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Abstract

In this paper we consider vector valued (X-valued with X a Banach space) distributions on the euclidean space R?, extending
the T-periodicity, and the T-periodic transform with 7' = (T}, ...., Ty) € R4, T; > 0 from the scalar case to the Banach space valued
case.

Besides immediate basic properties of these concepts, a realization of the space of X-valued T-periodic distributions, up to a
toplinear isomorphism, as the space of all bounded linear operators from the space of T-periodic test functions to the Banach space
X is given.
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1. Introduction

It is well known the part played by the concept of ”periodicity” in the mathematical description of the
state of a “phenomenon” with some rhythmic evolutions, appearing in different particular sciences.

But in spite of fact that mathematical models are often well described in terms of vector valued periodic
functions, there are many situations in which the ordinary concept of function is not satisfactory. Such
situations are mainly determined by the absence of derivability of such functions, especially when the
evolutions of the phenomena to be modeled must satisfy a law expressed by a differential equation. Such
difficulties are well overcome in the more general setting of distributions, or, if we wish to describe a class
of larger and more complex situations, of vector valued distributions.

It is the aim of this paper to enlarge the domains (the possibilities) of application of vector valued
periodic functions, extending some important results on scalar periodic distributions to the vector valued
case.

Let us mention that there is a very rich literature regarding distributions and even their periodicity in
the scalar case (see (Schwartz, 1950), (Zemanian, 1965), (Kecs, 1978)), as well as the new developments
connected especially to the theory of topological linear spaces, including some general aspects from the
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vector valued case (see (Schwartz, 1953a), (Schwartz, 1953b), (Gaspar & Gagpar, 2009), (Schwartz, 1957)),
which we shall use elsewhere.

The content of the paper runs as follows.

In Section 2 we recall and complete some necessary basic results on the spaces of test functions and of
locally r-summable functions on the euclidean space R? with respect to the Lebesgue measure m,(-), the
T-periodicity with respect to a general period T = (T, T, ..., Ty) € R?, T; > 0, the T-periodic transform
taking a special place.

The Section 3 is devoted to the main results of the note.

Considering the class of X-valued T-periodic distributions as a subspace of the space of all X-valued
distributions (X a Banach space), which is invariant to the multiplication operator with 7-periodic test
functions (Proposition 3.2) and to derivation (Proposition 3.3), the T-periodic transform is extended from
the space of compactly supported test functions to the space of compactly supported X-valued distributions
(Theorem 3.1).

It is also proved that the space of X-valued T-periodic distributions is isomorphic as linear topological
space to the space of all bounded linear operators from space of T-periodic test functions on X (Theorem
3.2 and Theorem 3.3).

2. Periodic functions

In this section we define the T-periodicity for test and locally summable scalar functions, as well as the
T-periodic transform on the space of scalar test functions.

Definition 2.1. (see (Zemanian, 1965), chap. 11, § 2, p. 314) An ordinary function f : R? - C is said
to be periodic if there exists T = (T, T»,...,Ty) € RY, T; > 0, such that (L7 f)() = f(t), t € R?, where
L., T € R? means the translation operator on R?. T is called a period of f. The set of all periods of f is kT
(kT = (ki Ty, ..., kqT2), k € Z%). The “smallest” period is called the fundamental period of f.

We will denote by [0, 7] the d-dimensional “parallelepiped” [0,71] X [0,7%] X ... X [0,T4], T =
(T1,Ta,...Ts) €eRY T;>0,ieN.

Definition 2.2. (see (Zemanian, 1965), chap. 11, § 2, p. 314) A function  : R¢ — C will be called
T-periodic test function, if it is periodic of period 7' and infinitely smooth. The space of all such T-periodic
test functions will be denoted by Dr(RY) or Dyr.

Let us recall the basic well known spaces of test functions used in distributions theory (see (Gaspar &
Gasgpar, 2009), (Schwartz, 1950)): D(R?), S(RY), ERY), B(RY),B(RY) and Oy (R?) which we shall briefly
denote Dy, Sy, E4, By, By and Oum. We also denote the Lebesgue spaces L}, of r-summable complex

functions on R? with respect to the Lebesgue measure m, on RY and L}, of locally r-summable complex
valued functions on R?, while L}, 7 means the set of all elements from L}, ., which are T-periodic, where
1 < r < co. For the space of all complex functions from &, which together with all derivatives are in L, we
use the notation Dy ;- 1 < r < oo and By = Dy 1~ (see (Schwartz, 1950), p. 55). For r = 1 we obtain the
space of summable test functions D ;1.

These spaces satisfy the inclusions (with continuous embeddings):
Dy CSaCDypi CDapr CByCByCOyy CEy 2.1)

(see (Schwartz, 1950))



Pastorel Gaspar et al. | Theory and Applications of Mathematics & Computer Science 2 (1) (2012) 1-9 3
Remark. D, 7 is a linear space and following inclusions hold
Dd,T - Bd C Od,M (- Sd. (2.2)

The space D, r will be endowed with the topology induced from By, i.e. a sequence {6 }ken from Dy 1
converges to zero, if the sequences of all derivatives {D6 }ren (@ € N%) converge uniformly to zero.

Definition 2.3. The T-periodic transform on D, denoted by @y (for T=(1,...,1) see (Schwartz, 1950), p.
85) is the D, r-valued operator on D, defined by

(@re)H) = > @t =nT)= > (Lap)n), t e R, g € Dy (2.3)

neZd neZd

A function ¢ from Dy is called a T-unitary function, or a 7T-partition of unity (see (Kecs, 1978), chap. 3, §
2, p- 133 and (Zemanian, 1965), chap. 11, § 2, p. 315), if wr& = 1. The space of all such functions & will
be denoted by Ur(RY), or Uir.

Remark. wr is a continuous linear operator from D, onto D 7.

Indeed, it is easy to see that wr is linear in ¢ and, if ¢; converges to zero (j — o0) in Dy, then wry;
converges to zero in Dy 7. Moreover @wr is an onto mapping, since for any 6 € D, 7 and a fixed &€ € U, 7,
we have £60 € D, and wr(£6) = 6. In this context it is obvious that the mapping

Dd,T 50— f@ € Dd, (2.4)

is a linear continuous “inverse” of wr.

Remark. For each ¢ € D, the sum Y, (L,r¢)(?) is finite and because Ly( Y, (L,r¢)) = >, (Lury), it
nezd nezd nezd
defines a function from Dy r.

Remark. wr can be extended in a natural way to the space D, ;1 (compare with (Schwartz, 1950), p. 86).

Remark. It is immediately seen that
Da=UsrDar, (2.5)

holds.

Let us mention that this 7T-periodic transform on the space of test functions is used in the study of scalar
periodic distributions by extending this transform from test functions to distributions. Namely such a T-
periodic transform is extended to the space of compactly supported distributions, &, (see (Kecs, 1978), p.
138) and to the space O’ | of summable distributions (see (Schwartz, 1950), p. 86). We try to do that for

d’L.I . . . .
the case of vector valued distributions in the next Section.

3. T-periodic transform of X-valued distributions
At the beginning let us recall some general facts.

Definition 3.1. (see (Schwartz, 1957), chap. II, § 2) Let X be a Banach space. Any linear and continuous
operator U : Dy — X is an X-valued distribution on R¥. The set of all X-valued distributions on R will be
denoted by D/ (X).

Analogously, we can introduce the spaces S/, (X) of X-valued tempered distributions, &,(X) of X-valued
“compactly” supported distributions and $/,(X) of X-valued bounded distributions.
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Remark. D/(X) = D/eX, S\(X) = SeX, E(X) = EeX, B)(X) = B/,eX, where by & we have denoted the
€ - product (see (Schwartz, 1957), chap. 1, § 2).

Considering also X-valued test functions and the corresponding spaces the following inclusions hold
with continuous embeddings:

DuX)c SuX)c DypnX)c DypX)c BaX)c ByuX)c OgmX)c  EuX)
n N N N N n n n o 3.1

X c O c D, X0c Dy, X)c BX)c BX)c SX)c DyX),

(see (Schwartz, 1950), (Popa, 2007)).
Analogously to the Lebesque type spaces L, L,

 loc? LZ T of complex valued functions, we associate in
an obvious way the corresponding spaces L)(X), L,  (X), L}, ;(X) (1 < r < o) of X-valued functions.

Let us consider now F € L}i 10c(X)- The operator Ur defined by

Ur(p) = f eOF(dt, ¢ € Dy (3.2)
R4

is clearly linear and continuous on Dy, hence U € Z)ZJ(X).
Identifying F with Up, the following continuous embeddings holds

LX) € Ly, (X) € L}, (X) € DY(X). (3.3)

loc

For any ¢ € D, we recall the definition of the following operators on the spaces of X-valued distributions
defined with the help of corresponding operators on the spaces of test functions:

e The translations (L U)(¢) := U(L_¢), T € R%;
e Multiplications with functions (My U)(¢) := U(Myp), ¢ € Ey;
e The derivation (D*U)(¢) := (-DMUDY), a € Z¢,|a] = a1 + ... + ag.

Now we try to extend to the vector valued case and d > 1 some results regarding the scalar periodic
distributions treated in (Schwartz, 1950), (Zemanian, 1965), (Kecs, 1978).

Definition 3.2. A vector valued distribution U € 9/(X) is said to be T-periodic, where T' = (T, ..., Tq) €
R?, T; > 0, when LyU = U. T is called a period of U. The set of all periods of the distribution U is
kT, k € Z4. The “smallest” period is called the fundamental period of U (see (Zemanian, 1965) for d = 1)

By Z)'T(Rd,X), or Z):LT(X), we shall denote the space of all such X-valued T-periodic distributions
having the same period T € R?, T; > 0 (T - fixed).

In the next Theorem we extend the T-periodic transform from the space of compactly supported test
functions, to the space of compactly supported X-valued distributions.

Theorem 3.1. If'V € &/(X), then 3. L,rV defines an X-valued T-periodic distribution U.
nezd
Conversely, any X-valued T-periodic distribution U € D, .(X) can be written as follows

U= LV, (34)

neZd

where V € & (X).
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Proof. Since X is a Banach space, & (X) consists just of the compactly supported X-valued distributions

(see (Schwartz, 1957), p. 62), hence the sum ), L,7V contains a finite nonzero terms. Denoting by U this
nezd
X-valued distribution, we successively have

LrU =Ly Z L.rV = Z Lr(L,rV) = Z LirV =0,

neZd neZd kez4

ie. Ue D (X).

Conversely, let us consider U € Z);l 7(X) an X-valued T-periodic distribution and & € U, 1. Now the
X-valued distribution V = MU (which is obvious from 8;(X)) satisfies

> LgV =) LrEU)=U.

neZd neZd

O

From Theorem 3.1 it results that the operator w7y defined by U = w7V given by (3.4) is an onto mapping
from & (X) onto D/, ..(X). It will be called the T-periodic transform on X-valued distributions.

Remark. It is a simple matter to observe that an analog of (2.5) also holds:
Ey(X) = Uar Dy +(X). (3.5)

Remark. WhenV € O

" (X)), then is not difficult to see that ), L,rV also makes sense, meaning that @wp

neZd

can be naturally extended to D:z 1 (X

Remark. Regarding the mapping @y, from the successive equalities
@rV)@) = > LarV)@) = V() Lorg) = V(@re), ¢ € Dy,
neZd nezd

we see that @7 is the restrictions to & (X) of the “adjoint” operator @} € B(8/(X), D/(X)).

This transformation enables us to identify, up to an isomorphism, the space of X-valued T-periodic
distributions on R? with the ”dual” of Dy, i.e. with the space B(D, 7, X) of all bounded linear operators
from Dy, r to X. Indeed now we can prove

Theorem 3.2. (a) For each U € D:LT(X), the operator Ut defined by
Ur(0) = (U,80), 0 € Dy, (3.6)

is correctly defined, being independent of the choice of ¢ € Uy 1.
(b) Ur € B(Da,r, X).

Proof. (a) For any U € D/(X) we have that nU € &/(X), n € Uyr, where nU(p) = U(ng), ¢ € Dy. Also,
because

D LurnU)@) = U( Y. Lurn)(g) = U(g), ¢ € D,

neZd neZd
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we have

U= Z LnTT]U.

neZd

For any ¢ and € U, 7, assuming that U is T-periodic, we can write U = L,7U and for any 6 € D, r
we have

(U,£0) = ( D LarnU,£0) = Y (ULyré,0) = ) (LunU,£0) = > (U, L_u7£6)

nezd nezd nezd nezd

= WU,n( Y. L-ar&)6) = (U,6),

neZd

forany &, ne Uyrand 6 € Dy 7.

(b) We show that Ur from (3.6) is a linear and continuous operator between Dy 7 and X, i.e. Ur €
B(Dar, X).

For linearity, let us consider the functions 6y, 6, € D, and «, 8 € C. Then

Ur(ab) + ) = (U, &(ab + p6r)) =

= a(U,£0,) + B(U,£6,) = aUr(6) + BUT(62).

For continuity of Ur we consider the sequence {6}; ; converging to 0 in Dy 7. Because, in this case,
&6 — 0, (k > o0) in Dy it results

Ur(6) = (U,&6;) — 0, (k — o0).
O

In this way D, .(X) is linearly continuously embedded in B(Dy.7, X).
Before proving that U — Ufr is a toplinear isomorphism let us put in evidence the embedding of vector
valued T-periodic summable functions in Z);[ (X

Proposition 3.1. If Ur is a distribution corresponding to the locally integrable X-valued T-periodic func-
tion F, then (Up)r from (3.2) will be expressed by the integral on a parallelepiped of the form

la,a+T] =[ai,a; +Ti] X [az,ay + Tr] X ... X [ag,aq + T4], a € R,

Proof. Let F € LL.(R?,X) c L, (R?,X). Then for the distribution Ur € O/(R?, X) from (3.2) and 6 € Dy 1,
£EeUyr,a, T e R, T; >0, we have

(Up)r(0) = (Ur,£0) = f F(0)é(no(ndt = Z f F(Dé(no(ndt =
R4 [a+nT,a+nT+T]

nezd

F®o(r) Z E(t+nT)dt = f F()o(r)dt,

nezd la,a+T]

= Z f F(t + nT)&(t + nT)O(t + nT)dt = f
[a,a+T]

nezd la,a+T]

because F and 6 are T-periodic, and ), &(t+nT) = 1. O

neRd
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Remark. The map LIT(X)(C L}OC(X)) > Fm Ur € Z)ZIT(X) being linear and injective, the space LlT(X) is
linear continuous embedded in DZI’T(X) through F = U, where (compare with (3.2) and (3.3))

Up)r@ = f Fo@mdt, 0€Dy,r. (3.7)
[0.7)

Proposition 3.2. The multiplication of a vector valued T-periodic distribution U € D/, .(X) with a T-
periodic test function y € Dy 7 is also a vector valued T-periodic distribution, i.e.

MyU € D) 1(X).

Proof. We consider the vector valued periodic distribution U € Z):LT(X) and the periodic test function
Y E€Dyr.

We show that M, U € Z):LT(X). Because (M, U)(¢) = U(ey), ¢ € Dy is easy to see that M, U is linear
and continuous as operator from Dy to X. It remains to show that M, U is an X-valued periodic distribution
of period T'. Applying LU = U and Lry =, we have:

(LrypUNe) = WUNL-r¢) = UWL-rp) = U(L-r(L1¥)¢) =

= LrU((Lry)y) = U(py) = U)X @), ¢ € Dy.

Remark. D), .(X) = D), eX.

Indeed, D, 7 have the topology vy, i.e. (Dar).). = Dar, where (Dg7).. is the dual of Dy r endowed
with the uniform convergence topology on the absolutely convex and compact sets from D, 7, and

(D1 & LDz, X) ~ Lo(X., (Dar)) = (Dar)i®:X
(compare with (Schwartz, 1953a), (Schwartz, 1953b) and (Schwartz, 1957))
Proposition 3.3. The subspace D), ,(X) of D/(X) is invariant to the derivation operators D*, a € N¢,

Proof. We successively have
UeDy(X)=LrU=U=

= (D"U)(p) = (-DUDY) = (=DM Ly U)D ) = (-D)NU(L_r D)

and
(LrDU)(p) = (D*U)(L-1¢) = (- UMD "L_1¢),
respectively.
Because L_7D%p = D*L_7¢ it follows that Ly(D*U) = D*U. O

Finally we shall prove that the map constructed in Theorem 3.2,
D, r(X)> U Ur € B(Dar,X) (3.8)

is a toplinear isomorphism.
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By applying the properties of the T-periodic transform @ on Dy, because of (3.6), for any ¢ € D,, we
have (U, ¢) = Ur(wr¢) = (@, Ur)(p), i.e.

U = @, Ur. (3.9
Therefore, for each 1, A, € C and every 6 € D, 7, we have
(MU + 2U2)7(0) = (41 Uy + ,U,)(60) =

= 1 U(€0) + 1L Uz(£0) = (1 (Ut + 22(U2)7) (6).

The injectivity results from the successive implications
UT=0$’ZD';-UT=Oﬁ U=0.

For continuity we have that

i

D
Uy —5 0= Un(p) — 0, ¢ € Dy = @ (U,)r(6,) — 0 =

B(Dar.X)
Un)r(@re) — 0, 9 € Dy = (Un)r(0) — 0,0 € Dyr = (Up)r —> 0.

Let us consider an element V from B(D, 7, X) and define U by U(p) = V(wrp), ¢ € Dy. So U is an
X-valued T-periodic distribution from D;(X), ire. U € Z):LT(X). Indeed U satisfies LyU = U, because,
from

@r(L-rp) = wr(p), ¢ € Dy,

we have:
(LrU)(p) = U(L-1¢) = V(wry) = U(p), ¢ € Dy.

Hence we have constructed just the inverse of (3.8), which is easy to see that it is also continuous. Thus
we obtain

Theorem 3.3. The mapping (3.8) is a toplinear isomorphism from D, .(X) onto B(Dy.r, X).

(o9

Proof. 1t only remains to prove that {(Uy)r}; | converges in B(Dar,X) to zero then {(U, k)}/‘:’: | converges in
Z):I(X) to zero. Indeed, for € in U, 7 and 8 in D, 7, we have

Ur0) = (Uk,£0) = 0, (k — o),

which means Uy — 0 (k — o) in D/(X). O
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Advection, Burgers and Coupled Burgers Equations
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Abstract

Reduced differential transform method (RDTM) is employed to obtain the solution of simple homogeneous advection, Burgers
and coupled Burgers equations exactly. The RDTM produces a solution with few and easy computation. The method is simple,
accurate and efficient.

Keywords: Reduced differential transform method, advection equation, Burgers and coupled Burgers equations.
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1. Introduction

The concept of differential transform method has been introduced to solve linear and non linear ini-
tial value problems in electric circuit analysis, It was first introduced by (Zhou, 1986). Burgers equation
generally appears in fluid mechanics. This equation incorporates both convection and diffision in fluid dy-
namics, and is used to describe the structure of shock waves. Coupled Burgers equation is a simple model
of sedimentation or evalution of scaled volume concentrations of two kinds of particles in fluid suspensions
or colloids under the effect of gravity. Reseachers have used other methods such as tanh method, HAM,
VIM in (Hassan, 2009), (Alomari et al., 2008) and (Abdou & Soliman, 2005) respectively. In this letter,
RDTM is used to obtain the exact solution of simple homogeneous advection equation, Burgers equation
and coupled Burgers equation.

2. Analysis of the method
The basic definitions of reduced differential transform method are introduced as follows:

Definition 2.1. If the function u(x, r) is analytic and differentiated continously with respect to time ¢ and
space X in the domain of interest, then let

1 o
Ui(x) = E[M”(x’ Nli=0 (2.1)

*Corresponding author
Email address: adekola_razaq@yahoo.com. (Razaq A. Oderinu )
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where the #-dimensional spectrum function Ug(x) is the transformed function.

