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Abstract
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1. Introduction

Huang and Zhang (Huang & Zhang, 2007) introduced the notion of cone metric spaces as a
generalization of metric spaces. They replaced the set of nonnegative real numbers by a subset of
a Banach space called the cone; and defined the metric as a vector-valued function. They obtained
some fixed point results in the setting of cone metric spaces with the assumption that the cone is
normal. Later, the assumption of normality of cone was removed by Rezapour and Hamlbarani
(Rezapour & Hamlbarani, 2008). Liu and Xu (Liu & Xu, 2013a) defined the cone metric spaces
with Banach algebra and defined the vector-valued metric into a subset of a Banach algebra. The
motivation for the work of Liu and Xu (Liu & Xu, 2013a) can be found in (Cakalli et al., 2012;
Kadelburg et al., 2011; Du, 2010; Feng & Mao, 2010). The results proved by Liu and Xu (Liu
& Xu, 2013a) demands the normality of the underlying cone. Later on, Xu and Radenović (Xu
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& Radenović, 2014) showed that the condition of normality of cone can be removed, and so, the
results of Liu and Xu (Liu & Xu, 2013a) are also true in case of a non-normal cone.

Let pX, dq be a metric space and T : X Ñ X be a mapping satisfying the following condition:
there exists λ P r0, 1q such that

dpT x,Tyq ď λdpx, yq for all x, y P X. (1.1)

Then the mapping T is called a Banach contraction. The Banach’s contraction principle states
that a Banach contraction on a complete metric space has a unique fixed point, i.e., there exists a
unique point x˚ P X such that x˚ “ T x˚. Kannan (Kannan, 1968, 1969) introduced the following
contractive condition: there exists λ P r0, 1{2q such that

dpT x,Tyq ď λrdpx,T xq ` dpy,Tyqs for all x, y P X. (1.2)

Kannan (Kannan, 1968, 1969) showed that the conditions (1.1) and (1.2) are independent of each
other, and proved a fixed point result for the mapping satisfying the condition (1.2) instead the
condition (1.1).

Samet et al. (Samet et al., 2012) introduced a new type of mappings called α-admissible
mappings, and with the help of this new class of mappings they generalized several known results
of metric spaces. Very recently, Malhotra et al. (Malhotra et al., 2015) introduced the α-admissible
mappings in the setting of cone metric spaces equipped with Banach algebra and solid cones. They
generalized and extended several known results of metric and cone metric spaces by proving a
fixed point result for generalized Lipschitz contraction over cone metric spaces. The main result
of (Malhotra et al., 2015) was a generalization of Banach’s fixed point theorem. In this paper,
we introduce the notion of generalized Kannan type α-admissible mappings in the setting of cone
metric spaces equipped with Banach algebra which extend the concept introduced in (Malhotra
et al., 2015) and generalize the result of Kannan (Kannan, 1968, 1969) in cone metric spaces
equipped with Banach algebra.

2. Preliminaries

First, we state some known definitions and results which will be used in the sequel.
Let A be a real Banach algebra, i.e., A is a real Banach space in which an operation of multi-

plication is defined, subject to the following properties: for all x, y, z P A, a P R

1. xpyzq “ pxyqz;
2. xpy` zq “ xy` xz and px` yqz “ xz` yz;
3. apxyq “ paxqy “ xpayq;
4. }xy} ď }x}}y}.

In this paper, we shall assume that the Banach algebra A has a unit, i.e., a multiplicative identity e
such that ex “ xe “ x for all x P A. An element x P A is said to be invertible if there is an inverse
element y P A such that xy “ yx “ e. The inverse of x is denoted by x´1. For more details we
refer to (Rudin, 1991).

The following proposition is well known (Rudin, 1991).
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Proposition 2.1. Let A be a real Banach algebra with a unit e and x P A. If the spectral radius
ρpxq of x is less than one, i.e.,

ρpxq “ lim
nÑ8

}xn
}

1
n “ inf

ně1
}xn
}

1
n ă 1

then e´ x is invertible. Actually,

pe´ xq´1
“

8
ÿ

i“0

xi.

A subset P of A is called a cone if

1. P is non-empty, closed and tθ, eu Ă P, where θ is the zero vector of A;
2. a1P` a2P Ă P for all non-negative real numbers a1, a2;
3. P2 “ PP Ă P
4. P

Ş

p´Pq “ tθu.

For a given cone P Ă A, we can define a partial ordering ĺ with respect to P by x ĺ y if and only
if y´ x P P. The notation x ! y will stand for y´ x P P˝, where P˝ denotes the interior of P.

The cone P is called normal if there exists a number K ą 0 such that for all a, b P A,

a ĺ b implies }a} ď K}b}.

The least positive value of K satisfying the above inequality is called the normal constant (see
(Huang & Zhang, 2007)). Note that, for any normal cone P we have K ě 1 (see (Rezapour &
Hamlbarani, 2008)). In the following we always assume that P is a cone in a real Banach algebra
A with P˝ ‰ φ (i.e., the cone P is a solid cone) and ĺ is the partial ordering with respect to P.

The following lemmas and remark will be useful in the sequel.

Lemma 2.1 (See (Kadelburg et al., 2010)). If E is a real Banach space with a cone P and if a ĺ λa
with a P P and 0 ď λ ă 1, then a “ θ.

Lemma 2.2 (See (Radenović & Rhoades, 2009)). If E is a real Banach space with a solid cone P
and if θ ĺ u ! c for each θ ! c, then u “ θ.

Lemma 2.3 (See (Radenović & Rhoades, 2009)). If E is a real Banach space with a solid cone P
and if }xn} Ñ 0 as n Ñ 8, then for any θ ! c, there exists n0 P N such that, xn ! c for all n ą n0.

Remark (See (Xu & Radenović, 2014)). If ρpxq ă 1 then }xn} Ñ 0 as n Ñ 8.

Definition 2.1 (See (Liu & Xu, 2013a,b; Huang & Zhang, 2007)). Let X be a non-empty set.
Suppose that the mapping d : X ˆ X Ñ A satisfies:

1. θ ĺ dpx, yq for all x, y P X and dpx, yq “ θ if and only if x “ y.
2. dpx, yq “ dpy, xq for all x, y P X.
3. dpx, yq ĺ dpx, zq ` dpz, yq for all x, y, z P X.
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Then d is called a cone metric on X, and pX, dq is called a cone metric space over the Banach
algebra A.

