocycles of linear operators, similar approaches as in the expo-
nential case, for the classical polynomial stability concept, that has been studied in many papers (Barreira
& Valls, 2009), (Hai, 2015), (Megan et al., 2003). In fact, we consider cocycles acting on functions from L
and we give a version of a logarithmic criterion for the concept of polynomial stability in average which is
similar to the one obtained for the classical uniform polynomial stability concept. Also, we prove a Datko
type characterization theorem for the concept mentioned.
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2. Preliminaries

Let (Q, B, i) be a probability space. We consider the sets A = {(t, s) € R2 : stand T = {(¢, s,1y) €
R3 :t> s>t}

Definition 2.1. An application ¢ : R, X Q — Q is called a semiflow on Q if:
(s1) ¢(0,w) = w, for all w € Q.
(52) @t + 5, 0) = @(t, (s, w)), for all (¢, s, w) € A X Q.
Let X be a Banach space and B(X) the Banach algebra of all bounded linear operators acting on X.
Definition 2.2. An application @ : R, x Q — B(X) is called a cocycle over the semiflow ¢ if:
(c1) Yx € X the mapping (f, w) — (¢, w)x is Bochner measurable.
(c2) Y(t,w) e Ry x Q, AD(1,w) ™.
(c3) O(0,w) =1,YVw € Q, where I is the identity operator on X.
(ca) Ot + 5,w) = O, (5, W)) (s, w),Vt,s = 0,Yw € Q.

Let L'(Q, X, 1) be the Banach space of all Bochner measurable functions x : Q — X such that

llxlly == fllx(w)ll du(w) < .
Q

In what follows, we will denote by
D,,(t, 5) = D(t, w) O(s,w) ", Vt,5 > 0,Yw € Q.
Remark 2.1. It is easy to see that an evolution property holds:
Dy (1, 19) = Oy(t, s) Dy(s,t9), Vi =5 >19 >0, Yo € Q.

Indeed, @, (1, 5) Dy (s, 19) = O, ) D(s, w)~! D(s, ) D(ty, W)™ = B(1, W) D(ty, w)~! = O,(1, 10).

3. Polynomial stability in average

Definition 3.1. The cocycle @ : R, X Q — B(X) is polynomially stable in average if there exist N > 1 and
v > 0 such that

f 1D, S)X(w)||dﬂ(w)<M( ) f (@)l dia(w)

for all (¢, s, w) € A X Q.

Remark 3.1. The cocycle @ : Ry x Q — B(X) is polynomially stable in average if and only if there exist
N > 1 and v > 0 such that

f 1D (1, to)x(w)lldp(w) < N ( ) f 1D, (s, 10)x(w)|| dp(w)

forall (¢, 5,1y, w) € T X Q.
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Definition 3.2. The cocycle ®@ : R, x Q — B(X) is uniformly stable in average if there exists N > 1 such
that

f 1P (1, $)x(w)lldu(w) < N f llx(w)ll du(w)

for all (¢, s, w) € A X Q.

Remark 3.2. The cocycle @ : Ry x Q — B(X) is uniformly stable in average if and only if there exist N > 1
such that

f 101, t0)x()du(w) < N f D5, t0)x(@)] dia(@)
Q Q

for all (¢, s,ty), w) € T X Q.

Definition 3.3. The cocycle @ : R, x Q — B(X) has polynomial growth in average if there exist M > 1
and @ > 0 such that

f 1D, S)X(w)lldu(w)<M( ) f (@) du(w)

for all (¢, s, w) € A X Q.

Remark 3.3. The cocycle ® : R, x Q — B(X) has polynomial growth in average if and only if there exist
M > 1 and @ > 0 such that

f 10,0, fo)x(w)||dﬂ(w)<M( ) f 10, (s, 10)x(W)]| du(w)

for all (¢, s, tow) € T X Q.
In what follows, we will present a logarithmic criterion for the concept of polynomial stability in aver-
age.

Theorem 3.1. Let ® be a cocycle with polynomial growth in average. Then ® in polynomially stable in
average if and only if there exist a constant L > 1 such that:

f 190, s)x@)ldu(@)n - < f (@) du(w)

forallt,s > 1,w € Q.

Proof. Necessity. We suppose that @ is polynomially stable in average. Then, there exist N > 1 and v > 0

such that ,
r+1 r+1\ r+1
f |De (2, $)x(w)||du(w) In <N ( ) In f lIx(w)lldu(w).
s+ 1 s+ 1
Q Q

s+ 1

r+1 N
We consider the application f : [1,00) = R, f(#) = u™” Inu, where u = Pt Then, we obtain f(u) < —.

s ve
It results that

2

N
[lx(w)lldu(w), where L =1+ —.
ve

t+1

f (1, )x(@)lldpu(ew) In —— < L
s+ 1

Q
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t+1
Sufficiency. We denote by S = sup f [|Dy (2, s)x(w)|] du(w) In al .
t25>1 s+1
t
In (—)
s
48

(1) S€4nS <t< se4(n+1)S

Step 1. Letn 4 , with (¢, s) € A, s > 1. Then, the following inequalities hold:

2
r+1
()( +1) < forallt> s> 1.