Definition 2.2. The differential inverse transform of U(x) is defined as follows
u(x 1) = " Ur()r. (2.2)
k=0

The fundamental mathematical operations performed by RDTM as given by (Keskin & c, 2010a) and
(Keskin & ¢, 2010b) are provided in Tablel:

Table 1

The fundamental mathematical operations performed by RDTM.
Functional form Transformed form
u(, ) Uk(®) = filZu(x, Dli=o
w(x, ) = u(x,t) = v(x,1) Wi(x) = Up(x) = Vi(x)
w(x, ) = au(x, 1) Wi = aUr(x) a is a constant
w(x, 1) = X" Wy = x"6(k — n),6(k) = { (1) llz ; 8
w(x, t) = X""u(x, 1) Wi(x) = X" Up_p(x)
w(x, ) = u(x, v(x,1)  Wi(x) = 3 VUi (x) = 35 U VK = r(x)
w(x, 1) = 2(x,1) Wi(x) = (k + 1)...(k + P)Upsr(x)
w(x,t) = Lu(x,t) Wi(x) = £ Uk(x)
wx, 1) = Lu(x, 1) Wi(x) = 25 Up(x)

3. Applications
Examplel: Consider the homogeneous advection equation given by (Alomari et al., 2008) as,
ur + uu, =0, u(x,0)=—x. 3.1

Here u; = —uu,. Now taking the reduced differential transform of 3.1 we have

k
0
(k+ DUt = = 3 Urz-User. (3.2)
r=0
with Up(x) = —x we can then obtain Ug(x) values successively as U1(x) = Ua(x) = Us(x) = ... = Up(x) =

—X.
Using the differential inverse transform 2.2 we have:

u(x,f)=—x y " (3.3)
n=0
equation 3.3 is a taylor series that converges to
X
) = — 34
u(xf) = — (3.4)

under |¢f| < 1 which is the exact solution.
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Example2: Consider the one dimensional Burgers equation given by (Alomari et al., 2008), that has
the form

Ur + utty — vty =0 3.5
subject to the boundary condition
a+B+(B-ae
,0) = 3.6
u(x, 0) e (3.6)

where y = (%) and the parameters «, f3, v are arbitrary constants.
Taking the reduced differential transform of 3.5 we have

k
0 i
(k+ DUps1(x) = - rzz(; Ur(x) 7= Uk=r(X) + ViR Ur(x) (3.7

Uy = W we then obtain Uy (x) values successively as

Uy = ~Uo2Up + vi5 Uy(x)
3 lazﬂ67
(1 + e?)?
Us = ~ 30D &U1() + U1 () & Uo() + v U1 ()
21+ ev)?

a*Be’(1 —de? — e*)
Us = 3 4
3v(1 +e7)

Using the differential inverse transform 2.2 we have:

—a)e? 1a2Be” 382(e” = 1)e? 43367 (1 — de? — &2
u(x,t):a+ﬁ+(ﬂ a)e + a’pe t+a'8(e Je t2+aﬁe( ¢ ¢ )t3+... (3.8)
1+er v(l + e7)? vZ(1 +e?)3 3v3(1 + er)*

which in its closed form gives
a+B+ (B - a)ey* P
1+ v

u(x,t) = (3.9
Example3: Consider the following system of coupled Burgers equation given in (Alomari et al., 2008) as

U — Uldyy — 2utly + (uv), = 0, (3.10)

Vi — Vex — 200y + (uv), = 0, 3.1

subject to the initial conditions

u(x,0) = sin(x), v(x,0) = sin(x). (3.12)
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Taking the reduced differential differential transform of 3.10 and 3.11, we have

P k d 0 &
(k + DUkt () = 55 Up() +2 Z(; U()5-Uker = o Z; UpVir,

5 k d 0 <
k+ 1)V =—V +2 Vi) =—Vier — — U Vi_r.
k+ Vi1 () = =5 Vi) Z(; ()7 Vier = 5= Z; f
Using equation 3.13 and 3.14 with
Uy = Vy = sin(x)
we recursively obtain
U = V| = —sin(x),
U=V, = %sin(x),
Uz =V;3 = —ésin(x),

Using the differential inverse transform 2.2 we have

1 1
u(x,t) = sin(x) — sin(x)t + Esin(x)t2 — ;sin(x)l‘3 + ...,

1 1
v(x, t) = sin(x) — sin(x)t + —sin()c)t2 - —sin(x)t3 + ...,

2! 3!
which is 2 5
u(x,t) = sin(x)(1 —t + TR, +...),
8
v(x,t) = sin(x)(1 — 1+ TR, +...),

and finally in its closed form gives
u(x, 1) = e 'sin(x)

and
v(x, 1) = e 'sin(x),

which are the exact solution of the coupled Burgers equation.

4. Conclusion

13

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

Exact solutions of simple homogeneous advection equation, Burgers equation and Coupled Burgers
equation were presented via the reduced differential transform method (RDTM). The method is applied in
a direct way without any linearization or descretization. The computational size of this method is small
compared with those of DTM, HAM, HPM and Adomian decomposition method. Hence, this method is
a powerful and an efficient technique in finding the exact solutions for wide classes of problems, also the

speed of the convergence is very fast.
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Abstract

In this article we introduce the notion 7 -cluster points, and investigate the relation between 7 -cluster points and limit points
of sequences in the topology induced by random 2-normed spaces and prove some important results.
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1. Introduction

Probabilistic metric (PM) spaces were first introduced by Menger (Menger, 1942) as a generalization
of ordinary metric spaces and further studied by Schweizer and Sklar (Schweizer & Sklar, 1960, 1983).
The idea of Menger was to use distribution function instead of non-negative real numbers as values of the
metric. In this theory, the notion of distance has a probablistic nature. Namely, the distance between two
points x and y is represented by a distribution function F',; and for ¢ > 0, the value Fy, (7) is interpreted
as the probability that the distance from x to y is less than ¢. After that it was developed by many authors.
Using this concept, Serstnev (Serstnev, 1962) introduced the concept of probabilistic normed space. It pro-
vides an important method of generalizing the deterministic results of linear normed spaces. It has also
very useful applications in various fields, e.g., continuity properties (Alsina et al., 1997), topological spaces
(Frank, 1971), linear operators (Golet, 2005), study of boundedness (Guillén ef al., 1999), convergence of
random variables (Guillén & Sempi, 2003), statistical and ideal convergence of probabilistic normed space
or 2-normed space (Karakus, 2007), (Mohiuddine & Savas, 2012), (Mursaleen, 2010), (Mursaleen & Mohi-
uddine, 2010), (Mursaleen & Mohiuddine, 2012), (Mursaleen & Alotaibi, 2011), (Rahmat & Harikrishnan,
2009), (Tripathy et al., 2012) etc.

The concept of 2-normed spaces was initially introduced by Géhler (Gihler, 1963), (Gihler, 1964) in the
1960’s. Since then, many researchers have studied these subjects and obtained various results (Gunawan &
Mashadi, 2001), (Giirdal & Pehlivan, 2004), (Giirdal, 2006), (Giirdal & Acik, 2008), (Giirdal et al., 2009),
(Savas, 2011), (Siddiqi, 1980), (Sahiner et al., 2007).

P. Kostyrko et al (cf. (Kostyrko et al., 2000); a similar concept was invented in (Katétov, 1968)) in-
troduced the concept of J-convergence of sequences in a metric space and studied some properties of such

*Corresponding author
Email addresses: gurdalmehmet@sdu.edu.tr (Mehmet Giirdal), btarhan03@yahoo . com (Mualla Birgiil Huban)
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convergence. Note that 7-convergence is an interesting generalization of statistical convergence. The notion
of statistical convergence of sequences of real numbers was introduced by H. Fast in (Fast, 1951) and H.
Steinhaus in (Steinhaus, 1951).

There are many pioneering works in the theory of 7-convergence. The aim of this work is to introduce
and investigate the relation between J-cluster points and ordinary limit points of sequence in random 2-
normed spaces.

2. Definitions and Notations
First we recall some of the basic concepts, which will be used in this paper.

Definition 2.1. ((Freedman & Sember, 1981), (Fast, 1951)) A subset E of N is said to have density ¢ (E)
if 6(E) = limn™! o1 XE (k) exists. A number sequence (x,),cy is said to be statistically convergent
n—oo

to Lif forevery e > 0, 0({n e N:|x, —L| > ¢}) = 0. If (x,),ey 1s statistically convergent to L we write
st-lim x,, = L, which is necessarily unique.

Definition 2.2. ((Kelley, 1955), (Kostyrko et al., 2000)) A family 7 c 2¥ of subsets of a nonempty set ¥
issaidtobe anidealin Yif (i)0 € 7; (ii) A, Be T imply AUBe I;(iliy)AcI,BCAimplyBe 1. A
non-trivial ideal 7 in Y is called an admissible ideal if it is different from P (N) and it contains all singletons,
i.e., {x} € T foreach x € Y.

Let 7 ¢ P(Y) be a non-trivial ideal. Aclass # (J) = {McY:3dAe 1 : M = Y\A} is a filter on ¥,
called the filter associated with the ideal 7.

Definition 2.3. ((Kostyrko et al., 2000), (Kostyrko et al., 2005)) Let I C 2N be a nontrivial ideal in N.
Then a sequence (x,),cn in X is said to be Z-convergent to L € X, if for each € > 0 the set A(e) =
{n e N:|x, — L|| > €} belongs to 1.

Definition 2.4. ((Gihler, 1963) (Gihler, 1964)) Let X be a real vector space of dimension d, where 2 < d <
co. A 2-norm on X is a function ||-,-]| : X X X — R which satisfies (i) ||x,y|| = O if and only if x and y are
linearly dependent; (ii) [lx, yll = Ily, xI 5 (iii) llax, yll = lalllx, yll, @ € R; (iv) [lx,y + zll < [lx, yll + [Ix, zll . The
pair (X, ||+, -||) is then called a 2-normed space.

As an example of a 2-normed space we may take X = R? being equipped with the 2-norm ||x, y|| := the
area of the parallelogram spanned by the vectors x and y, which may be given explicitly by the formula

e, Il = [x1y2 = xoy1l, x=(x1,x2), y=O1,)2).

Observe that in any 2-normed space (X, ||-, -||) we have ||x, y|| > 0 and ||x, y + ax|| = ||x, y|| for all x,y € X and
a € R. Also, if x, y and z are linearly dependent, then ||x, y + z|| = ||x, y||+||x, zl| or ||x, ¥ — 2| = |Ix, yI|+|x, 2l -
Given a 2-normed space (X, |-, :||) , one can derive a topology for it via the following definition of the limit
of a sequence: a sequence (x,) in X is said to be convergent to x in X if lim,— ||x, — x,¥|| = 0 for every
yeX.

All the concepts listed below are studied in depth in the fundamental book by Schweizer and Sklar
(Schweizer & Sklar, 1983).

Definition 2.5. Let R denotes the set of real numbers, R, = {x€R: x>0} and S = [0, 1] the closed unit
interval. A mapping f : R — § is called a distribution function if it is nondecreasing and left continuous
with infeg f(#) = 0 and sup,r f () = 1.
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We denote the set of all distribution functions by D* such that f(0) = 0. If a € R, then H, € D*,

where
1, ift>a,

0, iftr<a.

H, (1) = {
It is obvious that Hy > f for all f € D*.

Definition 2.6. A triangular norm (#-norm) is a continuous mapping * : § X § — § such that (S, %) is an
abelian monoid with unitone and c *d <ax*bifc <aandd < b forall a,b,c,d € S. A triangle function 7
is a binary operation on D which is commutive, associative and 7 (f, Hy) = f for every f € D*.

Definition 2.7. Let X be a linear space of dimension greater than one, 7 is a triangle, and F : X X X —
D*. Then F is called a probabilistic 2-norm and (X, F, 7) a probabilistic 2-normed space if the following
conditions are satisfied:

(2.2.1) F(x,y;t) = Hy(?) if x and y are linearly dependent, where F(x,y; ) denotes the value of F(x,y)
att € R,

(2.2.2) F(x,y; 1) # Ho(¢) if x and y are linearly independent,

(22.3) F(x,y;t) = F(y, x;t) for all x,y € X,

(2.2.4) F(ax,y;t) = F(x,y; Fntvl) forevery r > 0,a # O and x,y € X,

225 F(x+y,z;t) 2 7(F(x,z; 1), F(y,z;t)) whenever x,y,z € X and t > 0,

If (2.2.5) is replaced by

(22.5) F(x+y,z;01 + ) > F(x,z:t1) % F(y,z:1) forall x, y,z € X and t1, 1, € R,;
then (X, F, *) is called a random 2-normed space (for short, RTN space).

Remark. Note that every 2-norm space (X, ||.,.||) can be made a random 2-normed space in a natural way,
by setting

(@) F(x,y;t) = Ho(t — ||x, yll), for every x,y € X,t > 0and a * b = min{a, b},a,b € S;

(ii) F(x,y;t) = —— forevery x,y € X,t >0and a x b = ab fora,b € S.

A
Let (X, F, =) be an RTN space. Since * is a continuous ¢-norm, the system of (g, A4)-neighborhoods of 6
(the null vector in X)
{Ny(e, ) : €>0, 1€ (0, 1)},

where
No(g, ) ={xeX: Fye)>1-A4}.

determines a first countable Hausdorff topology on X, called the F-topology. Thus, the F-topology can be
completely specified by means of F-convergence of sequences. It is clear that x —y € Ny means y € N, and
vice versa.

A sequence x = (x,) in X is said to be F-convergence to L € X if for every € > 0, A € (0, 1) and for each
nonzero z € X there exists a positive integer N such that

Xn, 2 — L € Ny(g, A) foreachn > N

or equivalently,
Xn,Z € Ni(g, ) foreachn > N.

In this case we write F-lim x,,,z = L.
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3. The Relation Between 7 -cluster Points and Ordinary Limit Points in Random 2-Normed Spaces

It is known (see (Fridy, 1993)) that statistical cluster I'y and statistical limit points set A, of a given
sequence (x,) are not altered by changing the values of a subsequence the index set of which has density
zero. Moreover, there is a strong connection between statistical cluster points and ordinary limit points of a
given sequence. We will prove that these facts are satisfied for J-cluster and 7-limit point sets of a given
sequences in the topology induced by random 2-normed spaces

Definition 3.1. Let (X, F, ) be an RTN space, J be an admissible ideal and x = (x,) € X.
(i) An element L € X is said to be an Z-limit point of the sequence x with respect to the random 2-norm
F (or I% (x)-limit point) if there is a set M = {n; < ny < ...} ¢ Nsuch that M ¢ 7 and F—klim Xn,»2 = L for

each nonzero z in X. The set of all I %—limit points of x is denoted by 7 (A?7 (x)) .
(ii) An element L € X is said to be an 7-cluster point of x with respect to the random 2-norm F (or
I %-cluster point) if for each £ > 0, A € (0, 1) and nonzero z in X

(neN:x,,ze Ni(g,)} ¢ I.
The set of all %—cluster points of x is denoted by 1 (F%_ (x)) .

Proposition 3.1. Let (X, F,*) be an RTN space and I be an admissible ideal. Then for each sequence
X = (Xp)nen Of X we have T (1\12F (x)) crl (F% (x)) and the set T (I“% (x)) is a closed set.

Proof. LetL € I(/\%- (x)) . Then there exists a set M = {n; < np < ...} ¢ 1 such that
F-limx,,z = L (3.1

for each nonzero z in X. According to 3.1, for each £ > 0, 4 € (0, 1) and nonzero z in X there exists a positive
integer ko such that for k > ko we have x,,,z € N(e, 1). Hence

{neN:x,,ze Np(e, D)} > M\ {ny, ... ng}

and so
(neN:x,,ze Ni(g,)} ¢ T,

which means that L € T (1"12r (x)) .

Lety € I (I'%). Take £ > 0 and A € (0, 1).. There exists L € 7 (I (x)) 0 Ny (v, £, 4) . Choose 7 > 0 such
that Ny (L,n, 1) € Ny (v, &, ). We obviously have

(neN:y—x,z€ Ny(e, )} D{neN:L-x,z¢€ Ny )}.
Hence (n € N:y—x,,2€ No(e, )} ¢ T and y € T (% (x)). O

Definition 3.2. Let (X, F, ) be an RTN space, 7 be an admissible ideal and x = (x,),cn be a sequence in
X.

If K = {k; < ky < ...} € 7, then the subsequence xg = (xg),cn in X is called 7 %-thin subsequence of the
sequence x in X.

If M ={m <mp <..} ¢ I, then the subsequence xp; = (x,) ey in X is called I %-nonthin subsequence
of the sequence x in X.
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Itisclear thatif Lisa 7 %—limit point of x € X, then thereisa I %—nonthin subsequence x,, that convergent
to L with respect to the random 2-norm F.

Definition 3.3. Let (X, F, *) be an RTN space and x = (x,),cny € X. An element L € X is said to be limit
point of the sequence x = (x,) with respect to the random 2-norm F if there is subsequence of the sequence
x which converges to L with respect to the random 2-norm F. By L% (%), we denote the set of all limit points
of the sequence x = (x,) with respect to the random 2-norm F.

Itis obvious 7 (A% (x)) € L2 (x), I (T2 (x)) € L2 (x) : Take L € T (T (x)) , then {n € N : x,,2 € N1 (8, D)} ¢
I foreache > 0,1 € (0,1)and nonzerozin X.If L ¢ L% (x), then there is &’ > 0 such that Ny, (¢’, A) contains

only a finite number of elements of x in X. Then {n € N : x,,z € Ny (¢’, 1)} € 7, but it contradicts to
Le I (T2 (x)). Hence x € 7 (T2 (x)). Thus x € L2 (x), and so T (T2 (x)) € L2 (x).

Lemma 3.1. Let (X, F, %) be an RTN space and I be an admissible ideal. For a sequence x = (x,) € X, if x
is I p-convergent with respect to the random 2-norm F, then 1 (A% (x)) and T (F% (x)) are both equal to the
singleton set {1 p-1im x,, z} for each nonzero z in X.

Proof. Let I p-lim, x,,,z = L. Show that L € T (A% (x)). By definition of J g-convergence we have
A, V)={neN:x,z¢ N.(g, D)} e T

for each € > 0, 4 € (0,1) and nonzero z € X. Since J is an admissible ideal we can choose the set M =
{m <mp < ..} ¢ N such that i ¢ A(,4)and xy,.z € Ny (. 4) for all k € N. That is F-limy_ Xy, = L.
Suppose M € 1. Since M Cc {n e N : x,,,z€ N (1, D)},

MN\M)N{neN:x,,ze N.(1,D)} =0,

but N\M € ¥ (1) and
(neN:x,,ze Ne(L,D)}eF ().

This contradiction gives M ¢ 7. Hence we get M = {nj<my<..}] ¢ Nand M ¢ I such that F-
lim o Xn 2 = Ly ie., L € T (A2 (x)). Since T (A2 (x)) € I (T3 (x)). € € T (% (x).

Now we suppose there isnp € 7 (FI% (x)) such that 7 # L. It is clear that

- L
A={n€N:xn,z€ENL(|77 l,/l)}ef

2

and

- L
B:{neN:xn,zeNL(ln2 l,/l)}eéf

for A € (0,1) and each nonzero z € X. We have B C A € 7. This contradiction shows 1 (F% (x)) = {L}.
Hence from inclusion J (A% (x)) crl (F2F (x)) = {L}, we have (A% (x)) =71 (F% (x)) = L. The lemma is
proved. O

Theorem 3.2. Let (X, F, *) be an RTN space, I be an admissible ideal and x = (x,) ,y = (y,) are sequences
in X such that
M={neN:x,#y,}el.

Then I (A2 (x)) = I (A% (y)) and I (T (x)) = I (T2 ().
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Proof Let M = {n€N: x, #y,} € I.1f L € T (A2 (x)), then there is a set K = {n; <m < ...} ¢ T such
that F-limy x,,,z = L. Given € > 0 and A € (0, 1) there exists N € N such that x,,,z ¢ N (g,4) fork > N
andnonzeroz € X. Since K1 ={neN:neKAx, #y,JCMel,

Ky=(neN:neKAx,=y,} ¢ 1.

Indeed, if K; € 1, then K = K1 U K € 7, but K ¢ 1. Hence the sequence yk, = (Yn),ek, is an I %-nonthin
subsequence of y = (y,),en and yk, convergent to L with respect to the random 2-norm F. This implies that
L € I (A2 (y)). Similarly we can show that T (A2 (y)) ¢ I (A% (x)). Hence T (A2 (y)) = T (A2 (x)). Now
let L € 7 (I (x)). Then

Bi={neN:x,ze No(e, )} ¢ 1

for each € > 0, A € (0, 1) and nonzero z € X and
Bo=neN:neB Ax,=y,} ¢ 1.