Definition 2.2 (See (Huang & Zhang, 2007)). Let pX, dq be a cone metric space, x P X and txnu

be a sequence in X. Then:

1. The sequence txnu converges to x whenever for each c P A with θ ! c, there is n0 P N such
that dpxn, xq ! c for all n ą n0. We denote this by lim

nÑ8
xn “ x or xn Ñ x as n Ñ 8.

2. The sequence txnu is a Cauchy sequence whenever for each c P A with θ ! c, there is n0 P N
such that dpxn, xmq ! c for all n,m ą n0.

3. pX, dq is a complete cone metric space if every Cauchy sequence is convergent in X.

It is obvious that the limit of a convergent sequence in a cone metric space is unique. A
mapping T : X Ñ X is called continuous at x P X, if for every sequence txnu in X such that
xn Ñ x as n Ñ 8, we have T xn Ñ T x as n Ñ 8.

Definition 2.3 (See (Samet et al., 2012)). Let X be a nonempty set and α : X ˆ X Ñ r0,8q be a
function. We say that T is α-admissible if px, yq P X, αpx, yq ě 1 ùñ αpT x,Tyq ě 1.

Now, we define the generalized Lipschitz contractions on the cone metric spaces with a Banach
algebra (see also, (Liu & Xu, 2013a)).

Definition 2.4. (Malhotra et al., 2015) Let pX, dq be a complete cone metric space over a Banach
algebra A, P the underlying solid cone and α : X ˆ X Ñ r0,8q be a function. Then the mapping
T : X Ñ X is said to be generalized Lipschitz contraction if there exists k P P such that ρpkq ă 1
and,

dpT x,Tyq ĺ kdpx, yq

for all x, y P X with αpx, yq ě 1. Here, the vector k is called the Lipschitz vector of T.

Malhotra et al. (Malhotra et al., 2015) proved a fixed point result for such generalized con-
traction. Here, we prove a Kannan’s version of the result of Malhotra et al. (Malhotra et al.,
2015).

Now we can state our main results.

3. Main results

First, we define generalized Kannan type contractions in cone metric spaces with Banach al-
gebra.

Definition 3.1. Let pX, dq be a complete cone metric space over a Banach algebra A, P the under-
lying solid cone and α : X ˆ X Ñ r0,8q be a function. Then the mapping T : X Ñ X is said to be

generalized Kannan type contraction if there exists k P P such that ρpkq ă
1
2

and,

dpT x,Tyq ĺ krdpx,T xq ` dpy,Tyqs (3.1)

for all x, y P X with αpx, yq ě 1. Here, the vector k is called the Kannan-Lipschitz vector of T.
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The following theorem is the main result of this paper.

Theorem 3.1. Let pX, dq be a complete cone metric space over a Banach algebra A, P be the
underlying solid cone and α : X ˆ X Ñ r0,8q be a function. Suppose, T : X Ñ X be a gener-
alized Kannan type contraction with Kannan-Lipschitz vector k and the following conditions are
satisfied:

(i) T is α-admissible;
(ii) there exists x0 P X such that αpx0,T x0q ě 1;

(iii) T is continuous.

Then T has a fixed point x˚ P X.

Proof. Let x0 P X such that αpx0,T x0q ě 1 and define a sequence txnu in X such that xn “ T xn´1

for all n P N. If xn “ xn`1 for some n P N, then x˚ “ xn is a fixed point for T . Assume that
xn ‰ xn`1 for all n P N. Since T is α-admissible we have

αpx0, x1q “ αpx0,T x0q ě 1 ùñ αpT x0,T 2x0q “ αpx1, x2q ě 1.

By induction, we get
αpxn, xn`1q ě 1 for all n P N. (3.2)

Since T is generalized Kannan type contraction with Kannan-Lipschitz vector k, we have

dpxn, xn`1q “ dpT xn´1,T xnq

ĺ krdpxn´1,T xn´1q ` dpxn,T xnqs

“ krdpxn´1, xnq ` dpxn, xn`1qs

i.e.,
pe´ kqdpxn, xn`1q ĺ kdpxn´1, xnq.

Since ρpkq ă
1
2
ă 1, e´ k is invertible, therefore it follows from the above inequality that

dpxn, xn`1q ĺ kpe´ kq´1dpxn´1, xnq “ λdpxn´1, xnq ĺ λndpx0, x1q (3.3)

where λ “ kpe´ kq´1. Since pe´ kq´1 “
ř8

i“0 ki we have

ρppe´ kq´1
q “ ρ

˜

8
ÿ

i“0

ki

¸

ď

8
ÿ

i“0

ρpki
q ď

8
ÿ

i“0

rρpkqsi “
1

1´ ρpkq
.

Therefore,

ρpλq “ ρ
`

kpe´ kq´1
˘

ď ρpkqρ
`

pe´ kq´1
˘

ď
ρpkq

1´ ρpkq
ă 1 (since ρpkq ă

1
2

) .
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Thus, for n ă m it follows from the inequality (3.3) that

dpxn, xmq ĺ dpxn, xn`1q ` dpxn`1, xn`2q ` ¨ ¨ ¨ ` dpxm´1, xmq

ĺ λndpx0, x1q ` λn`1dpx0, x1q ` ¨ ¨ ¨ ` λm´1dpx0, x1q

“ pe` λ` ¨ ¨ ¨ ` λm´n´1
qλndpx0, x1q

ĺ

˜

8
ÿ

i“0

λi

¸

λndpx0, x1q

“ pe´ λq´1λndpx0, x1q.

Since ρpλq ă 1, by Remark 2 we have }λn} Ñ 0 as n Ñ 8. Therefore, by Lemma 2.3 it follows
that: for every c P A with θ ! c there exists n0 P N such that

dpxn, xmq ĺ pe´ λq´1λndpx0, x1q ! c

for all n ą n0. It implies that txnu is a Cauchy sequence. By completeness of X, there exists x˚ P X
such that xn Ñ x˚ as n Ñ 8. Since T is continuous, it follows that xn`1 “ T xn Ñ T x˚ as n Ñ 8.
By the uniqueness of limit we get x˚ “ T x˚, that is x˚ is a fixed point of T.

In the above theorem, we use the continuity of the mapping T. We now show that the assump-
tion of continuity can be replaced by another condition.

