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Abstract

The aim of the paper is to prove characterizations for two concepts of nonuniform dichotomy in the general context of skew-
evolution semiflows.
We use invariant, respectively strongly invariant projector families, to obtain the results.
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1. Introduction

One of the most representative asymptotic properties studied for dynamical systems is the dichotomy,
treated from various perspectives in (Barreira & Valls, 2018), (Barreira & Valls, 2019), (Bento et al., 2017),
(Gédina et al., 2023), (Megan et al., 2007), (Sasu et al., 2013).

The sufficient criteria for the uniform exponential stability of evolution operators, obtained by S. Rolewicz

in (Rolewicz, 1986) represented an important direction to give qualitative results for the asymptotic be-
haviours of dynamical systems, using integral conditions.
In this sense, we mention the integral characterizations proved in (Mihif & Megan, 2017), for a general
property of splitting with growth rates and recently, in (Megan et al., 2025), Zabczyk-Rolewicz type meth-
ods are used for the uniform exponential stability of nonautonomous dynamics. Also, in (Sasu et al., 2012),
the uniform exponential stability of variational discrete systems, respectively skew-product flows are treated
through Zabczyk-Rolewicz techniques.

Concerning the notion of generalized exponential dichotomy, it is introduced by J. S. Muldowney in
(Muldowney, 1984) and in (Lupa et al., 2015), the authors approach this property in the case of evolution
operators.

In this article, the concepts of generalized exponential dichotomy and nonuniform generalized expo-
nential dichotomy of Rolewicz type are studied for skew-evolution semiflows in Banach spaces. Character-
izations for these properties are established, considering invariant and strongly invariant projector families.
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2. Definitions and notations

Let ® be a metric space, X a Banach space and 8(X) the Banach algebra of all bounded linear operators
on X. The norms on X and on B(X) will be denoted by || - ||.
Also, we consider

A={t,5)eR2 125}, T={ts1)eR 1>s5>1)
and' =0 x X.

Definition 2.1. A continuous mapping o : A X @ — O is called evolution semiflow if:

(esy) o(s,s,6) =0, forall (s,0) e R, X O,
(esy) o(t,s,0(s,ty,0) = o(t,t,0), forall (¢, s,19,0) € T X ©.

Definition 2.2. A pair C = (o, @) is said to be a skew-evolution semiflow on I if o is an evolution semiflow
on ® and @ : A X ® — B(X) satisfies the relations:

(sesy) (s, s,0) = I (the identity operator on X), for all (s,0) € R, X ©;
(sesy) D(t,s,0(s,1tg,0)D(s, 1y, 0) = O(t, 19, 6), forall (¢,s,1),0) € T X O;

(ses3) (t,s,6) — @O(t,s,6)x is continuous for every x € X.

Example 2.1. We consider ® a locally compact metric space, X a Banach space, o an evolution semiflow
on ® and A : ® — B(X) a continuous mapping. If O(z, s, 0) is the solution of the problem

x(t) = Alo(t, s,0)x(t), t=s=0,
then the pair C = (o, ®) is a skew-evolution semiflow on I'.

In what follows, we recall the notions of family of projectors and (strongly) invariant family of projec-
tors.

Definition 2.3. A continuous mapping P : R, X ® — B(X) is family of projectors if
PX(1,0) = P(t,6), forall (1,0) € R, xO.

Remark. If P : R, X ® — B(X) is a family of projectors for C = (o, @), then O : Ry X O — B(X),
Q(t,6) = I — P(t,0) is also a family of projectors for C and it is called the complementary family of P.

Definition 2.4. A family of projectors P : Ry X ® — B(X) is said to be
(i) invariant for a skew-evolution semiflow C = (o, @) if:

P(t, o(t,s,0)0(t, 5,0) = D¢, 5,0)P(s,0), forall(z,s,0) € AXO;

(ii) strongly invariant for C = (o, @) if it is invariant for C and for all (¢, s,0) € A X @, the restriction
d(t, s, 6) is an isomorphism from Range Q(s, ) to Range Q(t, o (t, s, 6)).
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3. Nonuniform generalized exponential dichotomy

We consider C = (o, ®) a skew-evolution semiflow and P : R, X ® — B(X) an invariant family of
projectors for C = (o, ©).
Also, ¥ represents the set of the continuous functions f : R, — R, with:

t
ff(T)dT ———>t +0o0, s>0 fixed.
—+00
S

Definition 3.1. The pair (C, P) is nonuniformly generalized exponentially dichotomic if there are ¢ € ¥ and
a nondecreasing mapping N : Ry — [1, +o0) such that:

t

—fgo(r)dr
(nged,) (1, s,0)P(s,0)x|| < N(s)e » 1PCs, 6)xll;

@(r)dr
(nged>) eJ 10Cs, O)xll < NOID(, s,0)Q(s, O)x||, for all (z,s,60,x) € AXT.