Therefore, By C {n € N : y,,z € Ni(e, D)} It shows that {n € N : y,.z € Np (8, D)) ¢ T.ie., Le I (T2 (y)).
The theorem is proved. O

The next theorem proves a strong connection between J %—cluster and limit points of a given sequence
with respect to the random 2-norm F.

Definition 3.4. (Kostyrko et al., 2000) An admissible ideal 7 c P (N) is said to satisfy the property (AP)
if for every sequence (A,),cn Of pairwise disjoint sets of 7 there are sets B, C N, n € N, such that the
symmetric difference A,AB,, is a finite set for every n € N and U,enB,, € 7.

Theorem 3.3. Let (X, F,*) be an RTN space and I be an admissible ideal with property (AP) and x =
(x,) be a sequence in X. Then there is a sequence y = (y,) € X such that L% ) =1 (1“12r (x)) and
fneN:x, #y,}el.

Proof. If T (1"12r (x)) = L% (x), then y = x and this case is trivial. Let 1 (F% (x)) be a proper subset of
L% (x). Then L% ()\T (Flz, (x)) # @ for each L € L% ()\T (F% (x)). There is an I %—thin subsequence
(xjk)keN of x such that lim; x; z = L, i.e., given € > 0, 4 € (0, 1) there exists a positive integer N
such that x;,z ¢ N (g,4) for k > N and nonzero z € X. Hence there exists an N7 (g, 1) such that
(ke N:x,ze N =NL(@6,A)} €T foreachd >0, A € (0,1) and nonzero z € X.

It is obvious that the collection of all Ny ’s is an open cover of L% )\ (1"12r (x)). So by Covering
Theorem there is a countable and mutually disjoint subcover {N ]}:: | such that each N; contains an 7 %-thin
subsequence of (x,) € X.

Now let

Aj={neN:x,ze Nj=N;©,1), jeN)
for each 6 > 0, 4 € (0,1) and nonzero z € X. Itis clear that A; € 7 (j=1,2,...)and A; N A; = 0. Then
by (AP) property of I there is a countable collection {B j}j; of subsets of N such that B = U‘;.‘;] Bj € I and
A\ Bis a finite set for each j € N. Let M = N\B = {m| <my < ...} C N. Now the sequence y = (y) € X is
defined by yx = x,,, if kK € Band y; = x; if kK € M. Obviously, {k € N : x; # y;} C B € 7, and so by Theorem
32,1 (1“12r (y)) =7 (1“12r (x)). Since A;\B is a finite set, the sequence yg = (yi)icp has no limit point with
respect to the random 2-norm F' that is not also an I %—limit point of y, i.e., L%_ =1 (F?, (y)). Therefore,
we have proved L% =171 (1"12r (x)). O]
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Abstract

In this paper we introduce a new concept of A-Zweier convergence and A-statistical Zweier convergence and give some rela-
tions between these two kinds of convergence.
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1. Preliminaries

We write w for the set of all complex sequences x = (xx);-, and lw, ¢ and co for the sets of all bounded,
convergent sequences and null sequences, respectively.

A sequence space X with linear topology is called a K -space if each of the maps P; : X — C defined
by P;(x) = x; is continuous fori = 1,2,---.

A Fréchet space is a complete linear metric space, or equivalently , a complete totally paranormed space.
In otherwords a locally convex space is called a Fréchet space if it is metrizable paranormed space and the
Fréchet space is complete.

K -space X is called an FK-space if X is complete linear metric space. In otherwords we say that X is
an FK-space if X is Fréchet space with continuous coordinate projection, we mean if X" — x (n — o)
in the metric of X then x]((") — x; (n — o0) for each k € IN. That is, for each k € N, the linear functional
Pi(x) = xi is such that Py is continuous on X, i.e. X is K-space. Note that w is a locally convex FK space
with its usual metric. A BK-space is a normed FK-space (Choudhry & Nanda, 1989).

LetA = (a"k);?k:() be an infinite matrix of complex numbers and x € w. We write

()

An() = ) amxe (n=0,1,2,--)
k=0

and
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A(x) = (Ap(x),20-
For any subset X of w, the set

Xa={x=() ew:AXx) € X}

is called the matrix domain of A in X.
Let 1 = (4,) be a non decereasing sequence of positive reals tending to infinity and 4; = 1 and
Ans1 < Ay + 1. The generalized de la Vallee - Poussin means is defined by

1
() = — > x,
" kel,
where I, = [n— A, + 1,n].
A sequence x = (xg) is said to be (V,4)-summable to a number / if ¢,,(x) — [ as n — oo (Leindler, 1965).
We write {
V.A1° = lx = (w) € w:lim = > Ll = 0),

" kel,

1
VAl={x=(p) ew: lim—lek —le| = 0, for some 1 € C},
n Ay kel,

1
[VAI® = (x = (5) € w: lim — > || < oo},
n A,
kel,
For the sets of sequences that are strongly summable to zero, strongly summable and strongly bounded
by the de la Valle- Poussin method.In the special case when 4, = nforn =1,2,3,--- the sets [V, 1%, [V, 1]
and [V, 4] reduce the sets wg , w and w,, introduced and studied by Maddox (Maddox, 1986).
In (Sengoniil, 2007), Sengoniil introduced Z and Z spaces as the set of all sequences such that £ -
transforms of them are in the spaces c and ¢g , respectively , i.e.

Z={x=(xp)ew:£ec},
Zo={x=(x) ew:£ecy

where £ = (zx) , (n,k=0,1,2,---) denotes by the matrix

2

(L k<n<k+1, mkeNN)
Lnk 0, otherwise

This matrix is called Zweier matrix.

The concept of statistical convergence was first introduced by Fast (Fast, 1951) and further studied by
Salat in (Salat, 1980), Fridy in (Fridy, 1985), Connor in (Connor, 1988), Kolk in (Kolk, 1996), (Kolk, 1993),
M. K. Khan and C. Orhan in (Khan & Orhan, 2007), Fridy and Orhan in (Fridy & Orhan, 1997), (Fridy &
Orhan, 1993) and many others. Let IN be the set of natural numbers and EC IN. Then the natural density of
E is denoted by

§(E) = lim n 'k <n:keE),

where the vertical bars denote the cardinality of the enclosed set.

The sequence x = (xi) is said to be statistically convergent to the number / if for every € > 0, the set
{k : |x; — I| > €} has natural density 0, and we write [ = st — lim x. We shall also write S to denote the set of
all statistically convergent sequences.
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2. Main Results
We introduce the sequence spaces [V, A1°1Z1, [V, A1[Z] and [V, A]®[Z] as the set of all sequences such

that Z-transforms of them are in the [V, 1]°, [V, A] and [V, A]® respectively i.e

VAP[Z] = {x = () € w: hm—Z| (¢ + x| = 0},
”kl

[uﬂ[]{x—uwewlmp—§]4m+xko—n_o for some 1 € C},
"kI

[VAIRIZ] = {x = (w) € w': hm—Z| (x + x| < oo},
"ke]

The £ = (Zuk)n >0 Matrix is well known as a regular matrix (Boos, 2000).Define the sequence y which
will be frequently used, as £ - transform of the sequence x i.e.,

1
Yk = E(xk + xk-1), (k€ IN). 2.1)

Theorem 2.1. The sets [V, A1°[Z], [V, A][Z] and [V, A]®°[Z] are the linear spaces with the coordinatewise
addition and scalar multiplication with the norm

Ixllpv.a01z1 = IXllivaiizr = Ixllvareiz) = 1€x]]a-
Proof. Suppose that x,y € [V, 1]°[Z] and a, 8 are complex numbers. Then

lim — Z |5l + xk-1) + BO%k + ye-DIl < hm— Zq (e + x| + |—/3(yk + 1))

kel

ﬂm—Zﬂm+&MHm—Zﬂm+&m—,%raw

kel,

Furthermore , since for any subset X of w , the set
Xa={x=(p) ecw:AXx) € X} (is called matrix domian of A in X),
holds and [V, A]°, [V, A] are BK -spaces with respect to the norm defined by
1
Il = sup - D b
n An kel,

and the matrix £ = (g,,x) is normal, that is z,; # 0, for 0 < k < n and z,; = 0 for k > n for all n,k € IN and
also by Theorem 4.3.2 of Wilansky (Wilansky, 1984) gives the fact that the spaces [V, A1°[Z] and [V, A][Z]
are BK spaces. 0

Theorem 2.2. The sequence spaces [V, %121, [V, A[Z] and [V, AI°[Z] are linearly isomorphic to the spaces
[V, A1°, [V, A] and [V, A]™ respectively.
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Proof. We want to show the existance of the linear bijection between the spaces [V, A1°[Z] and [V, 2]°.Consider
the transformation £ defined by (1), from [V, 1]°[Z] to [V, A]° by

£:v,2°2] - v, 2°

1
x—>£x=y, y=0k), Y= E(xk + xk-1), (ke IN).

The linearity of £ is clear. Further it is trivial that x = 0 when £x = 0 and hence £ is injective. Let y € [V, 1]°
and define the sequence x = (x;) by

k
w=2) D (el
i=0

Then | |
= lim — — (X + Xp—
Illyapz = lim Aﬂ;b(xk X1

1 1< y i o
Wl = Jim = > 1@ 3 (=D i+ 2 3 (~D* )
" kel, k=0 k=0

1
llpvapiz = lim — " Iyl
[V.AI°[Z] o 1, £ i

This implies that x € [V, 21°[Z]. Also

1 1
Wl oz = sup o D15 o+ xin)

non el

1 PR i~k i k-1
itz = sup 3 ) 152 ;—1)’ Vi +2 ;(—1)’ )l

m kel,

1 0
||x||[‘/’/l]0[z] = Sup /1_ Z |yk| = ||y”[V’/I]

noon el

Thus we have that x € [V, 1]°[Z] and consequently £ is surjective. Hence £ is linear bijection which therefore
says us that the spaces [V, 21°[Z] and [V, A]° are linearly isomorphic. It is clear here that if the spaces
[V, 21°[Z] and [V, 2]° replaced by the spaces [V, A][Z] and [V, 4] or [V, A]*[Z]and [V, A]>, respectively. Then

[V, AZ] = [V,AI"[Z] or [V,A"[Z] = [V,A]".
This completes the proof. O

A sequence x = (xi) is said to be A-statistical Zweir convergent to a number [ if for € > 0.
1
RilZ] = {— ) IEMy(e)] = 0},
An kel,

where |
£EMy(e)={[n—A,+1,n]: |§(xk + xp_1) — 1 > €l}.
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Let
1
-, +1L,n"={n-A,+1,n]: |5(xk +x_1)— 1> €|} = CM,(e)

and |
[m—A,+1,n]™ ={n-A,+1,n]: |§(xk + x5-1) =[] < €}.
Theorem 2.3. If x; — [V, A][Z] = x;x — (R, Z)).
Proof. Let e > 0 and x; — I[V, A][Z], then
1

1
— D a+xen-
" keln—2,+1,1]

1 1
2 Z |§(Xk+xk—1)_l|
™ keln—A,+1,n]*
1
> —|EM .
> ﬂnl 106l
This implies that x; — (R [Z]). ]

Theorem 2.4. If x € [V, A]°[Z] and x; — I[V, A[Z] = xx — (RH[Z]).

Proof. Suppose that x € [V, 4]*[Z] and x;x — I[V, A][Z]. Since supkl%(xk + x3—1 — I)| < oo, there exists a
constant 7 > 0 such that I%(xk + x;—1) — I| < T for all k. Then we have, for every € > O that
1 1
- |5 (xx + x-1) — 1
™ ke[n—A,+1,1]
1 1
== 2, latmn-l
n
ke[n—A,+1,n]*

1 1
DI A

" keln—Ap+1,n]*
T
< —|EM(e)| + €,
An
taking limit as € — 0. Thus x; — I([V, A]®[Z]). O
Theorem 2.5. If x € [V, A]*[Z] then [V, A][Z] = R)[Z].
Proof. Proof follows from Theorem 2.3 and Theorem 2.4. [

Acknowledgments. The author would like to record their gratitude to the reviewer for his careful read-
ing and making some useful corrections which improved the presentation of the paper.



28 Vakeel A. Khan/ Theory and Applications of Mathematics & Computer Science 2 (1) (2012) 23-28

References

Boos, J. (2000). Classical and Modern Methods in summability. Oxford University Press.

Choudhry, B. and S. Nanda (1989). Functional Analysis with Application. John Wiley and sons Inc, New Delhi, India.
Connor, J. S. (1988). The statistical and strong p-cesaro convergence of sequences. Analysis (8), 47-63.

Fast, H. (1951). Sur la convergence statistique. Collog. Math. (2), 241-244.

Fridy, J. A. (1985). On statistical convergence. Analysis (5), 301-313.

Fridy, J. A. and C. Orhan (1993). Lacunary statistical summability. J. Math. Anal. Appl. (173), 497-504.

Fridy, J. A. and C. Orhan (1997). Statistical core theorems. J. Math. Anal. App!. (208), 520-527.

Khan, M.K. and C. Orhan (2007). Matrix characterization of A-statistical convergence. Journal of Mathematical Analysis and
Applications 335(1), 406 — 417.

Kolk, E. (1993). Matrix summability of statistically convergent sequences. Analysis (45), 77-83.

Kolk, E. (1996). Matrix maps into the space of statistically convergent bounded sequences. Proc. Estonia Acad. Sci. Phys. Math.
(45), 187-192.

Leindler, L. (1965). Uber die de la vallee pousinsche summierbarkeit allgemeiner orthogonalreihen. Acta math. Hung. (16), 375-
378.

Maddox, 1. J. (1986). Sequence spaces defined by a modulus. Math. Camb. Phil. Soc. (100), 161-166.
Salat, T. (1980). On statistically convergent sequences of real numbers. Math. Slovaca (30), 139-150.

Sengoniil, M. (2007). On the Zweier sequence space. Demonstratio Mathematica. Warsaw Technical University Institute of Math-
ematics 40(1), 181-196.

Wilansky, A. (1984). Summability through functional analysis. North-Holland Mathematical studies.



> el Theory and Applications of
< /\. Mathematics & Computer Science
el /A

/ (ISSN 2067-2764)
,)\\ http://www.uav.ro/applications/se/journal/index.php/tamcs

Theory and Applications of Mathematics & Computer Science 2 (1) (2012) 29-36

On H-Dichotomy for Skew-Evolution Semiflows in Banach Spaces

Codruta Stoica®*, Diana Borlea®

“”Aurel Vlaicu” University of Arad, Department of Mathematics and Computer Science, 2 E. Drdgoi Str., RO-310300 Arad,
Romania.
bWest University of Timisoara, Faculty of Mathematics and Computer Science, 4 V. Parvan Bd., RO-300223 Timisoara, Romania.

Abstract

The aim of this paper is to define and characterize a particular case of dichotomy for skew-evolution semiflows, called the
H-dichotomy, as a useful tool in describing the behaviors for the solutions of evolution equations that describe phenomena from
engineering or economics. The paper emphasizes also other asymptotic properties, as w—growth and w—decay, H-stability and
H-instability, as well as the classic concept of exponential dichotomy.
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1. Preliminaries

The study of the behaviors of the solutions of evolution equations by means of associated operator fam-
ilies has allowed to obtain answers to some previously open problems by involving techniques of functional
analysis and operator theory.

In the qualitative theory of evolution equations, the exponential dichotomy is one of the most important
asymptotic properties, and in the last years it was treated from various perspectives.

The notion of exponential dichotomy for linear differential equations was introduced by O. Perron in
1930. The classic paper (Perron, 1930) of Perron served as a starting point for many works on the stability
theory. The property of exponential dichotomy for linear differential equations has gained prominence since
the appearance of two fundamental monographs due to J.L. Daleckii and M.G. Krein (see (Daleckii & Krein,
1974)) and J.L. Massera and J.J. Schiiffer (see (Massera & Schiiffer, 1966)).

Diverse and important concepts of dichotomy for linear skew-product semiflows were studied by C.
Chicone and Y. Latushkin in (Chicone & Latushkin, 1999), S.N. Chow and H. Leiva in (Chow & Leiva,
1995), R.J. Sacker and G.R. Sell in (Sacker & Sell, 1994) as well as G.R. Sell and Y.You in (Sell & You,
2002).

The exponential stability and exponential instability for nonautonomous differential equations are stud-
ied by L. Barreira and C. Valls in (Barreira & Valls, 2008), and, in particular, for linear skew-product
semiflows, by M. Megan, A.L. Sasu and B. Sasu in (Megan et al., 2004).

*Corresponding author
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We have reconsidered the definitions of asymptotic properties by means of skew-evolution semiflow on
a Banach space, introduced in (Megan & Stoica, 2008a), as an important tool in the stability theory and as
a natural generalization for semigroups of operators, evolution operators and skew-product semiflows.

A skew-evolution semiflow depends on three variables 7, ty and x, while the classic concept of cocy-
cle depends only on ¢ and x, thus justifying a further study of asymptotic behaviors for skew-evolution
semiflows in a more general case, the nonuniform setting (relative to the third variable).

The notion of linear skew-evolution semiflow arises naturally when considering the linearization along
an invariant manifold of a dynamical system generated by a nonlinear differential equation. The notion has
proved itself of interest in the development of the stability theory, in a uniform as well as in a nonuniform
setting, being already adopted by some researchers, as, for example, P. Viet Hai in (Viet Hai, 2010) and
A.J.G. Bento and C.M. Silva in (Bento & Silva, 2012). Some results concerning the asymptotic properties
for skew-evolution semiflows were published in (Megan & Stoica, 2008b), (Megan & Stoica, 2010), (Stoica
& Megan, 2010) and (Stoica, 2010).

In what follows, we will consider a more general case for asymptotic behaviors that does not involve
necessarily exponentials, but, instead, properly defined functions, which allows a non restrained approach.
The aim of this paper is to define and characterize a more general case of dichotomy for skew-evolution
semiflows, called the H—dichotomy, as a tool in the study the behaviors for the solutions of differential
equations that describe processes from engineering, physics or economics, and to emphasize connections
with the classic concept.

The motivation for the approach of the H—dichotomy is due to the fact that the characterizations in this
case do not impose restrictions neither on the matrix A, which defines the system of differential equations,
nor on the solutions, such as bounded growth or decay.

2. Notations. Definitions

Let us denote by X a metric space, by V a Banach space, by V* its dual, and by B(V) the space of all
bounded linear operators from V into itself. We consider the set T = {(t, fp) € R%, t> to}. Let I be the
identity operator on V. We denote ¥ = X X V and Y = {x} X V, where x € X.

Let us define the sets

H ={H : R, - R}| H continuous}

and
F ={f : R, —» R,| 3u € R such that f(¢) = ¢"',Vt > 0}

with the subsets .. and ¥_ for positive, respectively negative values of .
We will denote by K the set of all continuous functions 4 : R, — [1, o) such that, for all H € H, there
exist a function f € ¥ and a constant k > 0 with the properties

h(s) < kf(t— s)H(t), and h(2t)h(2s) < H(t + 5), V1,5 > 0.

Remark. As we can consider h(t) = f(t) = ¢ and H(r) = e v >0,t>0,it follows that the set % is not
empty.

Definition 2.1. The mapping C : T X Y — Y defined by the relation
C(t,s,x,v) = (¢(t, s, x), D(t, 5, X)),

where ¢ : T X X — X has the properties
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(s1) @(t,t,x) = x, ¥(t,x) € R, X X;

(82) (2, s,0(s, 19, X)) = @(t, 19, Xx),V(t, s, 10) € T, x € X
and @ : T X X — B(V) satisfy

(c1) @, t,x) =1, Y(t,x) e R, X X;

(c2) D(2, s, (s, tg, X)D(s, ty, X) = D(¢, 19, ), V(t, 5, t0) € T, x € X,
is called skew-evolution semiflow on Y.

Remark. ¢ is called evolution semiflow and ® evolution cocycle over the evolution semiflow ¢.