Theorem 3.2. Let pX, dq be a complete cone metric space over a Banach algebra A, P be the
underlying solid cone and α : X ˆ X Ñ r0,8q be a function. Suppose, T : X Ñ X be a gener-
alized Kannan type contraction with Kannan-Lipschitz vector k and the following conditions are
satisfied:

(i) T is α-admissible;
(ii) there exists x0 P X such that αpx0,T x0q ě 1;

(iii) if xn is a sequence in X such that αpxn, xn`1q ě 1 for all n and xn Ñ x P X as n Ñ 8, then
αpxn, xq ě 1 for all n P N.

Then T has a fixed point x˚ P X.

Proof. By proof of theorem 3.1, we know that the sequence txnu, where xn “ T xn´1, n P N is
a Cauchy sequence in complete cone metric space pX, dq. Then, there exists x˚ P X such that
xn Ñ x˚ as n Ñ 8. On the other hand, from (3.2) and hypothesis (iii), we have

αpxn, x˚q ě 1, for all n P N. (3.4)

Since T is a generalized Kannan type contraction, using (3.4) we obtain

dpx˚,T x˚q ĺ dpx˚, xn`1q ` dpxn`1,T x˚q
“ dpx˚, xn`1q ` dpT xn,T x˚q
ĺ dpx˚, xn`1q ` krdpxn,T xnq ` dpx˚,T x˚qs
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i.e.,

dpx˚,T x˚q ĺ pe´ kq´1
rdpx˚, xn`1q ` kdpxn,T xnqs

“ pe´ kq´1dpx˚, xn`1q ` λdpxn,T xnq.

By (3.3) we have dpxn,T xnq “ dpxn, xn`1q ĺ λndpx0, x1q, therefore

dpx˚,T x˚q ĺ pe´ kq´1dpx˚, xn`1q ` λn`1dpx0, x1q.

As xn Ñ x˚ as n Ñ 8 and ρpλq ă 1, for every c P P with θ ! c and for every m P N there exists
npmq such that dpxn`1, x˚q !

pe´kqc
2m and λn`1dpx0, x1q !

c
2m for all n ą npmq. Therefore, it follows

from the above inequality that

dpx˚,T x˚q ĺ
c

2m
`

c
2m

“
c
m

for all n ą npmq,m P N.

It implies that c
m ´ dpx˚,T x˚q P P for all m P N. Since P is closed, letting m Ñ 8 we obtain

θ ´ dpx˚,T x˚q P P. By definition, we must have dpx˚,T x˚q “ θ, i.e., T x˚ “ x˚. Thus, x˚ is a
fixed point of T.

Next, we give an example which illustrates the above result.

Example 3.1. Let A “ R2 with the norm

}px1, x2q} “ |x1| ` |x2|.

Define the multiplication on A by

xy “ px1y1, x1y2 ` x2y1q for all x “ px1, x2q, y “ py1, y2q P A.

Then, A is a Banach algebra with unit e “ p1, 0q. Let P “ tpx1, x2q P R2 : x1, x2 ě 0u. Then P is a
positive cone.

Let X “ r0, 1s ˆ r0, 1s and define the cone metric d : X ˆ X Ñ P by

dppx1, x2q, py1, y2qq “ p|x1 ´ y1|, |x2 ´ y2|q P P.

Then, pX, dq is a complete cone metric space. Let Q X r0, 1q “ Q1 and define the mappings
T : X Ñ X and α : X ˆ X Ñ r0,8q by:

T px1, x2q “

$

’

’

’

’

&

’

’

’

’

%

ˆ

1
2
,

1
2

˙

, if x1, x2 P Q1;
ˆ

1
4
,

1
4

˙

, if x1 “ x2 “ 1;

px1, x2q, otherwise.

and

αppx1, x2q, py1, y2qq “

"

1, if (x1, x2, y1, y2 P Q1) or (x1, x2 P Q1, y1 “ y2 “ 1);
0, otherwise.



8 S.K. Malhotra et al. / Theory and Applications of Mathematics & Computer Science 7 (1) (2017) 1–13

Then, T is a generalized Kannan type contraction with Kannan-Lipschitz vector k “
ˆ

1
3
, 0
˙

,

where ρpkq “
1
3
ă

1
2
. Indeed, x1, x2, y1, y2 P Q1 then (3.1) is satisfied trivially. If x1, x2 P Q1 and

y1 “ y2 “ 1 then we have

dpT px1, x2q,T py1, y2qq “ d
ˆˆ

1
2
,

1
2

˙

,

ˆ

1
4
,

1
4

˙˙

“

ˆ

1
4
,

1
4

˙

ĺ

ˆ

1
3
, 0
˙

rdppx1, x2q,T px1, x2qq ` dppy1, y2q,T py1, y2qqs.

T is obviously an α-admissible mapping, and for every x1, x2, y1, y2 P Q1 we have

αppx1, x2q,T px1, x2qq “ 1.

Therefore, the conditions (i) and (ii) of Theorem 3.2 are satisfied. Finally, one can see that the
condition (iii) of Theorem 3.2 is satisfied. Thus, all the conditions of Theorem 3.2 are satisfied

and we conclude the existence of at least one fixed point of T. Indeed,
ˆ

1
2
,

1
2

˙

and all the points

px, 1q, x P Q1 and p1, xq, x P Q1 are fixed points of T.

Remark. Notice that, in the above example the results of Malhotra et al. (Malhotra et al., 2015)

are not applicable. Indeed, if x1 “ x2 “
3
4
P Q1 and y1 “ y2 “ 1, then αppx1, x2q, py1, y2qq “ 1

and

dpT px1, x2q,T py1, y2qq “ d
ˆˆ

1
2
,

1
2

˙

,

ˆ

1
4
,

1
4

˙˙

“

ˆ

1
4
,

1
4

˙

.

Now

dppx1, x2q, py1, y2qq “ d
ˆˆ

3
4
,

3
4

˙

, p1, 1q
˙

“

ˆ

1
4
,

1
4

˙

.

Therefore, there exists no k P P such that ρpkq ă 1 and the following inequality is satisfied:

dpT px1, x2q, py1, y2qq ĺ kdppx1, x2q, py1, y2qq.

This shows that T is not a generalized Lipschitz contraction, and so, the results of Malhotra et al.
(Malhotra et al., 2015) are not applicable here.

In the Example 3.1 we can see that the mapping T may have more than one fixed points. Let
us denote the set of all fixed points of T by FixpT q.

Next, to assure the uniqueness of fixed point of a generalized Kannan type contraction we use
the following property (see (Samet et al., 2012)):

@ x, y P FixpT q D z P X : αpx, zq ě 1, αpy, zq ě 1. (H)
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Theorem 3.3. Adding condition (H) to the hypothesis of Theorem 3.1 (resp. Theorem 3.2) we
obtain the uniqueness of the fixed point of T.