Remark. As particular cases, we remark the following:

&(rdr
(1) if N(s) = Be® ,with B> 1and ¢ : Ry — R, a continuous function in Definition 3.1, then we

recover the concept of generalized exponential dichotomy in sense of Barreira and Valls;
(i) if there exists ¢ > 0 such that ¢(s) > ¢, for all s > 0 in Definition 3.1, then we have the notion of
nonuniform exponential dichotomy.

Remark. The pair (C, P) admits a nonuniform generalized exponential dichotomy if and only if there are
¢ € F and a nondecreasing function N : R, — [1, +o0) with:

, - [e(rr
(nged)) ||©(2, 1o, O)P(19, O)x|| < N(s)e * D (s, 70, 6)P(t0, O)x|l;

t

@(r)dr
(ngeds) e! 1D (s, t0, O)Q(t0, O)xl| < NOID(2, 10, ) Q(t0, O)x||, for all (7, s, 10,6, x) € T XT.

Remark. We observe that if (C, P) has a nonuniform exponential dichotomy, then it also admits a nonuni-
form generalized exponential dichotomy. In general, the converse implication is not accomplished.

Example 3.1. We consider ® =R, ando: AX0O — 0O, 0(t,5,0) =t — s+ 6.
Also, X = [*(N, R) represents the Banach space of bounded real-valued sequences, with the norm

[Ix]| = sup |x,l, x = (x0,X1,...%p,...) € X.
neN

The families of projectors P, Q : Ry X ® — B(X) are given by
P(s,0)(x0, X1, X2, ...) = (x0,0,x2,0,...),

(s, ) (xg, x1, X2, ...) = (0, x1, 0, x3, ...).
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We define @ : A X @ — B(X) by

t t
1 1 1
s+1 ~[ardr 41 [srdr  s+1 ~[rqdr
e’ Xo e X,

O, s,0)x =
(@, 5, 6)x +1 s+ 1 t+1

It is easy to verify that the pair (C, P) is nonuniformly generalized exponentially dichotomic with N(s) =
s+ 1, ¢(s) = ﬁ,szo.

Let us suppose that (C, P) has nonuniform exponential dichotomy. Then there exist ¢ > 0 and a nonde-
creasing function N : R, — [1,+00) with

01, 5, )P(s, O)xll < N(s)e™“"||P(s, O)x]l,

which implies
- [ shrar . |
e s (s+ 1) < N(s)(t + 1)e™0=9),
for all (¢, s) € A.

Considering = ¢ — 1 and s = 0, we obtain
ec(ez"”—l)—4rm < N(O),
which for n — +oo leads to a contradiction.

Proposition 1. If P : R, X ® — B(X) is a strongly invariant family of projectors for C = (o, ®), then there
exists ¥ : A X ® — B(X) isomorphism from Range Q(t, o (t, s,0)) to Range Q(s, 6), with the properties:
Y1) O, s, 0¥, s5,0)0(t, 0(t, 5,0) = O(t,0(t, 5, 0));

(Y2) Y, s5,0)00(1, 5,0)0(s,0) = O(s, 0);

(W3) Y(t,s,0)0(t, 0(t, s,0) = O(s, HY(t, 5,0)0(t, o (2, s, 0));

(Wa) W(t,10,0)0(t, 0(t, 10, 6)) = ¥(s,10,0)¥(2, 5, 0(5, 10, 0) Q(t, 0°(1, 10, 0)),

forall (t,s,t0) €T, 6 € O.
Proof. See (Mihit et al., 2017). O

In what follows, we will consider P : Ry X ® — B(X) a strongly invariant family of projectors for a
skew-evolution semiflow C = (o, ®).