Remark. If C = (¢, ) denotes a skew-evolution semiflow and @ € R a parameter, then C, = (¢, @), where

@, : T x X - B(V), Oolt, 1o, x) = *T0D(t, 1, x), 2.1
is the a-shifted skew-evolution semiflow.

Example 2.1. Let X = R,. The mapping ¢ : T X R, — R, ¢(, s,x) =t — s + x is an evolution semiflow
on R, . For every evolution operator £ : T — B(V) we obtain that

O : TXR, - B(V), Op(t,s,x) = E(t— s+ x,x)

is an evolution cocycle on V over the evolution semiflow ¢. Hence, an evolution operator on V is generating
a skew-evolution semiflow on Y.

Example 2.2. Let f : R, — (0, o) be a decreasing function. We denote by X the closure in C, the set of
all continuous functions x : R — R, of the set {f;, r € R.}, where fi(t) = f(t + 1), YT € R,. The mapping
0o : Ry x X = X, @o(t,x) = x;,, where x,(7) = x(t + 7), VT > 0, is a semiflow on X. Let V = £2(0, 1)
be a separable Hilbert space with the orthonormal basis {e,},cn defined by eg = 1 and ¢,(y) = V2 cos nmy,
where y € (0, 1) and n € N. Let us consider the Cauchy problem

{ v(t) = Algo(t, ))v(t), t>0

v(0) = vg. (2.2)

where A : X — B(V) is a continuous mapping. We consider a Cy-semigroup S given by the relation

[

Sy =" e, enden,

n=0

where (-, -) denotes the scalar product in V. The mapping

Oy : Ry X X - B(V), Oy(t,x)v =S (f x(s)ds)v
0

is a cocycle over the semiflow ¢g and Coy = (¢p, o) is a linear skew-product semiflow on Y. Also, for all
vo € D(A), we have that v(r) = @g(¢, x)vg, t > 0, is a strong solution of system (2.2). Then the mapping

C:TxXY->Y, C@,s,x,v) = (et,s, x), D, s, x)v),

where
o(t, s, x) = @o(t — s, x) and O(¢, s, x) = Dot — 5, %), V(t,5,x) € T XX

is a skew-evolution semiflow on Y. Hence, the skew-evolution semiflows are generalizations of skew-
product semiflows.
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Other examples of skew-evolution semiflows are given in (Stoica & Megan, 2010).

Definition 2.2. C = (¢, ®) has w—growth if there exists a nondecreasing function w : Ry — [1, co) with the
property tlima)(t) = oo such that:

1D, 10, )Vl < w(t = $)[|DCs, 10, XVl ,

for all (¢, 5),(s,79) € T and all (x,v) € Y.

Remark. If C has w—growth, then the —a-shifted skew-evolution semiflow C_, = (¢, ®_,), @ > 0, has also
w—growth.

Remark. The property of w—growth is equivalent with the property of exponential growth (see (Stoica,
2010)).

Definition 2.3. C = (¢, ®) has w-decay if there exists a nondecreasing function w : R, — [1, co) with the
property llima)(t) = oo such that:

1D (s, t0, VI < w(r = $) [|D(, 10, 0)VI| ,

for all (¢, 5),(s,79) € T and all (x,v) € Y.

Remark. If C has w—decay, then the a-shifted skew-evolution semiflow C, = (¢, ®,), @ > 0, has also
w—decay.

Remark. The property of w—decay is equivalent with the property of exponential decay (see (Stoica, 2010)).

3. Concepts of dichotomy

Definition 3.1. A continuous mapping P : Y — Y defined by
P(x,v) = (x, P(x)v), Y(x,v) € Y, (3.1)
where P(x) is a linear projection on Yy, is called projector on Y.

Definition 3.2. A projector P on Y is called invariant relative to a skew-evolution semiflow C = (¢, ®) if
following relation holds:
P(e(t, s, )D(1, 5, x) = O(1, 5, ) P(x), (3.2)

forall (¢,s) € T and all x € X.

Definition 3.3. Two projectors P and Q, defined by (3.1), are said to be compatible with a skew-evolution
semiflow C = (¢, @) if:

(1) each of the projectors is invariant on Y, as in (3.2);

(1) Yx € X, the projections P(x) and Q(x) verify the relations

P(x) + O(x) = I and P(x)Q(x) = 0.
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Definition 3.4. C = (¢, ®) is exponentially dichotomic relative to the compatible projectors P and Q if there
exist @ > 0 and two nondecreasing mappings N1, N; : Ry — [1, c0) such that:
(edy)
"I || @p(t, 10, )V < Ni(9) (s, 1o, VI 5 (33)

(ed2)
e || Do (s, 10, )| < Na(0) || @2, 10, X)), (3.4)

for all (¢, 5),(s,19) € T and all (x,v) € Y.
Remark. In Definition 3.4, relation (3.3) is the definition for the exponential stability and relation (3.4) for
the exponential instability.

A more general concept of dichotomy is given by
Definition 3.5. C = (¢, ®) is H—dichotomic relative to the compatible projectors P and Q if there exist two
nondecreasing mappings N, N; : Ry — [1, 00) such that:

(Hed))
H(@) [|0p(t, 10, X)VI| < N1(20) [IP(x)V]] ; 3.5)

(Hed>)
H(s) ||@g(s. to, x)v|| < Na() || @0, 10, x)v

for all (7, 5), (s,29) € T, all (x,v) € Y and all H € ‘H.

: (3.6)

Remark. For H(t) = ¢, t > 0, v > 0 the exponential dichotomy for skew-evolution semiflows is obtained.
Example 3.1. Let us consider the system of differential equations

i = (=2tsint —3)u
w = (tcost+2)w

Let X = R, and V = R? with the norm [|(vi,v2)ll = vi| + val, v = (v1,v2) € R?. Then the mapping
¢: T xR, — R, defined by
So(ta S, x) = xt—S

is an evolution semiflow and the mapping @ : T x R, — B(R?) given by

D(z, 5, x)(vi,v2) = (U2, s)vy, W(t, $)v2) =

_ ¢ 2tcost—2scos s—2sint+2 sin s—31+3s t sin t—s sin s+cos t—cos s+2t—2s
=(e vy, e v2),

where U(t, s) = u(u~'(s), W(t, s) = wOw™(s), (t,s) € T, and u(t), w(t), t € R, are the solutions of the
given differential equations, is an evolution cocycle. We obtain that the skew-evolution semiflow C = (¢, @)
is H—dichotomic relative to the compatible projectors P, Q : R? — R2?, defined by P(x,v) = (v1,0) and
0O(x,v) = (0,v;), where v = (vy,v2), with

H(u) = €*, Ni(s) = &*** and Na(s) = e "*2.



34 C. Stoica and D. Borlea/ Theory and Applications of Mathematics & Computer Science 2 (1) (2012) 29-36
In what follows, if P is a given projector, we will denote for every (¢, s,x) € T X X
Dp(t, 5, x) = O(t, 5, x)P(x) and Cp = (¢, Dp).

We remark that
(i) Dp(t,t,x) = P(x), for all (z, x) € R, X X;
(ii) @p(2, 5, (s, o, X)) DPp(s, T, x) = Pp(t, ty, X), for all (¢, 5), (s,20) € T, x € X.

The following result is an integral characterization for the concept of H-dichotomy.

Theorem 3.2. Let P, Q : Ry — B(V) be two projectors compatible with C = (¢, ®) with the property that
Cp has w—growth and C has w—decay. Let H € H and h € K. Then C is H—dichotomic if and only if there
exist two mappings My, M, : R, — R such that:

(@) )
f h(r) | ©p(t, 7, )" . (3.7)
0]
(if)
h(to) f e )chQ(r to, )v|| dt < Ma(1) || @o(t, to, x)v|, (3.8)

forall (t,s),(s,t9) € T and all (x,v) € Y, v* € V* with ||| < 1.

Proof. Necessity. (i) As the skew-evolution semiflow C is H-dichotomic, it implies that the relation (3.5)
of Definition 3.5 holds. There exist a function f € ¥_ and a constant k > 0 such that

h(s) < kf(t — $)H®), ¥(t,s) € T.

Let us denote f(7) = e™, v > 0. We obtain the inequalities

e Wl < K™ (s 10,

for all (¢, 5), (s,t9) € T and all (x,v) € Y. Further we have

1®p(2, 10, V]| <

dr < My(to)H() ||P(x)v*

B

t !
f (o) ||@p(t, 7, )*V|| dr < KH(D) f h()e™ 0 ||Dp(t, 7, x) v
1o fo
where we have denoted M, (7) = kv™'N,(7), t > 0.
(i) We have that the relation (3.6) of Definition 3.5 takes place. There exist a function f € ¥_ and a

constant £ > 0 such that
h(ty) < kf(s — to)H(s), Y(s,tp) € T.

Let us consider f(r) = e™, v > 0. We have

N ()
H(s)

N () e~V (s—10)

et < K122

[@o(s. 10, x)v|| < —= |@o(, 10, x)v|| <

Na()

k
=X tto)

e eV 5710) V(25710 ||(I)Q(t, 10, x)v” < kNa(1)e" e =9 ||(I)Q(t, 10, x)v“ ,
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for all (¢, 5), (s,t9) € T and all (x,v) € Y. Further we have

t !
h(to) f % |®o(t t0. x)v|| dr < kM f e Do (t, 10, x)V|| dT < Ma(®) IIPCOV],
) fo

where we have denoted M»(¢t) = ,t > 0, and where we have defined in Definition 2.3 the function

w(t) =Me®”, M >1and s > 0.
Sufficiency. (i) We suppose that relation (3.7) takes place. Let us first consider the case t € [fg, 7o + 1).
Wehave,as 0 <r—1fy <1,

kM SO
0

IDp(t, 10, )V < Me® e~ || P(x)v]|,

for all (x,v) € Y, where we have considered in Definition 2.2 the function w(f) = Me®, M > 1 and 6 > 0.
On the second hand, we consider the case t >ty + 1 and s € [ty, 7o + 1]. As H € H and h € K, there
exists a constant & > 0 such that A(s) > e~ *=9H(¢), for all (¢, s € T). We have

e, D (1, 19, VY| < @I [(0*, LD (1, 19, X)V)| =

10+1
= eT(@roNT) f (@p(t. 7. (7. 10, X))"v* &V Dp(, 10, )W) | dr <

fo

e~ || D p(1, £y, X)V]| dT <

fo+1
< f " ||0p(t, 7, (1, 10, X))V

Ty

dr <

t
< M||P(x)v|| f e | @p(t, T, (7 10, X))V
0]

< MM (1) [PCoVl || PCeyv|

By taking supremum relative to |[v*|| < 1 it follows that
1©p(2, 1o, X)VI| < M My (t9)e™ "~ | P(x)v|

Thus, we obtain
|Dp(t, to, X)VI| < Me®0 [M(to) + 1] e~ || P(x)v]]

for all (t,79) € T and (x,v) € Y. Let us now define H(f) = ¢ and N;(t9) = Me**® [M,(to) + 1] e®. We
obtain thus relation (3.5).

(if) For H € H and h € K, there exists a constant 8 > 0 such that i(s) < e B9 H(1), V(t,s) € T. Let us
denote

1
K= f e PTw(r)dnr,
0

where the function w is given by Definition 2.3. We have

fo+1
K[IQ(xv]| = f e Pt 1) [ oo, 10, x)v]| dr <

To

to+1
< f " et [@o(z 10, x| dT < Ma()P) || @ (2, 10, )|
0]
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for all (t,17p) € T and all (x,v) € Y. This relation implies

1
|@o(s, 10, x)v]| < EMz(t)eﬁ(’_s) |@o(, 10, )|,

1
for all (1, s), (s, o) € T and all (x,v) € Y. Let us define H(s) = ¢ and N»(f) = EMz(t)eﬁ’. Relation (3.6) is
thus obtained.
]

Remark. In Definition 3.5, relation (3.5) gives the definition for the H-stability and relation (3.6) for the
H-instability, characterized, respectively, by the relations (3.7) and (3.8) of Theorem 3.2.
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Abstract

In this paper an attempt is made to extend the concept of topological spaces in the context of multisets (mset, for short). The
paper begins with basic definitions and operations on msets. The mset space [X]" is the collection of msets whose elements are
from X such that no element in the mset occurs more than finite number (w) of times. Different types of collections of msets such as
power msets, power whole msets and power full msets which are submsets of the mset space and operations under such collections
are defined. The notion of M-topological space and the concept of open msets are introduced. More precisely, an M-topology
is defined as a set of msets as points. Furthermore the notions of basis, sub basis, closed sets, closure and interior in topological
spaces are extended to M-topological spaces and many related theorems have been proved. The paper concludes with the definition
of continuous mset functions and related properties, in particular the comparison of discrete topology and discrete M-topology are
established.

Keywords: Multisets, Power Multisets, Multiset Relations, Multiset Functions, M-Topology, M-Basis and Sub M-Basis,
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1. Introduction

The notion of a multiset (bag) is well established both in mathematics and computer science (Clements,
1988; Conder et al., 2007; Galton, 2003; Singh et al., 2011; Skowron, 1988; glapal, 1993). In mathematics,
a multiset is considered to be the generalization of a set. In classical set theory, a set is a well-defined
collection of distinct objects. If repeated occurrences of any object is allowed in a set, then a mathematical
structure, that is known as multiset (mset, for short), is obtained (Singh, 1994; Singh et al., 2007; Singh &
Singh, 2003; Wildberger, 2003). In various counting arguments it is convenient to distinguish between a
set like {a, b, c} and a collection like {a, a, a, b, c,c}. The latter, if viewed as a set, will be identical to the
former. However, it has some of its elements purposely listed several times. We formalize it by defining a
multiset as a collection of elements, each considered with certain multiplicity. For the sake of convenience
a multiset is written as {ki/xy,k2/x2, ..., k,/x,} in which the element x; occurs k; times. We observe that
each multiplicity &; is a positive integer.

*Corresponding author
Email addresses: girikalam@yahoo.com (K. P. Girish ), sunil@nitc.ac.in (Sunil Jacob John)
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Classical set theory states that a given element can appear only once in a set, it assumes that all mathe-
matical objects occur without repetition. Thus there is only one number four, one field of complex numbers,
etc. So, the only possible relation between two mathematical objects is either they are equal or they are
different. The situation in science and in ordinary life is not like this. In the physical world it is observed
that there is enormous repetition. For instance, there are many hydrogen atoms, many water molecules,
many strands of DNA, etc. Coins of the same denomination and year, electrons or grains of sand appear
similar, despite being obviously separate. This leads to three possible relations between any two physical
objects; they are different, they are the same but separate or they coincide and are identical. For the sake
of definiteness we say that two physical objects are the same or equal, if they are indistinguishable, but
possibly separate, and identical if they physically coincide.

Topology, as a branch of mathematics, can be formally defined as the study of qualitative properties of
certain objects called topological spaces that are invariant under certain kinds of transformations called con-
tinuous maps (Galton, 2003; Skowron, 1988; Slapal, 1993). There are many occasions, however, when one
encounters collections of non-distinct objects. In such situations the term ‘multiset’ is used instead of ‘set’.
In this paper topologies on multisets are provided and they can be useful for measuring the similarities and
dissimilarities between the universes of the objects which are multisets. Moreover, topologies on multisets
can be associated to IC-bags or n¥-bags introduced by K. Chakrabarthy (Chakrabarty, 2000; Chakrabarty
& Despi, 2007) with the help of rough set theory. The association of rough seth theory and topologies on
multisets through bags with interval counts (Chakrabarty & Despi, 2007) can be used to develop theoretical
study of covering based rough sets with respect to universe as multisets.

The mset space [X]" is the collection of finite msets whose elements are from X such that no member
of an element of [X]" occurs more than finite number (w) of times. i.e., every msets in the collection [X]"
are finite cardinality with each element having multiplicity atmost w. Different types of collections of msets
such as power msets, power whole msets and power full msets which are submsets of the mset space and
operations under such collections of msets are defined. The notion of M-topological space and the concept
of open multisets are introduced. More precisely, a multiset topology is defined as a set of multisets as
points. The notion of basis, sub basis, closed sets, closure and interior in topological spaces are extended to
M-topological spaces and many related theorems have been proved. The paper concludes with the definition
of continuous mset functions and related properties.

2. Preliminaries and Basic Definitions

In this section some basic definitions, results and notations as introduced by V. G. Cerf et al. (Gostelow
et al., 1972) in 1972, J. L. Peterson (Peterson, 1976) in 1976, R. R. Yager (Yager, 1987, 1986) in 1986,
W. D. Blizard (Blizard, 1989a, 1990, 1989b, 1991) in 1989, K. Chakrabarty et al. (Chakrabarty & Despi,
2007; Chakrabarty et al., 1999b,a; Chakrabarty & Despi, 2007) in 1999, S. P. Jena et al. (Jena et al., 2001)
in 2001 and the authors concepts in (Girish & John, 20094, 2012, 2009b; Girish & Jacob, 2011; Girish &
John, 2011) are presented.

Definition 2.1. (Girish & John, 2012) An mset M drawn from the set X is represented by a function Count
M or Cy defined as Cyy : X — N where N represents the set of non negative integers.

Here Cy(x) is the number of occurrences of the element x in the mset M. We present the mset M drawn
from the set X = {x1,x2,...,x,} as M = {my/x1,my/xa, ..., m,/x,} where m; is the number of occurrences
of the element x;,i = 1,2, ...,n in the mset M. However those elements which are not included in the mset
M have zero count.
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Example 2.1. (Girish & John, 2012) Let X = {a, b, c,d, e} be any set. Then M = {2/a,4/b,5/d, 1/e} is an
mset drawn from X. Clearly, a set is a special case of an mset.

Let M and N be two msets drawn from a set X. Then, the following are defined in (Girish & John,
2012):

(1) M =Nif Cy(x) = Cy(x) forall x € X.
(i) M C Nif Cy(x) < Cn(x) forall x € X.
(iii)) P = M U N if Cp(x) = Max {Cy(x), Cy(x)} for all x € X.
(iv) P =M N N if Cp(x) = Min {Cy(x), Cn(x)} for all x € X.
(v) P=M@aN if Cp(x) = Cy(x) + Cy(x) for all x € X.
(vi) P = M e N if Cp(x) = Max{Cy(x) — Cn(x),0} for all x € X where @ and © represents mset addition
and mset subtraction respectively.

Let M be an mset drawn from a set X. The support set of M denoted by M* is a subset of X and
M* ={xe X :Cpy(x) > 0}.ie., M* is an ordinary set. M* is also called root set.

An mset M is said to be an empty mset if for all x € X, Cyps(x) = 0.

The cardinality of an mset M drawn from a set X is denoted by Card (M) or M and is given by Card
M= ZxEX Cu(x).

Definition 2.2. (Girish & John, 2012) A domain X, is defined as a set of elements from which msets are
constructed. The mset space [X]" is the set of all msets whose elements are in X such that no element in the
mset occurs more than w times.

The set [X]™ is the set of all msets over a domain X such that there is no limit on the number of
occurrences of an element in an mset.
If X = {x1,x2,...,x¢) then [ X]Y = {{m1/x1,m2/x2,....mu/x;} s fori=1,2,...k;m; €{0,1,2,... w}}.

Definition 2.3. (Girish & John, 2012) Let X be a support set and [X]" be the mset space defined over
X. Then for any mset M € [X]", the complement M¢ of M in [X]" is an element of [X]" such that
Cj(x) =w = Cy(x) for all x € X.

Remark 2.1. Using Definition 2.3, the mset sum can be modified as follows:
CMI@Mz(x) = min{w, Cu(x) + CMz(X)} for all x € X.

Notation 2.1. (Girish & John, 2012) Let M be an mset from X with x appearing n times in M. It is denoted
byxe" M. M ={ki/x1,ka/x2,...,ky/x,} where M is an mset with x| appearing k times, x; appearing k,
times and so on. [M], denotes that the element x belongs to the mset M and |[M],| denotes the cardinality
of an element x in M.