Proof. Following similar arguments to those in the proof of Theorem 3.1 (resp. Theorem 3.2)
we obtain the existence of fixed point. Let the condition (H) is satisfied and x˚, y˚ P FixpT q and
x˚ ‰ y˚. By (H) there exists z P X such that

αpx˚, zq ě 1 and αpy˚, zq ě 1. (3.5)

Since T is α-admissible and x˚, y˚ P FixpT q, therefore from (3.5) we obtain

αpx˚,T nzq ě 1 and αpy˚,T nzq ě 1. for all n P N. (3.6)

Since T is generalized Kannan type contraction, using (3.6), we have

dpx˚,T nzq “ dpT x˚,T pT n´1zqq
ĺ krdpx˚,T x˚q ` dpT n´1z,T pT n´1zqqs
“ kdpT n´1z,T nzq
ĺ krdpx˚,T n´1zq ` dpx˚,T nzqs

i.e.,
dpx˚,T nzq ĺ kpe´ kq´1dpx˚,T n´1zq “ λdpx˚,T n´1zq for all n P N.

Repetition of this process we obtain

dpx˚,T nzq ĺ λndpx˚,Tzq for all n P N.

where λ “ kpe ´ kq´1 and ρpλq ă 1. Since ρpλq ă 1, by Remark 2 we have }λn} Ñ 0 as n Ñ 8,
and so,

}λndpx˚,Tzq} ď }λn
}}dpx˚,Tzq} Ñ 0 as n Ñ 8.

Therefore, by Lemma 2.3 it follows that: for every c P A with θ ! c there exists n0 P N such that

dpx˚,T nzq ĺ λndpx˚,Tzq ! c.

it implies that
T nz Ñ x˚ as n Ñ 8.

Similarly we get
T nz Ñ y˚ as n Ñ 8.

Therefore, by uniqueness of the limit we obtain x˚ “ y˚. This finishes the proof.
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4. Some consequences

In this section, we give some consequences of the results of previous section. The following
corollary is Theorem 3.3 of Xu and Radenović (Liu & Xu, 2013a).

Corollary 4.1 (Theorem 3.3, Xu and Radenović (Liu & Xu, 2013a)). Let pX, dq be a complete
cone metric space over a Banach algebra A and P be the underlying solid cone with k P P where

ρpkq ă
1
2
. Suppose the mapping T : X Ñ X satisfies the following condition :

dpT x,Tyq ĺ krdpx,T xq ` dpy,Tyqs for all x, y P X.

Then T has a unique fixed point in X. Moreover, for any x P X, the iterative sequence tT nxu
converges to the fixed point of X.

Proof. Define the function α : X ˆ X Ñ r0,8q by αpx, yq “ 1 for all x, y P X. Then, all the
conditions of Theorem 3.3 are satisfied, and so, the mapping T has a unique fixed point in X.

Next, we derive the ordered and cyclic versions of Kannan’s contraction principle. In the next
theorems, we prove results of Ran and Reurings (Ran & Reurings, 2003), Liu and Xu (Liu & Xu,
2013a) and Nieto, Rodrı́guez-López (Nieto & Rodrı́guez-López, 2005) and Kirk et al. (Kirk et al.,
2003) for Kannan’s mappings.

The following theorem is the Kannan’s version of the result of Ran and Reurings (Ran &
Reurings, 2003) in cone metric spaces when the cone metric is endowed with a Banach algebra.

Theorem 4.1. Let pX,Ďq be a partially ordered set and suppose that pX, dq be a complete cone
metric space over a Banach algebra A with P the underlying solid cone. Let T : X Ñ X be a
continuous nondecreasing mapping with respect to Ď . Suppose that the following two assumptions
hold:

(i) there exists k P P such that ρpkq ă
1
2

and

dpT x,Tyq ĺ krdpx,T xq ` dpy,Tyqs for all x, y P X with x Ď y;

(ii) there exists x0 P X such that x0 Ď T x0.

Then, T has a fixed point in X.

Proof. Define the mapping αr : X ˆ X Ñ r0,8q by

αrpx, yq “
"

1, if x Ď y;
0, otherwise.

Note that, the condition (i) implies that the mapping T a generalized Kannan type contraction

with Kannan-Lipschitz vector k, where ρpkq ă
1
2

. Since T is nondecreasing it is an αr-admissible

mapping. The condition (ii) implies that, there exists x0 P X such that αrpx0,T x0q “ 1. Therefore,
all the conditions of Theorem 3.1 are satisfied, and so, the mapping T has a fixed point in X.
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The following theorem is the Kannan’s version of the result of Nieto, Rodrı́guez-López (Nieto
& Rodrı́guez-López, 2005) when the cone metric is endowed with a Banach algebra.

Theorem 4.2. Let pX,Ďq be a partially ordered set and suppose that pX, dq be a complete cone
metric space over a Banach algebra A with P the underlying solid cone. Let T : X Ñ X be a
nondecreasing mapping with respect to Ď . Suppose that the following three assumptions hold:

(i) there exists k P P such that ρpkq ă
1
2

and

dpT x,Tyq ĺ krdpx,T xq ` dpy,Tyqs for all x, y P X with x Ď y;

(ii) there exists x0 P X such that x0 Ď T x0;
(iii) if txnu is a nondecreasing sequence in X such that xn Ñ x P X as n Ñ 8, then xn Ď x for

all n P N.

Then, T has a fixed point in X.

Proof. Define the mapping αr : X ˆ X Ñ r0,8q similar to that as in the proof of Theorem 4.1.
Now, the proof follows from the Theorem 3.2.

Next, we define the cyclic contractions (see (Kirk et al., 2003)) in cone metric spaces.
Let X be a nonempty set, T : X Ñ X a mapping and A1, A2, . . . , Am be subsets of X. Then

X “
m
Ť

i“1
Ai is a cyclic representation of X with respect to T if

1. Ai, i “ 1, 2, . . . ,m are nonempty sets;
2. T pA1q Ă A2, . . . ,T pAm´1q Ă T pAmq,T pAmq Ă T pA1q.

Remark. (See (Kirk et al., 2003)) If X “
m
Ť

i“1
Ai is a cyclic representation of X with respect to T ,

then FixpT q Ă
m
Ş

i“1
Ai.

A cyclic contraction on a cone metric space is defined as follows.