Theorem 3.2. The pair (C, P) has a nonuniform generalized exponential dichotomy if and only if there exist
¢ € F and a nondecreasing mapping N : R, — [1, +00) such that:

1

- [e(r)dr
(ngedy) ||@(2, s,0)P(s,0)x|| < N(s)e < [I1P(s, O)x]l;
e(rd

(ngedy) eJ rII‘I’(t, s, )0, o(t,s,0))x|| < NIQ(, o(t, s,0))x||, forall (¢,s,0,x) € AXT.

Proof. Necessity.
For (nged;) = (nged) we have:

[ erydr [ e(rar
es [W(z, 5, 0)0(t, o(t, s,0)x|| = es 10(s, OY(t, 5,0)0(t, o(t, s,0))x|| <
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SNOND(, 5,0)0(s, ), 5,0)0(t, 0°(1, 5, 0))x|| = N(DIIQ(t, (1, 5, 0))xl,
forall (¢, 5,60,x) € AXT.
Sufficiency. We obtain:

f @(rdr f @(ndr
es 10(s, O)x]| = es (2, s,0)Q(t, o (1, 5,0)D(t, 5, 0)O(s, O)x]| <

S NONQ(®@, a(t, s, ))D(1, 5,0) (s, O)x|l = NOID(, 5,0)O(s, O)xl],

forall (¢, 5,6,x) € AXT.
Hence, (nged,) from Definition 3.1 is satisfied.
O

Proposition 2. The pair (C, P) admits a nonuniform generalized exponential dichotomy if and only if there
are ¢ € ¥ and a nondecreasing function N : Ry — [1, +00) with:

, —ft,a(r)dr
(ngedy) ||, to, O)P(to, O)x|l < N(s)e 1D (s, 70, O) P (10, O)xI;

f @(r)dr
(ngedy’) € ¥ (2, 70, ) O(2, (2, 10, O))xI| < N(HIY(2, 5, 0°(s, 20, 0))O(2, 07 (2, 10, 0))x]],

forall (t,s,ty,0,x) € T xXT.
Proof. Necessity. Using the condition (nged’) from Theorem 3.2, we deduce:

f¢(r)dr
& IV (2, 10, O) O(t, o (2, 19, 0))x]| =

f (rydr
= ¢o i [IW(s, tg, ) O(s, o (s, tg, NY(2, s, (s, 1y, 0))O(2, T (¢, 19, 6))x]| <
S NINQ(s, o (s, 10, 0)H(2, 5, 0(s, 10, 0) O(t, 0°(1, 1y, 0))x]| =
= N)IY@, s, o (s, 0, 0)O(t, o°(2, to, 0))x]],

forall (¢, s,19,60,x) € T xT.
Sufficiency. Considering s = ¢ in (nged}”), we obtain (nged’) from Theorem 3.2. O

4. Nonuniform generalized exponential dichotomy of Rolewicz type

Further, C = (o, ®) is a skew-evolution semiflow, P : Ry X ® — B(X) an invariant family of projectors
for C = (o, ®) and R represents the set of continuous and nondecreasing functions R : R, — R,.

Definition 4.1. We say that (C, P) admits a nonuniform generalized exponential dichotomy of Rolewicz type
if there exist R € R, ¢ € ¥ and a nondecreasing function p : R, — [1, +00) with:

+00 T
@(r)dr
(Rngedy) fR esf [|D(T, 5, 0)P(s, Q)XH} dt < R(p(s)||P(s,0)x|]), forall (s,6,x) € Ry XTI

s
t t

(Rngedy) fR eff‘p(r)drll(D(T, s, NHO(s, 9)xll] dt < R (p(1)||D(2, s,0)Q(s, 0)x|]), forall (z,s,60,x) € AxT.

N
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&(rdr
Remark. In particular, if N(s) = Be® ,with B> 1and ¢ : R, — R, acontinuous function in Definition
4.1, then we have the property of generalized exponential dichotomy of Rolewicz type in sense of Barreira
and Valls.

Proposition 3. The pair (C, P) has nonuniform generalized exponential dichotomy of Rolewicz type if and
only if there exist R € R, ¢ € F and a nondecreasing mapping p : Ry — [1, +00):

+00

fT @(rydr f @(rydr
(Rngedi) fR o [|O(T, tg, ) P(ty, O)x|| | dT < R]p(s)€° [|D(s, ty, ) P(ty, O)x]| |,
S
for all (s, 79,0, x) € AXT;

T t
A = [emar ~ [ e(rdr

(Rnged,) f Rfe " 1D(7, 20, ) O(t0, O)x|l | dT < R|p(t)e © lD(2, 70, 0) Q(t0, O)x]] |,
fo

for all (¢,1y,0,x) € A XT.