A new notation can be introduced for the purpose of defining Cartesian product, Relation and its domain
and co-domain. The entry of the form (m/x, n/y)/k denotes that x is repeated m-times, y is repeated n-times
and the pair (x,y) is repeated k times. The counts of the members of the domain and co-domain vary in
relation to the counts of the x co-ordinate and y co-ordinate in (m/x, n/y)/k. For this purpose we introduce
the notation C;(x,y) and C»(x,y). C1(x,y) denotes the count of the first co-ordinate in the ordered pair (x, y)
and C»(x,y) denotes the count of the second co-ordinate in the ordered pair (x, y).

Throughout this paper M stands for a multiset drawn from the multiset space [X]"”. We can define the
following types of submets of M and collection of submsets from the mset space [X]".
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Definition 2.4. (Girish & John, 2012) (Whole submset) A submset N of M is a whole submset of M with
each element in N having full multiplicity as in M. i.e., Cy(x) = Cp(x) for every x in N.

Definition 2.5. (Girish & John, 2012) (Partial Whole submset) A submset N of M is a partial whole submset
of M with at least one element in N having full multiplicity as in M. i.e., Cy(x) = Cy(x) for some x in N.

Definition 2.6. (Girish & John, 2012) (Full submset) A submset N of M is a full submset of M if each
element in M is an element in N with the same or lesser multiplicity as in M. i.e., M* = N* with Cy(x) <
Cu(x) for every x in N.

Note 2.1. (Girish & John, 2012) Empty set 0 is a whole submset of every mset but it is neither a full submset
nor a partial whole submset of any nonempty mset M.

Example 2.2. (Girish & John, 2012) Let M = {2/x,3/y,5/z} be an mset. Following are the some of the
submsets of M which are whole submsets, partial whole submsets and full submsets.

(a) A submset {2/x,3/y} is a whole submset and partial whole submset of M but it is not full subset of M.

(b) A submset {1/x,3/y,2/z} is a partial whole submset and full submset of M but it is not a whole submset
of M.

(c) A submset {1/x,3/y}is partial whole submset of M which is neither whole submset nor full submset of
M.

Definition 2.7. (Girish & John, 2012) (Power Whole Mset) Let M € [X]" be an mset. The power whole
mset of M denoted by PW(M) is defined as the set of all whole submsets of M. i. e., for constructing power
whole submsets of M, every element of M with its full multiplicity behaves like an element in a classical
set. The cardinality of PW(M) is 2" where n is the cardinality of the support set (root set) of M.

Definition 2.8. (Girish & John, 2012) (Power Full Mset) Let M € [X]" be an mset. Then the power full
mset of M, PF(M), is defined as the set of all full submsets of M. The cardinality of PF(M) is the product
of the counts of the elements in M.

Note 2.2. PW(M) and PF(M) are ordinary sets whose elements are msets.

If M is an ordinary set with n distinct elements, then the power set P(M) of M contains exactly 2"
elements. If M is a multiset with n elements (repetitions counted), then the power set P(M) contains strictly
less than 2" elements because singleton submsets do not repeat in P(M). In the classical set theory, Cantor’s
power set theorem fails for msets. It is possible to formulate the following reasonable definition of a power
mset of M for finite mset M that preserves Cantor’s power set theorem.

Definition 2.9. (Girish & John, 2012) (Power Mset) Let M € [X]" be an mset. The power mset P(M) of M
is the set of all sub msets of M. We have N € P(M) if and only if N € M. If N = @, then N €' P(M); and if
N = @, then N €k P(M) where k = [], (%JZ) the product [], is taken over by distinct elements of z of the
mset N and |[M],| =miff z €" M, |[N],| = niff z €* N, then

ML\ _(m)_  m
N )\ n )" nlm—n)
The power set of an mset is the support set of the power mset and is denoted by P*(M). The following
theorem shows the cardinality of the power set of an mset.
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Theorem 2.1 (23). Let P(M) be a power mset drawn from the mset M = {m /x|, mp/x2,...,m,/x,} and
P*(M) be the power set of an mset M. Then Card(P*(M)) = [Ti_,(1 + m).

Example 2.3. (Girish & John, 2012) Let M = {2/x,3/y} be an mset.

The collection PW(M) = {{2/x},{3/y}, M, 0}} is a power whole submset of M.

The collection PF(M) = {{2/x, 1/y},{2/x,2/y},{2/x,3/y}, {1/x, 1/y},{1/x,2/y},{1/x,3/y}} is a power full
submset of M.

The collection P(M) = {3/{2/x, 1/y},3/{2/x,2/y}, 6/{1/x, 1/y}, 6/{1/x,2/y}, 2/{1/x,3/y}, 1/{2/x}, 1/{3/y},
2/{1/x},3/{1/y},3/{2/y}, M, 0}} is the power mset of M.

The collection P*(M) = {{2/x, 1/y}{2/x,2/y} {1/x, 1/y} {1/x,2/y} {1/x,3/y} {2/ x}, 3/}, {1/ x}, {1/},
{2/y}, M, 0}} is the support set of P(M).

Note 2.3. Power mset is an mset but its support set is an ordinary set whose elements are msets.

Definition 2.10. (Girish & John, 2012) The maximum mset is defined as Z where Cz(x) = Max {Cy(x) :
x ek M, M € [X]¥ and k < w}.

Operations under collection of msets. (Girish & John, 2012) Let [X]" be an mset space and {M, M>, ...}
be a collection of msets drawn from [X]" . Then the following operations are possible under an arbitrary
collection of msets.

(i) The union
l_lMi = {(Car,(¥)/x 1 Cpg,(x) = max{Cpy,(x) : x € X}).
i€l
(i) The intersection
NietM; = {Crp,(x)/x 1 Crpg;(x) = min{Cy,(x) : x € X}}.
(ii1) The mset addition
ierM; = {Com, (x)/x : Cem(x) = > Cag(0), x € X},
i€l

(iv) The mset complement
M =Zo M ={Cyc(x)/x: Cpyc(x) = Cz(x) — Cp(x), x € X}.

Remark 2.2. Every nonempty set of real numbers that has an upper bound has a supremum and that have a
lower bound has an infimum. Thus, the arbitrary union and arbitrary intersection defined in 2.20 are closed
under the collection {M;};c;, because the collection {M;};c; drawn from [X]™ contains elements with finite
cardinality and multiplicity of each element x; in M; is always less than or equal to m.

Definition 2.11. (Girish & John, 2012) Let M; and M, be two msets drawn from a set X, then the Cartesian
product of M| and M, is defined as M| X M, = {(m/x,n/y)/mn : x €" My,y €" M,}.

We can define the Cartesian product of three or more nonempty msets by generalizing the definition of
the Cartesian product of two msets.

Definition 2.12. (Girish & John, 2012) A sub mset R of M X M is said to be an mset relation on M if every
member (m/x,n/y) of R has a count, product of C;(x,y) and C»(x,y). We denote m/x related to n/y by
m/x R n/y.
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The Domain and Range of the mset relation R on M is defined as follows:

Dom R = {x €" M : Ay € M such that r/xRs/y} where Cper(x) = sup{Ci(x,y) : x € M}.
Ran R = {y €’ M : dx € M such that r/xRs/y} where Cgqnr(y) = sup{Ca(x,y) : y € M}.

Example 2.4. (Girish & John, 2012) Let M={8/x, 11/y, 15/z} be an mset. Then R = {(2/x,4/y)/8,(5/x,3/x)/15,
(7/x,11/2)/77,(8/y,6/x)/48, (11/y,13/2)/143,(7/2,7/2)/49, (12/z,10/y)/120,(14/z,5/x)/70} is an mset
relation defined on M. Here Dom R = {7/x,11/y,14/z} and Ran R = {6/x,10/y,13/z}. Also § =
{2/x,4/¥)/5,(5/x,3/x)/10,(7/x,11/2)/77,(8/y,6/x)/48,(11/y,13/2)/143,(7/z,7/2)/49, (12/z,10/y)/120,
(14/z,5/x)/70} is a submset of M X M but S is not an mset relation on M because Cs((x,y)) =5 # 2 x4
and Cs((x,x)) = 10 # 5 X 3, i.e., count of some elements in S is not a product of C(x,y) and C»(x, y).

Definition 2.13. (Girish & John, 2012)

(1) An mset relation R on an mset M is reflexive if m/xRm/x for all m/x in M.
(il)) An mset relation R on an mset M is symmetric if m/xRn/y implies n/yRm/ x.
(iii)) An mset relation R on an mset M is transitive if m/xRn/y, n/yRk/z then m/xRk/z.

An mset relation R on an mset M is called an equivalence mset relation if it is reflexive, symmetric and
transitive.

Example 2.5. (Girish & John, 2012) Let M = {3/x,5/y,3/z,7/r} be an mset. Then the mset relation given
by R ={(3/x,3/x)/9,
(3/2,3/2)/9,(3/x,77/r)[21,(7/r,3/x)[21,(5/y,5/¥)/25,(3/2,3/2)/9,(T/r,1/r)[49,(3/z,3/%x)/9,(3/z,7/r)/21,
(7/r,3/2)/21} is an equivalence mset relation.

Definition 2.14. (Girish & John, 2012) An mset relation f is called an mset function if for every element
m/x in Dom f, there is exactly one n/y in Ran f such that (m/x,n/y) is in f with the pair occurring as the
product of Cy(x,y) and C(x, y).

For functions between arbitrary msets it is essential that images of indistinguishable elements of the
domain must be indistinguishable elements of the range but the images of the distinct elements of the
domain need not be distinct elements of the range.

Example 2.6. (Girish & John, 2012) Let M} = {8/x,6/y} and M, = {3/a,7/b} be two msets. Then an mset
function from M to M, may be defined as f = {(8/x,3/a)/24,(6/y,7/b)[42}.

3. Multiset Topology
This section gives the basic definitions and examples introduced in (Girish & John, 2012).

Definition 3.1. (Girish & John, 2012) Let M € [X]" and T C P*(M). Then 7 is called a multiset topology
of M if 7 satisfies the following properties.

1. The mset M and the empty mset @) are in 7.
2. The mset union of the elements of any sub collection of 7 is in 7.
3. The mset intersection of the elements of any finite sub collection of 7 is in 7.
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Mathematically a multiset topological space is an ordered pair (M, 7) consisting of an mset M € [X]" and
a multiset topology T € P*(M) on M. Note that 7 is an ordinary set whose elements are msets. Multiset
Topology is abbreviated as an M-topology.

General topology is defined as a set of sets but multiset topology is defined as a set of multisets. More-
over in general topology 7 is a subset of the power set but in M-topology 7 is a subset of support set of the
power mset. If M is an M-topological space with M-topology 7, we say that a submset U of M is an open
mset of M if U belongs to the collection 7. Using this terminology, one can say that an M-topological space
is an mset M together with a collection of submsets of M, called open msets, such that ¢ and M are both
open and the arbitrary mset unions and finite mset intersections of open msets are open.

Example 3.1. (Girish & John, 2012) Let M be any mset in [X]". The collection P*(M), the support set of
the power mset of M is an M-topology on M and is called the discrete M-topology.

In general topology, discrete topology is the power set but in M-topology, discrete M-topology is the
support set of the power mset.

Example 3.2. (Girish & John, 2012) The collection consisting of M and 0 only, is an M-topology called
indiscrete M-topology, or trivial M-topology.

Example 3.3. (Girish & John, 2012) If M is any mset in [X]", then the collection PW(M) is an M-topology
on M.

Example 3.4. (Girish & John, 2012) The collection PF(M) is not an M-topology on M, because () does not
belong to PF (M), but PF(M) U {0} is an M-topology on M.

Example 3.5. (Girish & John, 2012) The collection 7 of partial whole submsets of M is not an M-topology.
Let M = {2/x,3/y}. Then A = {2/x,1/y} and B = {1/x,3/y} are partial whole submsets of M. Now
ANB={1/x,1/y}, butitis not a partial whole submset of M. Thus 7 is not closed under finite intersection.

4. M-Basis and Sub M-Basis

Definition 4.1. (Girish & John, 2012) If M is an mset, then the M-basis for an M- topology on M in [X]"
is a collection B of submsets of M (called M basis elements) such that

1. For each x €™ M, for some m > 0, there is at least one M-basis element B € B containing m/x.
i.e., for each indistinguishable element in M, there is at least one M-basis element in B having that
element with same multiplicity as in M.

2. If m/x belongs to the intersection of two M-basis elements M and N, then there exists an M-basis
element P containing m/x such that P € M N N with Cp(x) = Cy; N N(x) and Cp(y) < Cpynn(y) for
ally # x.

Remark 4.1. (Girish & John, 2012) If a collection 8B satisfies the conditions of M-basis, then the M-
topology T generated by B can be defined as follows. A submset U of M is said to be an open mset in M
(i.e., to be an element of 7) if for each x €k U, there is an M-Basis element B € B such that x € B and
Cp(y) < Cy(y)forally # x.

Note that each M-basis element is itself an element of 7.
Theorem 4.1. The collection T generated by an M-basis B is an M-topology on M in [X]".

Proof. 1. Clearly 0 and M are in 7.
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2. Let {Ug}qes be an indexed family of elements of 7. Then * = H U, belongs to . For, given x €” U,

aelJ
m = max,{Cy,(x)}, there is an index « such that U, containing m/x. Since U, is an open mset, there

is an M-basis element B containing m/x such that B C U,. Then x €” B and B C U, so that U is an
open mset, by definition.

3. If Uy and U, are two elements of 7, to prove U; N U, belongs to 7. Given x U nNnUy, k =
min{Cy, (x), Cy,(x)}. By definition of M-basis, there exists an element B, containing k/x, such that
By € Uj and another M-basis element B, containing k/x such that B, € U,. The second condition
for an M-basis enables us to choose an M-basis element B3 containing k/x such that B3 € B; N By.
Then x €k By and B3 C U; N Uy, so Uy N Uy belongs to 7, by definition.

Finally, by induction it follows that any finite intersection U; N U N - - - N Uy of elements of 7 is in 7.
This fact is trivial for k = 1 and to be proved for k = n. Now U NnUxN---NU, = (U NUy---NU_1)NU,,.
By hypothesis, U; N U, N --- N U,_; belongs to 7 and by the result proved above, the intersection of
U nU,Nn---NU,_ and U, also belongs to 7. Thus the collection of open msets generated by an M-basis
B is, in fact, an M-topology. O

Theorem 4.2. Let M be an mset in [X]" and B be an M-basis for an M-topology T on M. Then T equals
the collection of all mset unions of elements of the M-basis B.

Proof. Given a collection of elements of B, which are also elements of 7, because 7 is an M-topology, their
union is in 7. Conversely, given U € T, for each m/x in U, there is an element B of B containing m/x,
denoted by By, such that B,,/, € U. Then U = UB,,/, so U equals a union of elements of 8. L]

Lemma 4.3. Let M € [X]" be an M-topological space. Suppose M is a collection of open msets of M such
that for each open mset U of M and each element m/x in U, there is an element N of M containing m/x
such that Cn(x) < Cy(x). Then M is an M-basis for the M-topology of M.

Proof. Given x €™ M, since M itself is an open mset, by hypothesis there is an element N of M containing
m/x such that N € M. To check the second condition, let m/x be in Ny N N, N; and N, are elements of
M. Since N; and N, are open msets, so is its intersection N; N N;. Therefore, by hypothesis there exists an
element N3 in C containing m/x such that N3 C N; N N,. Hence the collection M is an M-basis.

Let 7 be the collection of open msets of M. Then the M-topology 7’ generated by M equals the M-
topology 7. If U belongs to 7 and x €” U, then by hypothesis there is an element N of M containing m/x
such that N € U. By definition, it follows that U belongs to the M-topology 7’. Conversely, if W belongs
to the M-topology 7’, then W equals a union of elements of M, by theorem 4.4. Since each element M
belongs to 7 and 7 is an M-topology, W also belongs to 7. Thus the M-topology generated by the M-basis
and M-topology on M are the same. O

Definition 4.2. Suppose 7 and 7’ are two M-topologies on a given mset M in [X]". If " C 7, then we say
that 7’ is finer than 7 or 7 is coarser than 7’. If 7" C 7, then 7’ is strictly finer than 7 or 7 is strictly coarser
than 7’. Thus 7 is comparable with 7’ if either 7/ 2 Tor 7 2 7’.

The next theorem gives a criterion for determining whether an M-topology on M is finer than another
in terms of M-basis.

Theorem 4.4. Let B and B’ are M-basis for the M-topologies T and " on M in [X]" respectively. Then the
following are equivalent:

1. 7’ is finer than .
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2. For each x €" M and each M-basis element B € B containing m/x, there is an M-basis element
B’ € B’ containing m/x such that Cg(x) < Cpg(x).

Proof. (1) = (2). Given an element m/x in M and B € 8 containing m/x, B belongs to 7 by definition and
7 C 7/ by (1). Therefore B € 7’. Since 7’ is generated by $’, there is an M-basis element B’ € B containing
m/x such that Cp (x) < Cp(x).

(2) = (1). Given an element U of 7, we show that U € 7’. Let x €" U, since B generates 7, there is an
M-basis element B € B containing m/x such that B C U. From (2), there exists an M-basis element B’ € 8’
containing m/x such that B € B. Then B C U and U € 7'. O

Example 4.1. The collection {{m/x} : x €" M} is an M-basis for the M-topology PW(M).

In general topology {{x} : x € X} is a basis for the discrete topology, but in the case of M-topology the
collection {{m/x} : x €" M} is not an M-basis for the discrete M-topology.

Definition 4.3. Let (M, 1) be an M-topological space and N is a submset of M. The collection 7y =
{U' = NNU;U € 7} is an M-topology on N, called the subspace M-topology. With this M-topology, N is
called a subspace of M and its open msets consisting of all mset intersections of open msets of M with N.

Theorem 4.5. If B is an M-basis for the M-topology of M in [X]", then the collection By = {BNN : B € 8}
is an M-basis for the subspace M-topology on a submset N of M.

Proof. Given U openin M and y € U N N, we can choose an element B of B such thaty € B C U. Then,
y€e”" BNN C UnN. It follows from Lemma 4.5 that By is an M-basis for the subspace M-topology on
N. O

Example 4.2. Let M = {3/a,4/b,2/c,5/d} and T = {0, M,{2/c},{2/a},{3/a,2/b},{2/a,3/d},{2/a,2/c},
{3/a,3/b,3/d},{3/a,4/b,2/c},{2/a,2/c,3/d}} is an M-topology on M. If N = {2/a,2/b,3/d} C M, then
v = {0,{2/a,2/b,3/d},{2/a},{2/a,2/b},{2/a,3/d}} is an M-topology on N and it is the subspace M-
topology on N.

Definition 4.4. A sub collection # of T on M is called a sub M-basis for 7, if the collection of all finite
mset intersections of elements of # is an M-basis for 7. The M-topology generated by the sub M-basis P is
defined to be the collection T of mset union of all finite mset intersections of elements of P.

Note 4.1. The empty mset intersection of the members of sub M-basis is the universal mset.

Theorem 4.6. Let (M, 1) be an M-topological space and P be a collection of submsets of M. Then P is a
sub M-basis for t if and only if P generates T.

Proof. Let B be the family of finite intersections of members of $ and ¥ be a sub M-basis for 7. It can be
shown that 7 is the smallest M-topology on M containing . Since ¥ € B and B C 7, C 7. Suppose 7" is
some other M-topology on M such that £ C 7*. We have to show that 7 C 7*. Since # C 7%, 7" contains all
finite intersections of members of P, i.e., B C 7*. Since B is an M-basis, each member of T can be written
as the union of some members of B and it follows that 7 C 7*.

Conversely suppose T is the smallest M-topology containing $. We have to show that P is a sub M-basis
for 7. i.e., B is an M-basis for 7. Suppose there is an M-topology 7* on M such that B is an M-basis for 7*.
Then every member of 7" can be expressed as a union of the sub family of $ and so it is in 7 since 8 C 7.
This means 7™ C 7 and consequently 7° = 7. Since 7 is the smallest M-topology containing P, it can be
shown that 8 is an M-basis for 7 and P is a sub M-basis for 7. O



46 K. P. Girish, Sunil Jacob John/ Theory and Applications of Mathematics & Computer Science 2 (1) (2012) 37-52

Example 4.3. Let M = {3/a,5/b,4/c}. If the collection P = {{3/a,5/b},{5/b,4/c}} is a sub M-basis, then
the collection 8 = {{5/b},{3/a,5/b},{5/b,4/c}} is the corresponding M-basis and 7 = {M, 0, {5/b},{3/a,5/b},
{5/b,4/c}} is the M-topology generated by the M-basis.