Definition 4.1. Let pX, dq be a complete cone metric space over a Banach algebra A and P be the

underlying solid cone. Suppose, A1, A2, . . . , Am be subsets of X and Y “
m
Ť

i“1
Ai. A mapping T :

Y Ñ Y is called a generalized cyclic Kannan type contraction with Kannan-Lipschitz vector k if
following conditions hold:

1. Y “
m
Ť

i“1
Ai is a cyclic representation of Y with respect to T ;

2. there exists k P P such that ρpkq ă
1
2

and

dpT x,Tyq ĺ krdpx,T xq ` dpy,Tyqs (4.1)

for any x P Ai, y P Ai`1 pi “ 1, 2, . . . ,m where Am`1 “ A1).
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The following theorem is the Kannan’s version of the result Kirk et al. (Kirk et al., 2003) when
the cone metric is endowed with a Banach algebra.

Theorem 4.3. Let pX,Ďq be a partially ordered set and suppose that pX, dq be a complete cone
metric space over a Banach algebra A with P the underlying solid cone. Suppose, A1, A2, . . . , Am

be closed subsets of X and Y “
m
Ť

i“1
Ai and T : Y Ñ Y be a generalized cyclic Kannan type

contraction with Kannan-Lipschitz vector k. Then, T has a unique fixed point in X.

Proof. Define the mapping αc : X ˆ X Ñ r0,8q by:

αcpx, yq “
"

1, if px, yq P Ai ˆ Ai`1 pi “ 1, 2, . . . ,m where Am`1 “ A1);
0, otherwise.

First, by definition of the function α and the cyclic representation, T is αc-admissible. Again,
by definition of the function αc, T is a generalized cyclic Kannan type contraction with Kannan-
Lipschitz vector k. Suppose, for a sequence txnuwe have αcpxn, xn`1q ě 1 for all n and xn Ñ x P X

as n Ñ 8. Then, as Y “
m
Ť

i“1
Ai is a cyclic representation with respect to T, we must have x P

m
Ş

i“1
Ai.

Therefore, αcpxn, xq ě 1 for all n P N. Now, the proof of existence of fixed point of T follows

from Theorem 3.2. For uniqueness, if x˚, y˚ P FixpT q, then by Remark 4 we have x˚, y˚ P
m
Ş

i“1
Ai.

Since each Ai, i P t1, 2, . . . ,mu is nonempty, there exists z P Y such that x˚, y˚ P Ai, z P Ai`1 for
some i P t1, 2, . . . ,mu, and so αcpx˚, zq “ αcpy˚, zq “ 1. Thus, the condition (H) is satisfied and
the uniqueness of fixed point follows from Theorem 3.3.

Acknowledgements. The authors are indebted to the anonymous referee and Editor for his/her
careful reading of the text and for suggestions for improvement in several places.
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Abstract
In this paper, we study the growth of entire solutions of higher order linear complex differential equations with

entire coefficients of finite [p, q]-order. We give another conditions that generalize some results due to (Belaı̈di, 2015),
(Liu et al., 2010) and (Li & Cao, 2012).
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1. Introduction

In this article, we use the standard notation and fundamental results of the Nevanlinna value
distribution theory of meromorphic functions, see (Hayman, 1964; Laine, 1993; Yang & Yi, 2003).
We define, for r ∈ [0,+∞), exp0 r := r, exp1 r := er and expn+1 r := exp

(
expn r

)
, n ∈ N. For all

r sufficiently large, we define log0 r := r, log1 r := log r and logn+1 r := log
(
logn r

)
, n ∈ N.

Moreover, we denote by exp−1 r := log r and log−1 r := exp1 r.
For a meromorphic function f in complex plane C, the order of growth is defined by

σ( f ) = lim sup
r→+∞

log T (r, f )
log r

,

where T (r, f ) is the Nevanlinna characteristic function of f . The exponents of convergence of
sequence of the zeros and distinct zeros of f are respectively defined by

λ ( f ) = lim sup
r→+∞

log N
(
r,

1
f

)
log r

, λ ( f ) = lim sup
r→+∞

log N
(
r,

1
f

)
log r

,

∗Corresponding author
Email addresses: amine.zemirni@univ-mosta.dz (Mohamed Amine Zemirni),

benharrat.belaidi@univ-mosta.dz (Benharrat Belaı̈di)
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where N
(
r, 1

f

) (
resp. N

(
r, 1

f

))
is the integrated counting function of zeros (resp. distinct zeros) of

f (z) in the disc {z : |z| ≤ r}.
(Juneja et al., 1976, 1977) have investigated some properties of entire functions of [p, q]-

order and obtained some results about their growth. In order to maintain accordance with general
definitions of the entire function f of iterated p-order1, (Liu et al., 2010) gave a minor modification
of the original definition of the [p, q]-order given by (Juneja et al., 1976, 1977).

We recall the following definition,

Definition 1.1. (Kinnunen, 1998) Let p ≥ 1 be an integer. The iterated p-order σp( f ) of a mero-
morphic function f is defined by

σp( f ) = lim sup
r→+∞

logp T (r, f )

log r
.

Now, we shall introduce the definition of meromorphic functions of [p, q]-order, where p, q
are positive integers satisfying p ≥ q ≥ 1 or 2 ≤ q = p + 1. In order to keep accordance with
Definition 1.1, (Li & Cao, 2012; Belaı̈di, 2015) have gave a minor modification to the original
definition of [p, q]-order (e.g. see, (Juneja et al., 1976, 1977)). We recall the following definitions

Definition 1.2. (Belaı̈di, 2015; Li & Cao, 2012; Liu et al., 2010) Let p ≥ q ≥ 1 or 2 ≤ q = p + 1
be integers. If f (z) is a transcendental meromorphic function, then the [p, q]-order is defined by

σ[p,q]( f ) = lim sup
r→+∞

logp T (r, f )

logq r
.

It is easy to see that 0 ≤ σ[p,q]( f ) ≤ +∞. If f (z) is rational, then σ[p,q]( f ) = 0 for any p ≥ q ≥ 1.
By Definition 1.2, we note that σ[1,1]( f ) = σ( f ) (order of growth), σ[2,1]( f ) = σ2( f ) (hyper-order),
σ[1,2]( f ) = σlog( f ) (logarithmic order) and σ[p,1]( f ) = σp( f ) (iterated p-order).