Proof. Necessity. (Rnged;) For all (s, f9, 0, x) € A X I', we have:

Tsa(r)dr
f R|é° 1D(7, 70, O)P(t0, O)x| |dT =
N
w f e(rdr fT<p(r)dr
= f R|eo e (7, 5, 0°(s, t0, 0)D(s, to, O) P(t0, O)x|| | dT <

s

fzp(r)dr ft,o(r)dr
< R|p(s)e° lP(s, o (s, f0, 0)DC(s, fo, O)x|| | = R| p(s)€° 1D(s, 70, O)P(t0, O)xl| | -

(Rnged’)) Similarly, for all (¢, 70,6, x) € A X T', we deduce:

—f¢(r)dr
f Rfe ® (7, 10, 6) Q(t0, O)xl| | dT =

fo

t T t t
f - Jedr — [ orydr [ edr

Rfe ® er er 1D(7, 20, ) O(t0, O)x]| | dT =
fo
‘ - [e(ndr ft,a(r)dr - Jer
= fR e’ er lD(7, 0, 0) (10, O)x| | dT < R| p(t)e © 1Dz, 10, 6)O(t0, O)x]l | -

To

Sufficiency. Considering fy = s in (Rnged), we obtain the condition (Rnged) from Definition 4.1.
For 1) = s in (Rnged,), it follows

T t

- [e(ryr - [ e(rar
fR e s [|O(T, s, 0)O(s, O)x|| |dT < R|p(t)e s ||D(t, s,0)0(s, O)x|| |, forall (¢,s5,60,x) € AXT.

N
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Thus,
t [ erar
f Rlet 1o, 5,000(s, )1 | dr =

N

7f7¢(r)dr fT @(dr [ (r)dr
Rle s es er ||(D(T’ S,H)Q(S,H)x” dT:

i

N

N

f @(rydr - fT @(rydr
es e s lD(7, 5,0)O(s, O)x|| | dT <

< R(p)|D(t, s,)Q(s, 0)x|]), forall (¢,s,6,x) € AXT.
Hence, (Rnged,) from Definition 4.1 holds. O]

Theorem 4.1. Let P : Ry X ® — B(X) be a strongly invariant family of projectors for C = (o, ®). Then
(C, P) admits nonuniform generalized exponential dichotomy of Rolewicz type if and only if there exist
R e R ¢ € F and a nondecreasing mapping p : Ry — [1, +00) with:

+00 T

e(rdr
(Rngedy) fR esf ||D(7, s, 0)P(s, H)xIIJ dt < R(p(s)||P(s,0)x|]), forall (s,6,x) € Ry xT;

(Rnged,) f Rl e 1,7, o e, 5, )00, 05, e))xn] dr < R0, (1, 5, 0)xl]) .

N

forall (7,s5,0,x) € AXT.

Proof. We will prove that (Rngedy) is equivalent with (Rnged,) from Definition 4.1.
Necessity. For all (¢, s, 60, x) € A X T, it results

t { f @(r)dr ]
fR et [|P(t, T, 0(t, 5,0)0(, o(t, s,0)x|| | dt =

N

s

t t
= f R [eff <p(r)drlld)(‘r, s, 0)0(s, HYP(t, s,HV(t, 7, 0(1, 5,0)0(t, 0(t, s, 9))xll] dr

< R(p()|D(z, 5,0)Q(s, )F (1, 5,0) O, 0°(1, 5, ))x]]) =

= RO, o, s,0))xl]) .
Sufficiency. For all (¢, 5,0, x) € A X I', we obtain:

t {f¢(r)dr ]
fR er [|®(T, 5, 0)O(s, O)x|| |dT =

s

fgo(r)dr

= fR [eT [Y(t, T, 0(T, 5,0)D(t, T, 0(T, 5,0)O(T, 0(T, 5, 0)D(T, 5, H)xIIJ dr =

N
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t '
w(r)dr
_ f R| e * 1,7, o r, 5, 0)00, 0, 5,8)D, 5,60 dr <

N

< RO, o(t, 5,0))D(1, 5, 0)x])) = R (p(DI|D(2, 5,0)O(s, 0)x]]) -
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