If we assume the empty mset intersection of the members of sub M-basis is the universal mset, then we
can give the following example.

Example 4.4. Let M ={3/a,4/b,2/c,5/d}. If the collection

P ={{3/a,3/b},{4/d},{2/a}} is a sub M-basis, then the collection

B =1{{3/a,3/b},{4/d},{2/a}, 0, M} is the corresponding M-basis and
7={0,M,{2/a},{4/d},{3/a,3/b},{2/a,4/d},{3/a,3/b,4/d}}

is the M-topology generated by the M-basis.

5. Closed Multisets

Definition 5.1. A sub mset N of an M-topological space M in [X]" is said to be closed if the mset M & N
is open.

In discrete M-topology every mset is an open mset as well as a closed mset. In the M-topology PF(M)U
{0}, every mset is an open mset as well as a closed mset.

Theorem 5.1. Let (M, t) be an M-topological space. Then the following conditions hold:

1. The mset M and the empty mset () are closed msets.
2. Arbitrary mset intersection of closed msets is a closed mset.
3. Finite mset union of closed msets is a closed mset.

Proof. 1. @ and M are closed msets because they are the complements of the open msets M and ()
respectively.

2. Given a collection of closed msets {N,}.cs, We have
Cmen,N,(x) = Cy(x) — min{Cy, (x)} = max{Cp(x) — Cn,(x)}
aelJ aeJ
= Cn,(Me)N,)(X)

From this
M 6 NgegNy = cap,(MO)N,)

By definition the msets M © N,’s are open. Since the arbitrary union open of msets are open, M ©
Naes N, is an open mset and therefore Nyey NV, is a closed mset.
3. Similarly, if N; is closed, fori = 1,2, ..., n, consider

Carel, () = Car(x) = max{Cpy ()} = min{Cyy () = C (0} = Cry(atonico-

Thus

Mo N; = ﬂ?zl(MeNi).

n
i=1

Since finite mset intersections of open msets are open, []}_, N; is a closed mset. O
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Theorem 5.2. Let N be a subspace of an M-topological space M in [X]". Then an mset A is a closed mset
in N if and only if it equals the intersection of a closed mset of M with N.

Proof. Assume A = CNN where C is a closed mset in M. By the definition of subspace M-topology, M&C
is an open mset in M, so that (M © C) N N is an open msetin N. But (M©C)NN =N©SA. Hence Ne A
is an open mset in N, so that A is a closed mset in N. Conversely, assume that A is closed mset in N. Then
N © A is open mset in N, so that by definition it equals the intersection of an open mset U of M with N.
The mset M © U is a closed mset in M and A = N N (M © U), so that A equals the intersection of the closed
mset of M with N, as desired. O

Theorem 5.3. Let N be a subspace of an M-topological space M in [X]". If A is a closed mset in N and N
is a closed mset in M, then A is a closed mset in M.

Proof. Proof directly follows from Theorem 5.3. O

6. Closure, Interior and Limit Point

Definition 6.1. Given a submset A of an M-topological space M in [X]", the interior of A is defined as the
mset union of all open msets contained in A and is denoted by Int (A).

ie., Int (A) = U{G C M : G is an open mset and G C A} and Cinya)(x) = max{Cg(x) : G C A}.

Definition 6.2. Given a submset A of an M-topological space M in [X]", the closure of A is defined as the
mset intersection of all closed msets containing A and is denoted by CI (A).

ie., Cl(A) =nN{K C M : Kisaclosed msetand A C K} and C¢j(A)(x) = min{Cg(x) : A C K}.

Definition 6.3. Let (M, 7) be an M-topological space, let x €€ M and N € M. Then N is said to be a
neighborhood of k/x if there is an open mset V in 7 such that x € V and Cy(y) < Cy(y) forall y # x.

i.e., a neighborhood of k/x in M means any open mset containing k/x. Here k/x is said to be an interior
point of N.

Definition 6.4. Let A be a submset of the M-topological space M in [X]". If k/x is an element of M, then
k/x is a limit point of an mset A when every neighborhood of k/x intersects A in some point (point with non
zero multiplicity) other than k/x itself. A’ denotes the mset of all limit points of A.

Theorem 6.1. Let N be a subspace of an M-topological space M in [X]" and A be a submset of an mset N
and CI(A) denote the closure of an mset A in M. Then the closure of an mset A in N equals CI(A) N N.

Proof. Let B denote the closure of an mset A in N. If mset CI(A) is a closed mset in M, then by Theorem
5.3 CI(A) N N is a closed mset in N. Since CI(A) N N contains A, and since by definition, B equals the
intersection of all closed submsets of N containing A, we get B C CI(A) N N.

On the other hand, B is a closed mset in N. Hence by Theorem 4.4.3, B = C N N for some mset C, a
closed mset in M. Then C is a closed mset of M containing A, because CI(A) is the intersection of all such
closed msets. We conclude that CI(A) € C. Therefore CllA) NN C CNN = B. ]

Theorem 6.2. Let (M, T) be an M-topological space, x € M and A C M, then

1. x € cl(A) if and only if every open mset U containing k/x intersects A.

2. If the M-topology (M, T) is given by an M-basis B, then, x € CI(A) if and only if every M-basis element
B € B containing k/x intersects A.
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Proof. 1. If k/x is not in CI(A), then the mset U = M © CI(A) is an open mset containing k/x that does
not intersect A. Conversely, if there exists an open mset U containing k/x which does not intersect A,
then the mset M © U is a closed mset containing A. By the definition of the closure CI(A), the mset
M o U must contain CI(A). Therefore k/x cannot be in CI(A).

2. If every open mset containing k/x intersects A, so does every M-basis element B containing k/x,
because B is an open mset.

Conversely, if every M-basis element containing k/x intersects A, so does every open mset U containing
k/x, because U contains an M-basis element that contains k/x. ]

Theorem 6.3. A submset of an M-topological space is an open mset if and only if it is a neighborhood of
each of its elements with some multiplicity.

Proof. Let M be an M-topological space and N C M. First suppose N is an open mset. Then clearly N is a
neighborhood of each of its points with some multiplicity. Conversely suppose N is a neighborhood of each
of its points, then for each k/x in N, there is an open mset V. such that x ek Vi/x and Vi € N. Clearly,

N = l_l Vk/x’ k= max{CVk/X(x)}.
xekN
Since each Vj,, is an open mset so is N. ]

Theorem 6.4. Let A be a submset of the M-topological space M and A’ be the mset of all limit points of A.
Then Ccyay(x) = max{Ca(x), Car(x)}.

Proof. If k/x is in A’, then every neighborhood of k/x intersects A. Therefore, by Theorem 4.5.6 k/x
belongs to CI(A). Hence A’ C C1(A). Since by definition A C CI(A), it follows that A U A’ = CI1(A).
Conversely suppose k/x is a point of CI(A), then x €¥ A U A’. If k/x is in A, it is clear that x €
A U A’. Suppose k/x does not belonging to A, since x € Cl(A), we know that every neighborhood U
of k/x intersects A. Thus the mset U must intersect A in a point different from k/x. Hence x € A’ and
xekAUA. O

Corollary 6.5. A submset of an M-topological space is a closed mset if and only if it contains all its limit
points.

Proof. The mset A is a closed mset:
- if and only if A = Cl1(A),
- ifandonlyif A=A UA’,
- ifand only if A’ C A.
O

Theorem 6.6. If A and B are submsets of the M-topological space M in [X]", then the following properties
hold:

L. IfCA(x) < CB(X), then CAr(x) < CB’(X)-
2. IfCA(-x) < CB(X), then CIm‘(A)(x) < CInt(B)(-x)-
3. If C4(x) < Cp(x), then Ccyay(x) < Ccipy(x)
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4.
5.

Proof.

2.

Cinrangy(x) = min{Cpy (a)(X), Crur (B)(X)}.
Cciaup)(x) = max{Ccja)(x), Ccr(p)(x)}.

1. x € A’ if and only if (N © {k/x}) N A # 0, for all open mset N containing k/x. Since B 2 A,
(Nolk/x))NB2 (No{k/x})NA # 0. So x € A” implies x € B’. Thus A’ C B’ and Cy/(x) < Cp(x).
We have Cipa)(x) < Ca(x) and Crpp)(x) < Cp(x). Since A € B and Ca(x) < Cp(x), we get
Cmta)(x) < Cp(x) and Int (A) € B. Thus Int (A) is an open mset contained in B, but Int (B) is the
largest open mset contained in B. Hence Cing(4)(x) < Crne(g)(x) and Int(A) C Int (B).

. We have

Ccia)(x) = max{Cx(x), Ca-(x)}, from Theorem 6.8
< max{Cp(x), Cp(x)}, by (1)
= Cea(x)

Thus CI(A) € C1 (B).

. We have Ciyeanp)(%) < Crne(a)(x) and Cragang)(X) < Crne(8)(X).

Therefore Crexiin (Anp)(x) < min{Crng(a)(x), Cine()(x)}. Thus
Int(A N B) C Int (A) N Int(B) (i)

Also Cryya)(x) < Ca(x) and Ciye()(x) < Cp(x).

Therefore min{Cin¢ (4)(x), Cint(8)(x)} < min{Cy4(x), Cp(x)}.

Thus Int(A)N Int(B) € A N B, but Int (A N B) is the largest open mset contained in A N B, i.e.,
Crnt(an)(x) is that largest integer which is less than or equal to Cynp(x).

Therefore min{Crnt (4)(x), Cint (8)(X)} £ Cint(anp)(x). Thus

Int(A) N Int(B) C Int (A N B) (ii)

From (i) and (ii) it follows that Int (A N B) = Int(A)N Int(B).

. We have Ccju)(x) < Ccraup)(x) and Ccyp)(x) < Cciaup)(x). Therefore

max{Ccj4)(x), Cci () (%)} < Ccraup)(x) (1)

But C4(x) < Ccya)(x) and Cp(x) < Ccy(py(x).
Therefore max{Ca(x), Cp(x)} < max{Cci)(x), Cci(s)(x)}. Hence

Cciaup)(x) £ max{Ccja)(x), Cci(p)(x)} (i)

From (i) and (ii) it follows that Ccjaup)(x) = max{Ccja)(x), Cci(s)(x)}.

Thus CI(A U B) = C1(A) U Cl(B). O

7. Continuous Multiset Functions

Definition 7.1. Let M and N be two M-topological spaces. The mset function f : M — N is said to be
continuous if for each open submset V of N, the mset f ~1(V)is an open submset of M, where f ~1(V) is the
mset of all points m/x in M for which f(m/x) €* V for some n.
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Example 7.1. Let M = {5/a,4/b,4/c,3/d} and N = {7/x,5/y,6/z,4/w} be two msets, T = {M, 0, {5/a},
{5/a,4/b},{5/a,4/b,4/c}} and " = {N,0,{7/x},{5/y}.{7/x,5/y},{5/y,6/z,4/w}} be two M-topologies on
M and N respectively.

Consider the mset functions f : M — N and g : M — N are given by

f=1G5/a,5/y)/25,(4/b,6/2)/24,(4/c,4/w)/16,(3/d, 6/2)/18},
g=1{(5/a,7/x)/35,(4/b,7/x)/28,(4/c,6/2)/24,(3/d,4/w)/12}.

The mset function f is continuous since the inverse of each member of the M-topology 7’ on N is a member
of the M-topology 7 on M. The mset function g is not continuous since {5/y, 6/z,4/w} € 7/, i.e., an open
mset of N, but its inverse image g‘l({S/y, 6/z,4/w}) = {4/c,3/d} is not an open submset of M, because the
mset {4/c, 3/d} does not belong to 7.

Example 7.2. Let f : M — N be an mset function and 7 = P*(M), the support set of the power mset of M,
the M-topology on M. Then every mset function f : M — N is continuous for any M-topology on N.

Example 7.3. Let f : M — N be an mset function and 77 = PF(N) U {0} be an M-topology on N, then
every mset function f : M — N is continuous for any M-topology 7 on M, because open msets in 7’ are
submsets of N whose support set is N*. Let H and 0 be open in 7/, then f~!(H) = M and f~'(0) = 0. Hence
f is continuous for any 7.

Theorem 7.1. Let M and N be two M-topological spaces and f : M — N be an mset function. Then the
following are equivalent:

The mset function f is continuous,

For every submset A of M, C gciay(x) < Cciray (),

For every closed mset B of N, the mset f~1(B) is a closed mset in M,

For each x € M and each neighborhood V of f(k/x), there is a neighborhood U of k/x such that
Cf(U)(x) < Cy(x).

Proof. (1) = (2) Assume that the mset function f is continuous. Let A be a submset of M. We show that if
x €F CI(A), then f(k/x) € Cl(f(A)) for some r. If V is a neighborhood of f(k/x), then 1 (V)is an open
mset of M containing k/x which intersects A in some point n/y. Then V intersects f(A) in the point f(n/y)
and f(k/x) € CI(f(A)) for some r.

(2) = (3) Let B be a closed mset in N and let A = f~!(B). We wish to prove that A is a closed
mset in M; we show that CI(A) = A. We have f(A) = f(f~'(B)) C B. Therefore, if x € CI(A), then
f(k/x) € f(CI(A)) € CI(f(A)) € CI(B) = B. So that x € f~1(B) = A. Thus CI(A) C A, so that CI
(A) = A.

(3) = (1) Let V be an open mset of N. Set B= No V. Then f~'(B) = f'(N)o f (V) = Mo f~1(V).
Now since B is a closed mset of N, f~!(B) is a closed mset in M by hypothesis so that f~!(V) is an open
mset in M.

(1) = (4) Let x € M and let V be a neighborhood of f(k/x). Then the mset U = f~!(V) is a neighbor-
hood of k/x such that f(U) C V.

(4) = (1) Let V be an open mset of N and k/x be a point of f~!(V). Then f(k/x) € V for some r,
so by hypothesis there is a neighborhood U, of k/x such that f(U,) C V. Then U, C f~1(V). It follows
that f‘l(V) can be written as the union of the open msets U,. Thus f~!(V) is an open mset of M and f is
continuous. [

Ll
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Theorem 7.2. If M,N and P are M-topological spaces and f : M — N and g : N — P are continuous
mset functions, then its composition g o f : M — P is a continuous mset function.

Proof. If H is an open mset in P, then g~!(H) is an open mset in N by continuity of g. Now again by
continuity of f, f~'(¢g"'(H)) = (g o f)"'(H) is an open mset in M. Thus g o f is a continuous mset
function. 0

Remark 7.1. 1. In general topology, discrete topology is the set of all subsets of X and clearly it contains
2" elements where 7 is the cardinality of X. But in an M-topology, discrete M-topology P*(M) is the
support set of the power mset of M in [X]" and it contains []"_,(1 + m;) < 2" elements where m; is
the occurrence of an element x; in the mset M and n is the cardinality of the mset M.

2. In general topology any function f : X — Y is continuous if X has the discrete topology and Y has
any topology. But in the case of M-topological spaces, every mset function f : M — N is continuous
whenever M-topology of M in [X]" contains []i_,(1 + m;) < 2" elements and for any M-topology of
N in [X]" where m; is the occurrence of an element x; in the multiset M and n is the cardinality of the
multiset M.

8. Conclusion and Future Work

In this paper the authors focus on topology of multisets. This work extends the theory of general
topology on general sets to multisets. It begins with a brief survey of the notion of msets introduced
by Yager, different types of collections of msets and operations under such collections. It also gives the
definition of mset relation and mset function introduced by the authors. After presenting the preliminaries
and basic definitions the authors introduced the notion of M-topological space. Basis, sub basis, closure,
interior and limit points of multisets are defined and some of the existing theorems are proved in the context
of multisets. Finally the authors have established the relationship between continuous function and discrete
topology in the context of M-topological space.

The concept of topological structures and their generalizations is one of the most powerful notions in
branches of science such as chemistry, physics and information systems. In most applications the topology
is employed out of a need to handle the qualitative information. In any information system, some situations
may occur, where the respective counts of objects in the universe of discourse are not single. In such
situations we have to deal with collections of information in which duplicates are significant. In such
cases multisets play an important role in processing the information. The information system dealing with
multisets is said to be an information multisystem. Thus, information multisystems are more compact when
compared to the original information system. In fact, topological structures on multisets are generalized
methods for measuring the similarity and dissimilarity between the objects in multisets as universes. The
theoretical study of general topology on general sets in the context of multisets can be a very useful theory
for analyzing an information multisystem.

Most of the theoretical concepts of multisets come from combinatorics. Combinatorial topology is
the branch of topology that deals with the properties of geometric figures by considering the figures as
being composed of elementary geometric figures. The combinatorial method is used not only to construct
complicated figures from simple ones but also to deduce the properties of the complicated from the simple.
In combinatorial topology it is remarkable that the only machinery to make deductions is the elementary
process of counting. In such situations we may deal with collections of elements with duplicates. The
theory of M-topology may be useful for studying combinatorial topology with collections of elements with
duplicates.



52 K. P. Girish, Sunil Jacob John/ Theory and Applications of Mathematics & Computer Science 2 (1) (2012) 37-52

References

Blizard, Wayne D. (1989a). Multiset theory. Notre Dame Journal of Formal Logic 30(1), 36—66.

Blizard, Wayne D. (1989b). Real-valued multisets and fuzzy sets. Fuzzy Sets and Systems 33(1), 77 — 97.

Blizard, Wayne D. (1990). Negative membership. Notre Dame Journal of Formal Logic 31(3), 346-368.

Blizard, Wayne D. (1991). The development of multiset theory. Modern Logic 1(4), 319-352.

Chakrabarty, K. (2000). Bags with interval counts. Foundations of Computing and Decision Sciences 25(1), 23-36.

Chakrabarty, Kankana and Ioan Despi (2007). nk-bags. Int. J. Intell. Syst. 22(2), 223-236.
Chakrabarty, Kankana, Ranjit Biswas and Sudarsan Nanda (1999a). Fuzzy shadows. Fuzzy Sets and Systems 101(3), 413 —421.

Chakrabarty, Kankana, Ranjit Biswas and Sudarsan Nanda (1999b). On Yager’s theory of bags and fuzzy bags. Computers and
Artificial Intelligence.

Clements, G. F. (1988). On multiset k-families. Discrete Mathematics 69(2), 153 — 164.

Conder, M., S. Marshall and Arkadii M. Slinko (2007). Orders on multisets and discrete cones. A Journal on The Theory of Ordered
Sets and Its Applications 24, 277-296.

Galton, Antony (2003). A generalized topological view of motion in discrete space. Theor. Comput. Sci. 305(1-3), 111-134.

Girish, K. P. and John Sunil Jacob (2011). Rough multiset and its multiset topology. In: Transactions on Rough Sets XIV (James F.
Peters, Andrzej Skowron, Hiroshi Sakai, Mihir Kumar Chakraborty, Dominik Slezak, Aboul Ella Hassanien and William Zhu,
Eds.). Vol. 6600 of Lecture Notes in Computer Science. pp. 62—-80. Springer. Berlin, Heidelberg.

Girish, K. P. and S. J. John (20094). General relations between partially ordered multisets and their chains and antichainss. Mathe-
matical Communications 14(2), 193-206.

Girish, K. P. and Sunil Jacob John (2009b). Relations and functions in multiset context. Inf. Sci. 179(6), 758-768.

Girish, K. P. and Sunil Jacob John (2011). Rough multisets and information multisystems. Advances in Decision Sciences p. 17
pages.

Girish, K.P. and Sunil Jacob John (2012). Multiset topologies induced by multiset relations. Information Sciences 188(0), 298 —
313.

Gostelow, Kim, Vincent G. Cerf, Gerald Estrin and Saul Volansky (1972). Proper termination of flow-of-control in programs
involving concurrent processes. In: Proceedings of the ACM annual conference - Volume 2. ACM *72. ACM. New York, NY,
USA. pp. 742-754.

Jena, S.P., S.K. Ghosh and B.K. Tripathy (2001). On the theory of bags and lists. Information Sciences 132(1¢4), 241 — 254.
Peterson, James L. (1976). Computation sequence sets. Journal of Computer and System Sciences 13(1), 1 —24.
Singh, D (1994). A note on the development of multiset theory. Modern Logic 4(4), 405-406.