Definition 1.3. (Belaı̈di, 2015; Li & Cao, 2012) Let p ≥ q ≥ 1 or 2 ≤ q = p + 1 be integers. The
[p, q] convergence exponent of the sequence of zeros of a meromorphic function f (z) is defined
by

λ[p,q] ( f ) = lim sup
r→+∞

logp N
(
r,

1
f

)
logq r

.

Similarly, the [p, q] convergence exponent of the sequence of distinct zeros of f (z) is defined by

λ[p,q] ( f ) = lim sup
r→+∞

logp N
(
r,

1
f

)
logq r

.

1see (Kinnunen, 1998), for the definition of the iterated p-order.
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We recall also the following definitions. The linear measure of a set E ⊂ (0,+∞) is defined as

m(E) =

∫ +∞

0
χE(t)dt

and the logarithmic measure of a set F ⊂ (1,+∞) is defined as

`m(F) =

∫ +∞

1

χF(t)
t

dt,

where χH(t) is the characteristic function of the set H. The upper density of a set E ⊂ (0,+∞) is
defined by

dens (E) = lim sup
r→+∞

m (E ∩ [0, r])
r

.

The upper logarithmic density of a set F ⊂ (1,+∞) is defined by

log dens (F) = lim sup
r→+∞

`m (F ∩ [1, r])
log r

.

Proposition 1.1. (Belaı̈di, 2015) For all H ⊂ [1,+∞) the following statements hold :
(i) If `m (H) = ∞, then m (H) = ∞,
(ii) if dens (H) > 0, then m (H) = ∞,
(iii) if log dens (H) > 0, then `m (H) = ∞.

For a ∈ C, the deficiency of a with respect to a meromorphic function f is defined by

δ (a, f ) = lim inf
r→+∞

m
(
r,

1
f − a

)
T (r, f )

= 1 − lim sup
r→+∞

N
(
r,

1
f − a

)
T (r, f )

.

Consider the differential equation

f (k) + Ak−1 f (k−1) + · · · + A1 f ′ + A0 f = 0. (1.1)

(Liu et al., 2010) studied the growth of solutions of the homogeneous differential equation
(1.1) with coefficients that are entire functions of finite [p, q]-order and obtained following result

Theorem 1.1. (Liu et al., 2010) Let A j(z) ( j = 0, 1, . . . , k − 1) be entire functions satisfying
max

{
σ[p,q](A j) : j , s

}
< σ[p,q](As) < ∞. Then every solution f (z) of (1.1) satisfies σ[p+1,q]( f ) ≤

σ[p,q](As). Furthermore, at least one solution of (1.1) satisfies σ[p+1,q]( f ) = σ[p,q](As).

Theorem 1.2. (Liu et al., 2010) Let A0, A1, ..., Ak−1 be entire functions, and let s ∈ {0, ..., k − 1}
be the largest index for which σ[p,q](As) = max

0≤ j≤k−1
σ[p,q](A j). Then there are at least k − s linearly

independent solutions f (z) of (1.1) such that σ[p+1,q]( f ) = σ[p,q](As). Moreover, all solutions of
(1.1) satisfy σ[p+1,q]( f ) ≤ ρ if and only if σ[p,q](A j) ≤ ρ for all j = 0, 1, ..., k − 1.
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Theorem 1.3. (Liu et al., 2010) Let H be a set of complex numbers satisfying dens {|z| : z ∈ H} > 0
and let A j(z) ( j = 0, 1, . . . , k − 1) be entire functions satisfying

max
{
σ[p,q]

(
A j

)
: j = 0, 1, . . . , k − 1

}
≤ α.

Suppose that there exists a positive constant β satisfying β < α such that any given ε (0 < ε < α − β) ,
we have

|A0(z)| ≥ expp+1

{
(α − ε) logq r

}
and ∣∣∣A j(z)

∣∣∣ ≤ expp+1

{
β logq r

}
( j = 1, . . . , k − 1)

for z ∈ H. Then, every solution f . 0 of the equation (1.1) satisfies σ[p+1,q] ( f ) = α.

Recently, (Belaı̈di, 2015) has obtained the following results which generalize and improve
Theorem 1.3 and also improve some results due to (Li & Cao, 2012).

Theorem 1.4. (Belaı̈di, 2015) Let H be a set of complex numbers satisfying log dens {|z| : z ∈ H} >
0 and let A j(z) ( j = 0, 1, . . . , k − 1) be meromorphic functions satisfying

max
{
σ[p,q]

(
A j

)
: j = 0, 1, . . . , k − 1

}
≤ ρ, 0 < ρ < +∞.

Suppose that there exist two real numbers α and β satisfying 0 ≤ β < α such that

|A0(z)| ≥ expp

(
α
[
logq−1 r

]ρ)
(1.2)

and ∣∣∣A j(z)
∣∣∣ ≤ expp

(
β
[
logq−1 r

]ρ)
, ( j = 1, · · · , k − 1) (1.3)

as |z| = r → +∞ for z ∈ H. Then the following statements hold :
(i) If p ≥ q ≥ 2 or 3 ≤ q = p + 1, then every meromorphic solution f . 0 whose poles are
uniformly bounded multiplicities or δ (∞, f ) > 0 of equation (1.1) satisfies σ[p+1,q]( f ) = ρ.
(ii) If p = 1, q = 2, then every meromorphic solution f . 0 of equation (1.1) satisfies σ[2,2]( f ) ≥ ρ.

Theorem 1.5. (Belaı̈di, 2015) Let H be a set of complex numbers satisfying log dens {|z| : z ∈ H} >
0 and let A j(z) ( j = 0, 1, . . . , k − 1) be meromorphic functions satisfying

max
{
σ[p,q]

(
A j

)
: j = 0, 1, . . . , k − 1

}
≤ ρ, 0 < ρ < +∞.