Indeed, the first relation is a simple computation which uses the property of the whole part of a number
and the second inequality results immediately from the first one.
Step 2. We prove that

f 1905 syl dute) < 5 f (@) du(@), Vs > 1,¥ew € Q
Q

1 48
From — — 28 it results that
1+s
Do (se™ , )x(w)ll du(w) < ———= | I(lldu(w) £ —= | [Ix()lldu(w) = 5 | lIx(w)ll du(w).
1 1+ se Ine 2
Q n Q Q Q

1+s
Step 3. We show that

1
f D, (se™S, $)x(w)| du(w) < > f x(w)lldu(w), Vs > 1,Yw € Q.
Q
Indeed, using step 2, we have
f [P, (s, $)x(w)| du(w) = f D, (5™, 5e* DS )D(5e* DS | 5)]|x(w)l| dp(w) <
1 4(n—-1)S 1
<5 | IPu(se @)l dp) < -+ < o [ l()ldu(w).
Q Q

Step 4. We prove that @ is polynomially stable in average using the evolution property proved in
Remark [2.1] and the previous steps.

f 1D, (2, $)x(w)lldu(w) = f D (2, 5¢*5) - D, (56™™S | 5)x(w)lldu(w) <

Q
1 @ 1 4aS
< M(;t) e f ||x(a))||du(a))< f lx(w)lldu(w) <

1 + se#nS

< 2Me* (H 1) f Ix(w)lldu(w) < N ( ) f llx(w)lldp(w),
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In2
where N = 2Me*“S > 1 and v = :—S > 0.

Next, we will give a Datko type theorem for the polynomial stability in average concept.

Theorem 3.2. Let ® be a cocycle with polynomial growth in average. Then © is polynomially stable in
average if and only if there exist the constants D > 1 and d > 0 such that

f (r+ D! [ f |De (T, $)x(w)|] dy(a))] dr < D(s + 1)¢ f lIx(w)| dp(w), ¥s = 0,Yw € Q. (3.1)
K} Q Q

Proof. Neccesity. We suppose that @ is polynomially stable in average. Then, we have that there exist
N > 1,v > 0 such that for all d € [0, v):

f (r+ 1) 1[ f [, (7, $)x(w)|| du(w)] dr <N f (t+ 1) 1( ) f x()l du(w)dr =

~ N(s+ 1) f (@)l du(w) f (e e = (s 1) f (@)l du(w) <
K Q

< D(s + l)dfllx(w)ll du(w), where D = —

Sufficiency. We suppose that there exist D > 1 and d > 0 such that the integral inequality form the
theorem states. First, we discuss the case when d > 0.
Ift > 25+ 1 we have

i+ 1 f Dot 5)3()l dia(w) = f i+ 1) f 101, )X du(@)dr <
Q =1

(t+1)d t+1
7+1 \t+1

=1
2

(l + l)d d+a
f f 1Dt TP (7, ()] di(w)idr < 2M ) f Do (7, $)3()] du(w)dr <
=1 Q

< 2o+d+l f (r+ 14! f (7, $)x(w)|| du(w)dr < Ni(s + 1)? f lIx(w)|| du(w)dr.

r+1
If t € [s,25 + 1), we obtain that T < 2. Then using the growth property we obtain
s

(t+1)* f (|, (t, s)x(w)||du<w><(r+1)dM( ) f ()l du(w) < Na(s + 1)¢ f x| du(w).
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So, it results that @ is polynomially stable in average. Next, we deal with the case when d = 0. From (3.2),
for d = 0 it results

(9]

f — f 1D (. t0) (@) du(w) | dr < D f 1D (s, o) x(@)| (), V(s 1) € AV € Q.
Q Q

N

Step 1. We prove that © is uniformly stable in average. Indeed, we consider firstly # > 2s + 1 and then
t € [s,2s + 1) and using similar techniques as in the first case we obtain the conclusion.
Step 2. We show that @ is polynomially stable in average using the logarithmic criterion.

t o

1 1 1
fllq)w(t, $)x(w)|| du(w) In L =f f”q)w(t’ s)x(w)|| du(w)dr < f— fllq)w(t, s)x(w)| du(w)dr <
s+ 1 T+ 1 T+ 1
Q Q Q

N

N

<D f (@)l du(w)
Q

From Theorem [3.1] it results that the cocycle @ is polynomially stable in average. O
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