Singh, D., A. M. Ibrahim, T. Yohana and J. N. Singh (2011). Complementation in multiset theory. International Mathematical
Forum 6(38), 1877-1884.

Singh, D., A. M. Ibrahim, T. Yohanna and J. N. Singh (2007). An overview of the applications of multisets. Novi Sad J. Math
37(2), 73-92.

Singh, D. and J. N. Singh (2003). Some combinatorics of multisets. International Journal of Mathematical Education in Science
and Technology 34(4), 489-499.

Skowron, A. (1988). On topology in information system. Bulletin of the Polish Academy of Sciences, Mathematics 36, 477-479.
§lapal, Josef (1993). Relations and topologies. Czechoslovak Mathematical Journal 43(1), 141-150.

Wildberger, N. J. (2003). A new look at multisets. preprint, University of New South Wales, Sydney, Australia pp. 1-21.

Yager, R. R. (1986). On the theory of bags. International Journal of General Systems 13(1), 23-37.

Yager, R. R. (1987). Cardinality of fuzzy sets via bags. Mathematical Modelling 9(6), 441 — 446.



> el Theory and Applications of
< /\. Mathematics & Computer Science
el /A

(ISSN 2067-2764)
)\\, / http://www.uav.ro/applications/se/journal/index.php/tamcs

Theory and Applications of Mathematics & Computer Science 2 (1) (2012) 53—-60

GPS Satellite Range and Relative Velocity Computation

Ashraf H. Owis®*, Hani M. Mohammed?, Hany Dwidar?, Daniele Mortari®

“Department of Astronomy, Space and Meteorology Cairo University
bDepartment of Solar and Space Research NRIAG
¢Department of Aerospace Engineering, Texas A&M University

Abstract

In this work the estimation of a Global Positioning System satellite orbit is considered. The range and relative velocity of the
satellite is computed in the observer’s local reference frame (topocentric system of coordinates) by including the Earth gravitational
perturbations (up to J3 term) and the solar radiation pressure. Gauss perturbation equations are used to obtain the orbital elements
as a function of time, from which the position vector is derived.

Keywords: GPS Satellite, Gauss Equations, Solar Radiation Pressure, Range.

1. Introduction

Global Positioning System (GPS) satellites are used in a variety of applications such as wireless lo-
cations, navigation, GPS/INS integrations, as well in attitude and orbit estimation (Mikhailov & Vasiléyv,
2011). GPS satellite orbits are at an altitude of 25,000 km, with eccentricity ranging from 0.001 to 0.02,
and inclined at 55°. At such high altitude the atmospheric drag can be disregarded and the dominant forces
affecting the orbital motion are the gravitational and the Solar Radiation Pressure (SRP). Reference (Stelian,
2007) has used fourth-order Runge-Kutta algorithm to numerically integrate the GPS satellite perturbed or-
bit showing that the most dominant orbital perturbation is the Earth oblateness, namely the so called J; term
of the Earth gravitational potential.

In this work the J; and J3 orbital gravitational perturbations are considered as well as the solar radiation
pressure. Gaussian planetary differential equations are integrated to quantify the effects of the perturbations
in the orbital elements. The time-varying orbital elements are obtained by rewriting the Gaussian planetary
equations in the orbital coordinate system. Then, from the ephemerides the GPS satellite position and
velocity can be evaluated at any time and in any reference coordinate system. In particular, position and
velocity vectors can be computed in a ground station reference frame, from where the satellite is observed.
This transformation implies the evaluation of the geodetic latitude to consider the Earth an oblate spheroid.
The GPS satellite position and velocity are then evaluated in the Earth-Centered-Inertial (ECI) reference
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Email addresses: aowis@eun.eg (Ashraf H. Owis), hani.20@hotmail. co.uk (Hani M. Mohammed),
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frame and then transformed into the topo-centric ground station coordinate system. The final purpose of
this study is to quantify the variation in the GPS satellite range (as seen by an observer in the ground station)
due to the J, and J3 orbital gravitational and solar pressure perturbations.

2. Coordinate system used

To quantify the range rate effect due to orbital perturbation in the ground reference frame, four coordi-
nates systems are adopted. There are shown in figure 1.

>y

Equatorial plane

Figure 1. Coordinate systems.

(i) The Earth Centered Inertial ECI coordinate system OXYZ. In this system the X-axis is directed
toward the vernal Equinox, the Y-axis is in the equatorial plane and normal to the X-axis, and the Z-axis is
directed along the rotation axis of the Earth (i.e. normal to the equatorial plane). The unit vectors i, j, k are
taken in the directions of the X-axis, Y-axis and Z-axis respectively. (ii) The Earth Centered Earth Fixed
ECEF coordinate system OXYZ. In this system the X-axis is directed to- ward Greenwich, the Y-axis is in
the equatorial plane and normal to the X-axis, and the Z-axis is directed along the rotation axis of the Earth.
The unit vectors 1, j, k are taken in the directions of the X-axis, Y-axis and Z-axis respectively. (iii) The
Orbital Coordinate ORT N coordinate system . In this system the R -axis is directed along the radius vector
of the satellite, the 7" -axis is in the local orbital plane and normal to the R-axis, and the N-axis is normal
to the orbital plane. The unit vectors €g, €7, €y are taken in the directions of the R-axis, T-axis and N-axis
respectively. (iv) The Topocentric Horizon (SEZ) coordinate system. In this system the fundamental plane
is the observer’s horizon plane, the positive x-axis is directed in the south direction, the y-axis is directed
toward the East and z-axis is directed toward the observer’s zenith.
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3. Earth’s oblateness

Earth is an oblate spheroid. A truncated gravitational potential up J3 is given by:

RZ 3 R
Uy = =2 | (1= Zsin?g) + 1372 (Ssin’ ¢ - 3sing)|, 3.1)
r 2 r
where u is the gravitational constant and ¢ is the angle between the Earth’s spin axis and satellite radius.
The gradient of this potential gives the perturbing gravitational force in ECI (see (Schaub & Junkins,

2009))

(1 - 5sin® @)x
3 R :
F, = -3 (:’—3)(7@) (1-5sin?g)y s +
(3 - 5sin® ¢)z
i\ (ReY 5(7 sin’ ¢ — 3 sin ¢)x
-39 (73)(7@) 5(7sin’ ¢ — 3 sin p)y (3.2)
(—105 sin* ¢ + 30sin® ¢ — 3)z
and this force is expressed in the orbital frame as

Fg=FRéR+FTéT+FNéN, (33)

where, by setting S, = sin(e), and C, = cos(e), and 8 = w + f, the expressions of Fg, Fr, and Fy are

R [J R
Fg = —3ur—j‘f [32(1 ~ 35785 + 137‘9(—155,-59 ~ 35282 +40S7S; +308%S5 — 705?33)]

R2 R

Fr= _3“r_f {stfsgce + 137‘9 [5SH(CF +S7S5)(=3+7S753) - STC3(3 - 308755 + 355;‘5;})]}
Ré R@ 2 3¢3 2 2¢2 404

Fy==3u— {JZS,-SQC,- + =2 [$7(-158753) + C}(-3 + 30875} - 355,.59)]},

where i is the orbit inclination, w the argument of perigee, f the true anomaly, and &g, €7, and €y are the
unit-vectors of the orbital reference frame axes.

4. Solar radiation pressure

A simplified expression for SRP acceleration vector was given in (Schaub & Junkins, 2009) by

a=-CrPsS mr%@ = ax’i\+ay’i\+azl§,

Fso
where Py ~ 4.56 - 107 Nm™2 is the solar radiation pressure coefficient, S is the surface area, and m the
satellite mass, ryy = ro—r is the position vector of the Sun with respect to the satellite, and C is the radiation
pressure coefficient, which is a function of the reflectivity coefficient, €. The reflectivity coefficient becomes
€ = 0 when the satellite surface absorbs all the solar radiation while it becomes € = 1 when it reflects all the
solar radiation.

Using a pseudo potential function, The acceleration components of the SRP can be expressed in the ECI

frame as
ay Xo — X Xo cos Ag
CrPsS .
ay g =-— RZO Yo=Y where Yo =Fso4Sindg coseyp, 4.1)
a mrse _ . 1 .
z Zo =2 o sin A sing
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where Ag is the sun ecliptic longitude and ¢ is the obliquity of the ecliptic.
Equations (4.1) are transformed to orbital coordinate system using the transformation

~ 1T 21T
€R 1
er| =Rz |(j|
ey k

where R313 is the transformation matrix that can be expressed by the “3-1-3” Euler sequence
R313 = R3(w + f) R1(i) R ().

So that the SRP force can be expressed as three components in the directions of (€g, €7, €y) coordinate
system as ag, ar, ay.

5. Perturbed motion

In case of unperturbed motion, the angles w, €, and i are constant. These angles are used in the
transformation equations between coordinate systems and also can be used to determine the position and
velocity of the satellite at any given time. The orbit of the satellite undergoes perturbations from several
environmental forces resulting in changes in the elements of the orbits.

The rates of change of the orbital elements (a, e, i, w, Q, M) due to a perturbing force

F=FRéR+FTéT+FNéN (51)

are given in (Guochang, 2008) and called Gaussian planetary equations. These equations are:

c;_‘; nlz—_ez[ecosfFR+(1+ecosf)FT)] (5.2)

de V1 —e2

ge - -e [sin f Fg + (cos E + cos f) Fr] (53)
dt na

di (1 —ecos E)cos(w + f)

— = F 5.4
dt navV1 —e? Y oy

dQ (1 —ecos E) sin(w + f) F
— N
dt navV1 —e?sini

(5.5)

and
dw V1 —e? 2+ecosf
—_— = — |- Fgr+sin f——Fr|— —
dt nae ( cos f Fr Slnfl +ecos f T) O
dMm 1-¢€? 2e 2 +ecos f
— = n- - - —————|Fr+sinf———Fr|,
dt " Tae [ (cosf 1+ecosf) K smfl+ecosf T}

where a is the semi-major axis, e is the eccentricity of the orbit, n is the mean motion, E is the eccentric
anomaly, and M is the mean anomaly. We solve this system of differential equations to get the elements
(a,e,i,Q,w, M) as functions of time. Having these elements one can find the position and velocity at any
time. The angles (i, Q2, w) are needed for the transformations between coordinate systems. We need to
compute the radius vector r in the ECI reference frame.
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6. Position vector of the ground station

6.1. Position of the ground station in ECI frame

Assuming the Earth is an oblate spheroid, the position vector of the station in the ECI frame has the
components :

R; = (N+ H) cosAg cosé,
R; = (N + H) cos Ag sin¥,
Re = (N(1-e2)+ H) sinAg,
where N = ar , is the Earth’s mean radius, Ag is the geodetic longitude of the station and H
1- eé sin® AE

is the height of the station.

be

Figure 2. Ground Station Geodetic Coodinates.

Earth rotates around the K-axis with angular velocity wg = 7.2921158553 - 107> rad/s. The angle 6
between the i-axis and the i’-axis is a function of time and is related to wg by

a(t) = ag + we(t — ty).
The angle a, called Greenwich hour angle, is the right ascension of the Greenwich meridian.

6.2. Satellite range
The range of the satellite is given by

P =Tsq — Rstation-

We have described both rg,; and Ry, in the ECI frame. Now we need to have an expression of this
range as seen in the observer’s Topocentric Horizon coordinate system (local, on the Earth surface). In this
reference rame the fundamental plane is the observer’s horizon plane, the positive X-axis is taken in the
South direction, the y-axis is pointing toward the East, and Z-axis pointing toward the observer’s Zenith.
The frame is referred to as S EZ frame.

The transformation of the range vector from the EC/ frame to the S EZ frame is done using the trans-
formation equation

PsEz = Awp PEci
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where the transformation matrix is given as

sinyg cos@ sinyg sinf —cosyg
Ap=| —sinf cos @ 0
CoSYE cosf cosypg sinf  sinyg

where Y is the angle between the radius vector of the station and the semi-major axis of the spheroidal
Earth. The magnitude of the range is given by

P = A\Ps +Pp + 05

The time derivative of the range gives the relative velocity magnitude of the satellite with respect to the
station in the observer’s local frame (S EZ frame). We have from the above equation

L . .
VR=p = ;(PS ps + PEPE + pzPz)-

7. Numerical example

Considering a GPS satellite with initial values a = 26,550 km, e = 0.02, i = 55°, s/m = 0.02 m?/kg,
Q =0°w=0°and M = 0°. The period of this GPS Satellite is 12 hours and data are computed for 4
days. Figures 3 through 8 show the perturbation in the elements of the orbit. Figure 9 shows the change in

range as seen from the ECI coordinate system and Figure 10 shows the change in range as seen from the
topo-centric coordinate system.

26550
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26515

26544

26513

50000 100 000 150000

Figure 3. Perturbation in the semi major axis of a GPS satellite.
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Figure 4. Perturbation in the eccentricity of a GPS satellite.
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Figure 5.
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Perturbation in the inclination of a GPS satellite.
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Figure 6. Perturbation in the longitude of ascending node of a GPS satellite.
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Figure 8. Perturbation in the mean anomaly of a GPS satellite.
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Figure 10. Change in the range as it is seen from the topocentric coordinate system.

8. Conclusion

In this paper we have computed the range and the change in range (relative velocity) of a GPS satellite
as seen by an observer in the ground station. The relative motion of the satellite with respect to the ground
station is affected by the rotation of the Earth and by the perturbation of the satellite. The GPS satellite’s
motion was under the effect of the perturbation of the oblateness of the Earth up to J3 and the perturbation

of the Solar Radiation Pressure force.
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Abstract

The main aim of this paper is to introduce a new class of sequence spaces which arise from the notion of invariant means,
de la Valee-Pousin means and double lacunary sequence with respect to an Orlicz function in 2-normed space. Some properties
of the resulting sequence space were also examined. Further we study the concept of uniformly (4, o)-statistical convergence and
establish natural characterization for the underline sequence spaces.

Keywords: Double sequence spaces, 2-normed space, Double statistical convergence, Orlicz function.
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1. Introduction

Let [ and ¢ denote the Banach spaces of bounded and convergent sequences x = (x;), with complex

terms respectively, normed by ||x|l.c = sup|x;|, where i € N. Let o be an injection of the set of positive
i
integers N into itself having no finite orbits that is to say, if and only if, foralli =0, j = 0,07@() # iand T
be the operator defined on I by (T(x)72,) = (X)) -
A continuous linear functional ¢ on [ is said to be an invariant mean or o-mean if and only if

1. ¢(x) = 0, when the sequence x = (x;) has x; > 0 for all i,
2. ¢(e) =1, wheree ={1,1,1, ....... } and
3. ¢(xs() = ¢(x) forall x € [.

The space [V,-] of strongly o—convergent sequence was introduced by Mursaleen in (Mursaleen, 1983).
A sequence x = (x) is said to be strongly o—convergent if there exists a number L such that

k
1
z Z |xXi(m) — L| = oo
i=1

*Corresponding author
Email addresses: vakhan@math. com (Vakeel A. Khan), sabihatabassum@math.com (Sabiha Tabassum),
aesi23@hotmail.com (Ayhan Esi)



62 Vakeel A. Khan et al. /| Theory and Applications of Mathematics & Computer Science 2 (1) (2012) 61-71

as k — oo uniformly in m. If we take o(m) = m + 1 then [V,] = [¢], which was defined by Maddox in
(Maddox, 1967).
If x = (x;) write Tx = (T x;) = (xg;)). It can be shown that

Vo = {x =(x;): Z tmi(x) = Luniformly ini, L = o —lim x} (1.1)
m=1

where m > 0,1 > 0.
Xi + Xg(i) T oo T Xom(i)

(%) = and 1_y; =0, (1.2)

m+1
where, 0" (i) denote the mth iterate of o (i) at i. In the case o is the translation mapping, o(i) = i + 1 is
often called a Banach limit and V., the set of bounded sequences of all whose invariant means are equal, is
the set of almost convergent sequence(see (Moricz & Rhoades, 1988)). Subsequently invariant means have
been studied by Ahmad and Mursaleen in (Ahmad & Mursaleen, 1988), (Raimi, 1963) and many others.
The concept of 2-normed spaces was initially introduced by (Géhler, 1963) in the mid of 1960’s. Since
then, many researchers have studied this concept and obtained various results, see for instance (Gihler,
1965, 1964; Gunawan & Mashadi, 2001).
Let X be a real vector space of dimension d, where 2 < d < co. A 2-norm on X is a function
II.,.]l : X X X — R which satisfies the following four conditions (Khan & Tabassum, 20115, 2010):

(i) |lx1, x2]| = O if and only if x;, x, are linearly dependent;
(i) [lxr, x2ll = [lx2, x11l;
(iii) ||laxi, x2|| = a@llx1, x2||, for any @ € R;
(iv) [lx + ", x2ll < [, xall + [1x7, 2.

The pair (X, ||, .||) is then called a 2-normed space.

Exemple 1.1. A standard example of a 2-normed space is R* equipped with the following 2-norm: ||x, y|| :=
the area of the triangle having vertices 0, x, y.

Exemple 1.2. Let Y be a space of all bounded real-valued functions on R. For f, g in Y, define ||f, g|| = O
if f, g are linearly dependent, ||f, g|| = sup |f(#).g(?)|, if f, g are linearly independent. Then |[., .|| is a 2-norm
teR

onY.

An Orlicz Function is a function M : [0, o) — [0, co) which is continuous, nondecreasing and convex
with M(0) =0, M(x) > 0 for x > 0 and M(x) — oo as x — oo.
An Orlicz function M satisfies the 4, — condition (M € A, for short ) if there exist constant K > 2 and

uo > 0 such that M(2u) < KM(u) whenever |u| < uy.
X

An Orlicz function M can always be represented in the integral form M(x) = f q(t)dt, where g known

0
as the kernel of M, is right differentiable for t > 0, g(t) > O for ¢t > 0, g is non-decreasing and g(f) — oo as
t — oo,

Note that an Orlicz function satisfies the inequality
M(Ax) < AM(x) forall Awith0 < A< 1,

since M is convex and M(0) = 0.
Lindesstrauss and Tzafriri in (Lindenstrauss & Tzafriri, 1971) used the idea of Orlicz sequence space;

Iy = {x eEw: E M(@) < oo, forsome p > 0},
Jol
k=1
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which is Banach space with the norm

[

lxllys = inf{p >0: ) M(%) < 1}.

k=1

The space [y, is closely related to the space [,,, which is an Orlicz sequence space with M(x) = x? for
1 <p<oeo.

Throughout x = (x;) is a double sequence that is a double infinite array of elements x j, for j, k € N.

Double sequence have been studied by Vakeel A. Khan and S. Tabassum in (Khan, 2010; Khan &
Tabassum, 2012, 2011b,a, 2010) and many others.

The following inequality will be used throughout

ik + vl < D(x P+ [y el P75), (1.3)
where x j; and y j; are complex numbers, D = max(l, 2f=1yand H = sup pjx < 0.
ik
Definition 1.1. A double sequence x = (xj;) has Pringsheim limit L (denoted by P — lim x = L) provided

that given € > 0 there exists N € N such that |xj; — L| < € whenever j, k > N. We shall describe such an x
more briefly as P — convergent.

Definition 1.2. (Savas & Patterson, 2007) The four dimensional matrix A = (@, k) is said to be RH-
regular if it maps every bounded P-convergent sequences into a P-convergent sequence with the same P-
limit.