Suppose that there exist two positive constants α and β such that, we have

m(r, A0) ≥ expp−1

(
α
[
logq−1 r

]ρ)
(1.4)

and
m(r, A j) ≤ expp−1

(
β
[
logq−1 r

]ρ)
, ( j = 1, · · · , k − 1) (1.5)

as |z| = r → +∞ for z ∈ H. Then the following statements hold :
(i) If p ≥ q ≥ 2 and 0 ≤ β < α, then every meromorphic solution f . 0 whose poles are uniformly
bounded multiplicities or δ (∞, f ) > 0 of equation (1.1) satisfies σ[p+1,q]( f ) = ρ.
(ii) If 3 ≤ q = p + 1, 0 ≤ β < α and ρ > 1, then every meromorphic solution f . 0 whose poles
are uniformly bounded multiplicities or δ (∞, f ) > 0 of equation (1.1) satisfies σ[p+1,p+1]( f ) = ρ.
(iii) If p = 1, q = 2, 0 ≤ (k − 1)β < α and ρ > 1, then every meromorphic solution f . 0 of
equation (1.1) satisfies σ[2,2]( f ) ≥ ρ.
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2. Main results

Now, a natural question is whether somewhat similar results to Theorem 1.4 and Theorem
1.5 could be obtained for the differential equation (1.1), where A j(z) ( j = 0, 1, · · · , k) are entire
functions and the dominant coefficient is some As(z) (0 ≤ s ≤ k − 1) instead of A0(z)? The main
purpose of this article is to answer the above question and improving and generalizing the previous
results.

Theorem 2.1. Let H be a set of complex numbers satisfying log dens {|z| : z ∈ H} > 0. Let A j(z)
( j = 0, 1, . . . , k − 1) be entire functions satisfying

max
{
σ[p,q]

(
A j

)
: j = 0, 1, . . . , k − 1

}
≤ ρ, 0 < ρ < +∞.

Suppose that there exist two real numbers α and β satisfying 0 ≤ β < α and let s ∈ {0, ..., k − 1} be
an integer for which

|As(z)| ≥ expp

(
α
[
logq−1 r

]ρ)
, 0 ≤ s ≤ k − 1 (2.1)

and ∣∣∣A j(z)
∣∣∣ ≤ expp

(
β
[
logq−1 r

]ρ)
, j , s, (2.2)

as |z| = r → +∞, z ∈ H. Then,
(i) If p ≥ q ≥ 1, then every polynomial solution f . 0 of equation (1.1) is of deg f ≤ s − 1 (s ≥ 1)
and every transcendental solution f of equation (1.1) satisfies σ[p+1,q]( f ) = ρ.
(ii) If 2 ≤ q = p+1, ρ > 1, then every polynomial solution f . 0 of equation (1.1) is of deg f ≤ s−1
(s ≥ 1) and every transcendental solution f of equation (1.1) satisfies ρ ≤ σ[p+1,p+1] ( f ) ≤ ρ + 1.

Corollary 2.1. Let H be a set of complex numbers satisfying log dens {|z| : z ∈ H} > 0. Let F(z) .
0, A j(z) ( j = 0, 1, . . . , k − 1) be entire functions. Suppose that H, A j(z) ( j = 0, 1, . . . , k − 1) satisfy
the hypotheses in Theorem 2.1. Consider the equation

f (k) + Ak−1 f (k−1) + · · · + A1 f ′ + A0 f = F. (2.3)

(i) Let p ≥ q ≥ 1, if σ[p+1,q] (F) ≤ ρ, then every transcendental solution f of equation (2.3) sat-
isfies λ[p+1,q]( f ) = λ[p+1,q]( f ) = σ[p+1,q]( f ) = ρ with at most one exceptional solution f0 satisfying
σ[p+1,q] ( f0) < ρ; if ρ[p+1,q] (F) > ρ, then every transcendental solution f of equation (2.3) satisfies
ρ[p+1,q] ( f ) = ρ[p+1,q] (F).
(ii) Let 2 ≤ q = p + 1 and ρ > 1, if σ[p+1,p+1] (F) ≤ ρ, then every transcendental solution f of
equation (2.3) satisfies λ[p+1,p+1]( f ) = λ[p+1,p+1]( f ) = σ[p+1,p+1]( f ) = ρ with at most one exceptional
solution f0 satisfying σ[p+1,q] ( f0) < ρ; if ρ[p+1,p+1] (F) > ρ, then every transcendental solution f of
equation (2.3) satisfies ρ[p+1,p+1] ( f ) = ρ[p+1,p+1] (F).

Theorem 2.2. Let H be a set of complex numbers satisfying log dens {|z| : z ∈ H} > 0. Let A j(z)
( j = 0, 1, . . . , k − 1) be entire functions satisfying

max
{
σ[p,q]

(
A j

)
: j = 0, 1, . . . , k − 1

}
≤ ρ, 0 < ρ < +∞.



B. Belaı̈di et al. / Theory and Applications of Mathematics & Computer Science 7 (1) (2017) 14–26 19

Suppose that there exist two real numbers α and β satisfying 0 ≤ β < α and let s ∈ {0, ..., k − 1} be
an integer for which

m (r, As) ≥ expp−1

(
α
[
logq−1 r

]ρ)
, 0 ≤ s ≤ k − 1 (2.4)

and
m

(
r, A j

)
≤ expp−1

(
β
[
logq−1 r

]ρ)
, j , s, (2.5)

as |z| = r → +∞, z ∈ H. Then the following statements hold :
(i) If p ≥ q ≥ 1 and 0 ≤ β < α, then every polynomial solution f . 0 of (1.1) is of deg f ≤ s − 1
(s ≥ 1), and every transcendental solution f satisfies σ[p,q] ( f ) ≥ ρ ≥ σ[p+1,q] ( f ) .
(ii) If 2 ≤ q = p + 1 and 0 ≤ (k − 1) β < α, then every polynomial solution f . 0 of (1.1)
is of deg f ≤ s − 1 (s ≥ 1), and every transcendental solution f satisfies ρ ≤ σ[p,p+1] ( f ) and
σ[p+1,p+1] ( f ) ≤ ρ + 1.

3. Some preliminary lemmas

Lemma 3.1. (Gundersen, 1988) Let f be a transcendental meromorphic function, and let α > 1 be
a given constant. Then there exists a set E1 ⊂ (1,∞) with finite logarithmic measure and a constant
B > 0 that depends only on α and s, j(0 ≤ s < j), such that for all z satisfying |z| = r < E1 ∪ [0, 1]∣∣∣∣∣∣ f ( j)(z)

f (s)(z)

∣∣∣∣∣∣ ≤ B
[
T (αr, f )

r
(logα r) log T (αr, f )

] j−s

.

Lemma 3.2. (Gundersen, 1988) Let f be a meromorphic function, and let j be a given positive
integer, and let α > 1 be a real constant. Then there exists a constant R > 0 such that for all r ≥ R
we have

T
(
r, f ( j)

)
≤ ( j + 2) T (αr, f ) .

Let f (z) =
∞∑

n=0
anzn be an entire function, µ f (r) be the maximum term, i.e., µ f (r) = max{|an| rn;

n = 0, 1, · · · }, and let ν f (r) be the central index of f , i.e., ν f (r) = max{m; µ f (r) = |am| rm}.