Theorem 1.3. (Savas & Patterson, 2007) The four dimensional matrix A = (ay p jx) is said to be RH-regular
if and only if

i) P- 1]1111‘2 Amp,jk = 0 for each j, k;
(ii) P - llm Z am’n’j,k = l;
mn jg=1 ’

(iii) P —1lim ) |am, jkl = O; for each k;
mi |

(iv) P—1lim 3} |ayn ikl = O; for each j;
MmN =]

(o)
(V) 2 lamn,jrl is P-convergent and
jk=1
(vi) there exist positive numbers A and B such that  }, |am, il < A.
J.k>B

2. Main Results

Let M be an Orlicz function P = (pj) be any factorable double sequence of strictly positive real
numbers. Let A = (a5, ) be a non negative RH-regular summabilty matrix method, (X, ., .|[) be 2-norm
space, o be an injection of the set of positive integers N into itself and p, ¢ € N. We define the following
double sequence spaces:

RS 1Xeri .ok gy 2\ P
2Wo(Ag, M, p, |1, D) = {x = (xjx) : P - lim § am,n,,-,k[M(—" ol )] =0,
=0 p
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uniformly in p, g, for some p > 0 and z € X}

’

- L, 7| )]P.ik

o Xi(p), i)
W M. pull )= = (i) P 3 | (=008
k=0

uniformly in p, g, for some p > 0,L >0 and z € X}

(9]

1% iy, ks 2\ TP
SWeslars Myl 0D = {5 = (530 50D > | M2 2N < oo,
m,n,j,k j,k:() p

uniformly in p, g, for some p > 0 and z € X}

Let us consider a few special cases of above definitions:
(i) In particular, when o(p,q) = (p + 1,q + 1), we have

& i g I P
WA Ml ) = = Gt P=Tim > e ML 2N o,
m,n = P

uniformly in p, g, for some p > 0 and z € X}

>

||xj+p,k+q -L, Z”)]pﬂ‘

SWAM, p, Il d) = {x = Gt P~ lim ;O | M
J’ =l

uniformly in p, g, for some p > 0,L >0 and z € X}

- 11 j+ p k+g» 2l V1P
SWeal A Myl 0D = {5 = (0 sup > it ML) < o,
m,n,j,k j,k:O p

uniformly in p, g, for some p > 0 and z € X}

(ii) If M(x) = x then we have

2 ”O(AO" 1 ”’ ||) = {-x = (-xjk) P - hm E am,n,j,k”xa'f(p),o'k(q)’ Z”pjk = Oa
=0
JK=

uniformly in p, g, and z € X }
ZW(AO" P, ”7 ”) = {x = (-xjk) : P - 1’,}11:’111 ;()am’n’j’k”x(rj(p),(rk(q) - L, Z”pjk = O,
]’ =l

uniformly in p,gand L > 0,z € X}
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(o)
WA, 1 D) = {x = (@0 T SUP > il iy kg I < 00,
m,n, j,k k=0

uniformly in p, g, and z € X}

(iii) If p = 1 for all (j, k), we have

RS Il J(p),ok( ),Z”
W Ml ) = o= () = P=tim " | M =225 ) | <,

" k=0 p

uniformly in p, g, for some p > 0 and z € X}

. 0 [|x Ji(p),ok(q) - L, 7|
TW(As, M., .|) = {x = (Xjk) : P —1lim Z am,n,j,k[M( o/(p).o*(q )]0,
" =0 P

uniformly in p, g, for some p > 0,L >0and z € X}
= 1% 57 py, ¥ (g)» 2!
WeolAg, M, 1., 1) = {x = (xj): sup ) am,n,j,k[M(&)] < oo,
m,n, j,k k=0 Y
uniformly in p, g, for some p > 0 and z € X }

Definition 2.1. (Savas & Patterson, 2008) A bounded double sequence x = (x i) of real number is said to
be (4, o)-convergent to L provided that

P -1im 7% = L uniformly in (p, g),
r,s

where
1

rs _ .
Tpy =3 Z Xoi(p).ok(g)-
"8 (Ghoel

&~

In this case we write (1,0) — limx = L.

One can see that in contrast to the case for single sequences, a P-convergent sequences need not be
(4, o)—convergent. But itis easy to see that every bounded P-convergent double sequence is (1, o-)—convergent.
In addition, if we let o(p) = p+1,0(q) = g+1, and /_lr, s = rsin the above definition then (4, o-)—convergence
reduces to almost P-convergence which was defined by Moricz and Rhoades in (Mdricz & Rhoades, 1988).

Definition 2.2. Let 1 = (1,) and i = (15) be two non decreasing sequences of positive real numbers both of
which tends to oo as r, s approach oo, respectively. Alsolet 4,41 < A, + 1,41 =0and pug < pg+ 1,01 =0.
We write the generalized double de la Valee-Pousin mean by

PIPIT

s jel, kel

tr,s(x) =

where I, = [r— A, + 1,r]and Iy = [s — us + 1, s].
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We shall denote A, by Ars and (j € I, k € I;) by (j, k) € I,5. Let M be an Orlicz function, x be
double sequence space and p = (pj;) be any factorable double sequence of strictly positive real numbers.
Let A = (1,) and i = (uy) be the same as defined above and (X, ||., .||) be 2-norm space. If we take

1 . . T
Gr ik = s if (.]’ k) € Ir,s’
e 0  otherwise.

We have

o ||xaf(p>,<rk<q>’2||)]mk o,

- 1
Vo, A, M, p, ||, . ={ =(xy): P—-lim—
Ve 1M p ol = {x = () P=lim = .

(ik)elrs

uniformly in p, g, for some p > 0and z € X }

_ 1 i prertiqr — Lo 2l
[ZVU,A,M,p,n.,.n]={x=<x,-k>:P—1im.— > |m(mne )] -0,

neArS e p

uniformly in p, g, for some p > 0,L >0and z € X}

i 1 1% iy, crkgy» 2l \ TP
Vo Ml = = sup 5 37 M=) <o
rs.p.g ArS Gl P

for some p > 0 and z € X}.

Definition 2.3. The double lacunary sequence was defined by E. Savas and R. F. Patterson (Savas & Patter-
son, 1994) as follows:
The double sequence 6,5 = {(k,,[s)} is called double lacunary if there exist two increasing sequence of
integers such that

ko=0,h =k —k,_1 > 0asr — o

and
lOZO,Ev:ls_ls—l — 00 as § — .

Notations : k,.; = kI, h.y = h,hy.
The following intervals are determined by 6 :

I ={(ky) s kot <k <k}, Is ={(D) : [s-1 <1<},

Lig={(k,]): kp—y <k <k,and l;_; <<},

qr = k’:—jl gs = lf—jl and g,s = q,q5. We will denote the set of all double lacunary sequences by Ny, . The
space of double lacunary strongly convergent sequence is defined as follows

1
Ny, = {X = (xgp) : lim — Z |xes — L| = 0 for some L}
Y 8 s el
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see (Savas & Patterson, 1994).
If we take

= Gk €y,
a o= rs
1,8, j.k .
0 otherwise .

We have

! i A 2
[2Wor 0. M, ol Ml = {1 = (i P=lim=— > [ (=222,

rs hrs .
(el p

uniformly in p, g, for some p > 0 and z € X}

1 [|x,-j keoy — L, 2|\ 125
2 Wers 6, M, py 1 .Il] = {x = (xj0) : P~ lim — [M /)o@ )] ’
o

ns hrs .
(ke s

2

uniformly in p, g, for some p > 0,L >0 and z € X}

’

1 1% i ). crk(g)» 2l TP
LW, M, 6, p. I, o = {x = (xj) 1 sup =— M &)] <o
rspa S (Gisel, p

for some p > 0and z € X}.

Theorem 2.1. Let P = p ji be bounded. Then ;W(Ay, M, p,|I., ), 2Wo(Ax, M, p, |I., .|I) and ; Weo(Ai, M, p, 1., .II)
are linear spaces over the set of complex numbers C.

Theorem 2.2. Let P = p j be bounded. Then [V, A, M, p,|I., o, 2V, A4, M, p,I., Il and [2Vr, 4, M, p, |I., Il
are linear spaces over the set of complex numbers C.

Proof. Letx = (xj)andy = (yjx) € [2Vo, A, M, p, ., .Illo and a, B € C then there exist two positive numbers
P1, P2 such that

1 1% i),k (g)» 2\ TP
P-lim=— > [M(M)]’ -0,

P ArS e 1
. 1 Y ic .ok ays ZINTP*
potimes 3 [w(Erere=) o
s
" (ke P2

uniformly in (p, q). Let p3 = max{2|a|o1, 2|B|p2}. Since M is non-decreasing and convex, we have

1 0 Xgi(p).oiq) + BYoipoig AP 1 laXpip).otigy 2l 1BYicp).otq)» 2\ P
LS LS +
rs

Ars kel s pP3 ey s e
Sil Z 211” [M(legxp),ak(q),zll)JrM(Ilygf(,,),o_k@,zn)]p_,.k
J!
"5 (el o1 s

< % Z [M(”xc;'f(p),o"(q)’zll)+M(||y0'-/(p),0'k(q)azl|):|pﬂ‘
" el P P
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< D_L Z [M(||xaj(p),Uk(q)7 ZH)]ij + D_L Z [M(||ya'f(p),0'k(q)’ Z”):|ij.
Ars L1 Ars 02

(ke kel
(From equation (1.1).)
Now since the last inequality tends to zero as (7, s) approaches in Pringsheim sense, uniformly in
(P, 9), [2Ve, A, M, p,||., .ll], is linear. The proof of others follow in similar manner. ]

Theorem 2.3. Let P = p ji be bounded. Then [2W,,0, M, p, ||., llo, W, 6, M, p,|I., Il and [, W, 6, M, p, |., ||l
are linear spaces over the set of complex numbers C.

Theorem 2.4. Let A be non negative RH regular summability matrix method and M be an Orlicz function
which satisfies £, condition. Then ;W,(Ag, p, |-, -II) € 2Wo(Ax, M, p, ., 1), 2W(As, ps I, ) € 2W(A&, M, p,|I., -I)
and ZW(AO'9 P, ”’ ”)OO - ZW(AO" M’ P’ ||, ||)00

Proof. Let x = (xjx) € 2W(A, p, I, 1), then

. L .
P=lim ;0am’"’ﬁk”xm(p),o’f(q)’Z|| -0, 2.1)
]’ =

as m,n — oo uniformly in (p, ). Let € > 0 and choose 0 < § < 1 such that M(r) < 5 for 0 < ¢ < 6. Write
Yk = Xeri(p).o(q)» 2l and consider

(o8]

D W il MGV = > i MO + > i ju M1
2

Jik=0 1

Where the first summation is over yx < ¢ and the second summation is over y > 6. Since M is continuous,
we have

(o)
i H
Z am,n,j,k[M(yjk)]p]k <€ Z am,n,j,k-

1 k=0
For yj > 6, we use the fact that
Y jk (yjk)
k<= <1+(=)
TS Ts 5

Since M is non decreasing and convex, it follows that

_ 2 2 1 T
M) < M(L+6 'y = M(5 +56 lyjk) < 3MQ)+ M5 ).

Since M satisfies A-condition, there is a constant K > 2 such that
_ 1
M2y < 5 Ko ykM(2).

Hence .
D MO < max(1, (Ko™ M2)) Y IMO01*.
2 jk=0
Thus we have

D M1 < max(l,€) 7 ap jx + max(l, (KS™ M2)) ) app il MG 1%
(j.k=0) jk=0 jk=0

Thus (2.1) and R-H Regularity of A grants us ; W(Ag, p, ., .|) € 2W(As, M, p, ||, .|). Similarly we can prove
the other two inclusion relations. ]
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3. Double Statistical Convergence

The concept of statistical convergence was first introduced by Fast in (Fast, 1951) and also indepen-
dently by Buck (Buck, 1953) and Schoenberg (Schoenberg, 1959) for real and complex sequences. Further
this concept was studied by Salat (Tibor, 1980), Fridy in (Fridy, 1985) and many others.

Statistical convergence is a generalization of the usual notion of convergence that parallels the usual
theory of convergence. A sequence x = (x) is called statistically convergent to L if

1
lim—|k:|xx—L|=€,k<nl =0,
non

where the vertical bars indicate the number of elements in the enclosed set. In this case we write st —lim x =
L or x; — L(sty).

The following definition was presented by Mursaleen in (Mursaleen, 2000). A sequence x is said to be
A-—statistical convergent to L, if for € > 0

1
Iim—|kel,:|xx—Ll>€k<n|=0,
n A,

where the vertical bars indicate the number of elements in the enclosed set and I,, = [n — A, + 1, n]. In this
case we write S ) — limx = L or x; — L(S ).

Savag (Savas, 2000) presented and studied the concepts of uniformly A—statistical convergence as fol-
lows: A sequence x is said to uniformly A—statistical convergent to L , if for € > 0

1
lim —max|k €1, : [xpem — Ll > € =0.
n A, m

In this case we write S ) — limx = L or x; — L()).

A double sequence (x i) is called statistically convergent to L if

1
lim —|(ik): xjp— Ll > € j<mk<n| =0,

m,n—e0 mn
where the vertical bars indicate the number of elements in the set.(see[10])

Definition 3.1. (Savas & Patterson, 2008) A double sequence x = (xj;) is said to be uniformly A, 0)-
statistical convergent to L, provided that for every € > o

1 _
P —lim — max |{(j,k) € I,5 : |x

ns Aps P4

O'f(p),O'k(q) - L| > G}l =0.

In this case we write 25 (3 ) — limx = L or xjx — L(2S (3,5)-
Theorem 3.1. Let M be an Orlicz Function and 0 < h = infpy < pj < sp}P pjx = H < oo then
Ve, A, M, p, I, NIl €28 G.0)- '
Proof. Let x = (xj) € [2V, A, M, p,|l., .ll]. Then there exists p > 0 such that
i D [ M(le(r.f(p),gk;@ - L, ZII)]ij o,

kel
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as r, s — oo in the Pringsheim sense uniformly in (p, ).
Ife>0andlete = /f, then we obtain the following:

||-xg'.f(p)’a-k(q) - L, 7| )]p/k 1 I:M(ll-xg'.f(p)’crk(q) - L, 7| )]pik
0

L
e M =
ArS jloet,, L

+_L Z [M( Xi(p).ot(q) = Lol )]Pfk
Ars & Jo,

Ars &
Where the first summation is over ||x0_,~(p)ﬂk(q) — L, 7|| > € and the second summation is over ||x,
Lzl <e

ai(p).okiq) ~

1 Xoicpatig) = Lozllyppe 1 pio L : Pi H
ZMZ[M( ; )] Z/_USZ]:[M(EO] > Mme{[M(el)] M)

| B - .
2 = NG K) € s Woipyrtiq) = L2l 2 €l min{[M ()", [M(e)]™)
This implies that x € 25 7 - O
Theorem 3.2. Let M be a bounded Orlicz function and 0 < h = inf pj < pjx < suppj = H < oo then
ik

2S(/_l,()') - [ZV(Tv/_L Ma P> ||s ||]

Proof. Since M is bounded there exists an integer K such that M(x) < K for x > 0. Thus

1 Z [M(llxa'-/(p),a'k(q)_L’Z”)]pjk: 1 [M(”xa/(p),()'k(q)_L’ZH)]pjk
Ars P Ars & P

(k)ELs
+_L Z [M( ”x‘Tj(P)s(rk(q) - L’ ZH )]ij‘
Ars > P

Where the first summation is over [|x. motg — Lzl = € and the second summation is over ||x

1 h pH 1 Pk
Lzl <e< m;max{K ,K }+E§[M(,§)]

al(p).ok(q) —

1 B h H
< max{Kh,KH}_—I{(j, k) € 15t | Xgip)otq) — L 2l = €}l + max{[M(E)] ,[M(E)] }
Ars ’ P P

Hence x € [2V, A4, M, p,|l., |l O

Acknowledgments. The authors would like to record their gratitude to the reviewer for his careful
reading and making some useful corrections which improved the presentation of the paper.



Vakeel A. Khan et al. | Theory and Applications of Mathematics & Computer Science 2 (1) (2012) 61-71 71

References

Ahmad, Z. U. and M. Mursaleen (1988). An application of banach limits. Proceedings of the American Mathematical Society
103(1), 244-246.

Buck, R. Creighton (1953). Generalized asymptotic density. American Journal of Mathematics 75(2), 335-346.

Fast, H. (1951). Sur la convergence statistiue. Colloquium Mathematicum 3, 241-244.

Fridy, J.A. (1985). On statistical convergence. Analysis 5, 301-313.

Gibhler, Siegfried (1963). 2-metrische Rdume und ihre topologische struktur. Mathematische Nachrichten 26(1-4), 115-148.
Gihler, Siegfried (1964). Uber die uniformisierbarkeit 2-metrischer Riume. Mathematische Nachrichten 28(3-4), 235-244.
Gibhler, Siegfried (1965). Linear 2-normietre Réume. Mathematische Nachrichten 28(1-2), 1-43.

Gunawan, H. and Mashadi (2001). On finite-dimensional 2-normed spaces. American Journal of Mathematics 27(3), 321-329.

Khan, Vakeel A. (2010). Quasi almost convergence in a normed space for double sequences. Thai Journal of Mathematics
8(2), 293-297.

Khan, Vakeel A. and Sabiha Tabassum (2010). On ideal convergent difference double sequence spaces in 2-normed spaces defined
by Orlicz function. JMI International Journal of Mathematical Sciences 1(2), 26-34.

Khan, Vakeel A. and Sabiha Tabassum (2011a). On some new quasi almost A”-lacunary strongly P-convergent double sequences
defined by Orlicz function. Journal of Mathematics and Applications (34), 45-52.

Khan, Vakeel A. and Sabiha Tabassum (2011b). Statistically convergent double sequence spaces in 2-normed spaces defined by
Orlicz function. Applied Mathematics 2(4), 398—402.

Khan, Vakeel A. and Sabiha Tabassum (2012). Statistically pre-Cauchy double sequences. Southeast Asian Bulletin of Mathematics
(36), 249-254.

Lindenstrauss, J. and L. Tzafriri (1971). On Orlicz sequence spaces. Israel Journal of Mathematics 10, 379-390.
Maddox, L. J. (1967). Spaces of strongly summable sequences. The Quarterly Journal of Mathematics 18(1), 345-355.

Moricz, F. and B. E. Rhoades (1988). Almost convergence of double sequences and strong regularity of summability matrices.
Mathematical Proceedings of the Cambridge Philosophical Society 104(02), 283-294.

Mursaleen, M. (1983). On some new invariant matrix methods of summability. The Quarterly Journal of Mathematics 34(1), 77-86.
Mursaleen, M. (2000). A-statistical convergence. Mathematica Slovaca 50(1), 111-115.
Raimi, R. A. (1963). Invariant means and invariant matrix methods of summability. Duke Mathematical Journal 30(1), 81-94.

Savag, E. (2000). Strong almost convergence and almost A-statistical convergence. Hokkaido Mathematical Journal 29(3), 531—
536.

Savas, E. and R. F. Patterson (1994). On some double lacunary sequences defined by Orlicz functions. Filomat (19), 35-44.

Savas, E. and R. F. Patterson (2007). (A,)a - double sequence spaces via Orlicz functions and double statistical convergence.
Iranian Journal of Science & Technology, Transaction A 31(A4), 357-367.

Savasg, E. and R. F. Patterson (2008). (1, o) - double sequence spaces via Orlicz function. Journal of Computational Analysis and
Applications 10(1), 101-111.

Schoenberg, 1. J. (1959). The integrability of certain functions and related summability methods. The American Mathematical
Monthly 66(5), 361-375.

Tibor, Salat (1980). On statistically convergent sequences of real numbers. Mathematica Slovaca 30(2), 139—150.



	1 Introduction
	2 Periodic functions
	3  T-periodic transform of X-valued distributions
	1 Introduction
	2 Analysis of the method
	3 Applications
	4 Conclusion
	1 Introduction
	2 Definitions and Notations
	3 The Relation Between I-cluster Points and Ordinary Limit Points in Random 2-Normed Spaces
	1 Preliminaries
	2 Main Results
	1 Preliminaries
	2 Notations. Definitions
	3 Concepts of dichotomy
	1 Introduction
	2 Preliminaries and Basic Definitions
	3 Multiset Topology
	4 M-Basis and Sub M-Basis
	5 Closed Multisets
	6 Closure, Interior and Limit Point
	7 Continuous Multiset Functions
	8 Conclusion and Future Work
	1 Introduction
	2 Coordinate system used
	3 Earth's oblateness
	4 Solar radiation pressure
	5 Perturbed motion
	6 Position vector of the ground station
	6.1 Position of the ground station in ECI frame
	6.2 Satellite range

	7 Numerical example
	8 Conclusion
	9 Acknowledgment
	1 Introduction
	2 Main Results
	3 Double Statistical Convergence