Lemma 3.3. (Hayman, 1974) Let f (z) be a transcendental entire function, and let z be a point
with |z| = r at which | f (z)| = M(r, f ). Then for all |z| = r outside a set E2 of r of finite logarithmic
measure, we have

f ( j)(z)
f (z)

=

(
ν f (r)

z

) j

(1 + o (1)) , j ∈ N,

where ν f (r) is the central index of f (z).

Lemma 3.4. (Juneja et al., 1976) Let f (z) be an entire function of [p, q]-order, and let ν f (r) be the
central index of f (z). Then

σ[p,q] ( f ) = lim sup
r→+∞

logp ν f (r)

logq r
.
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Lemma 3.5. Let A0(z), . . . , Ak−1(z) be entire functions of finite [p, q]-order. Then,
(i) If p ≥ q ≥ 1, then every solution f . 0 of equation (1.1) satisfies

σ[p+1,q] ( f ) ≤ max
{
σ[p,q](A j) : j = 0, 1, . . . , k − 1

}
.

(ii) If 2 ≤ q = p + 1, then every solution f . 0 of equation (1.1) satisfies

σ[p+1,p+1] ( f ) ≤ max
{
σ[p,p+1](A j) : j = 0, 1, . . . , k − 1

}
+ 1.

Proof. We prove only (ii) . For the proof of (i) see (Liu et al., 2010). Let f . 0 be a solution of
equation (1.1) . By (1.1) , we have∣∣∣∣∣∣ f (k)

f

∣∣∣∣∣∣ ≤ |Ak−1|

∣∣∣∣∣∣ f (k−1)

f

∣∣∣∣∣∣ + |Ak−2|

∣∣∣∣∣∣ f (k−2)

f

∣∣∣∣∣∣ + · · · + |A1|

∣∣∣∣∣ f ′

f

∣∣∣∣∣ + |A0| . (3.1)

Set max
{
σ[p,p+1](A j) : j = 0, 1, . . . , k − 1

}
= ρ. For any given ε > 0, when r is sufficiently large,

we have ∣∣∣A j (z)
∣∣∣ ≤ expp+1

(
(ρ + ε)

[
logp+1 r

])
, j = 0, 1, ..., k − 1. (3.2)

By Lemma 3.3, there exists a set E2 ⊂ [1,+∞) with logarithmic measure `mE2 < ∞, we can
choose z satisfying |z| = r < [0, 1] ∪ E2 and | f (z)| = M (r, f ), such that

f ( j)(z)
f (z)

=

(
ν f (r)

z

) j

(1 + o (1)) , j = 1, ..., k (3.3)

holds. Substituting (3.2) and (3.3) into (3.1) , we obtain(
ν f (r)
|z|

)k

|1 + o (1)| ≤ k expp+1

(
(ρ + ε)

[
logp+1 r

]) (ν f (r)
|z|

)k−1

|1 + o (1)| , (3.4)

where z satisfies |z| = r < [0, 1] ∪ E2 and | f (z)| = M (r, f ). By (3.4), we get

ν f (r) |1 + o (1)| ≤ kr |1 + o (1)| expp+1

(
(ρ + ε)

[
logp+1 r

])
. (3.5)

So, from (3.5), we obtain

lim sup
r→+∞

logp+1 ν f (r)

logp+1 r
≤ ρ + 1 + ε. (3.6)

Since ε > 0 is arbitrary, by (3.6) and Lemma 3.4 we have σ[p+1,p+1] ( f ) ≤ ρ + 1.

Remark. Lemma 3.5 (ii) has been proved for p = 1 and q = 2 by (Cao et al., 2013).

Lemma 3.6. (Chen & Shon, 2004) Let f (z) be a transcendental entire function. Then there is a
set E3 ⊂ (1,+∞) having finite logarithmic measure such that when we take a point z satisfying
|z| = r < [0, 1] ∪ E3 and | f (z)| = M(r, f ), we have∣∣∣∣∣ f (z)

f (s)(z)

∣∣∣∣∣ ≤ 2rs, s ∈ N.
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Lemma 3.7. Let f be a transcendental meromorphic function of finite [p, q]-order. Then the
following statements hold :
(i) If p ≥ q ≥ 1, then ρ[p,q] ( f ′) = ρ[p,q] ( f ).
(ii) If 2 ≤ q = p + 1, then ρ[p,p+1] ( f ′) = ρ[p,p+1] ( f ).

Proof. We prove only (ii) . For the proof of (i) see (Belaı̈di, 2015). Let f be a transcendental
meromorphic function of finite [p, q]-order. By lemma of logarithmic derivative 2, we have

T
(
r, f ′

)
= m

(
r, f ′

)
+ N

(
r, f ′

)
≤ m (r, f ) + m

(
r,

f ′

f

)
+ 2N (r, f )

≤ 2T (r, f ) + m
(
r,

f ′

f

)
≤ 2T (r, f ) + O

(
log T (r, f ) + log r

)
(3.7)

holds outside of an exceptional set E4 ⊂ (0,+∞) with finite linear measure. By (3.7), it is easy to
see that ρ[p,p+1] ( f ′) ≤ ρ[p,p+1] ( f ) if 2 ≤ q = p + 1. On the other hand, by (Chuang, 1951), ((Yang
& Yi, 2003), p. 35), we have for r → +∞

T (r, f ) < O
(
T

(
2r, f ′

)
+ log r

)
. (3.8)

Hence, by using (3.8) we obtain ρ[p,p+1] ( f ) ≤ ρ[p,p+1] ( f ′) if 2 ≤ q = p + 1. Thus, ρ[p,p+1] ( f ′) =

ρ[p,p+1] ( f ) if 2 ≤ q = p + 1.

Remark. Lemma 3.7 (ii) has been proved for p = 1 and q = 2 by (Chern, 2006).

Lemma 3.8. (Belaı̈di, 2015) Let A j ( j = 0, 1, . . . , k − 1), F . 0 be meromorphic functions. Then
the following statements hold :
(i) If p ≥ q ≥ 1, then every every meromorphic solution f of equation (2.3) such that

max
{
σ[p,q]

(
A j

)
;σ[p,q] (F) : j = 0, 1, . . . , k − 1

}
< σ[p,q] ( f )

satisfies λ[p,q]( f ) = λ[p,q]( f ) = σ[p,q]( f ).
(ii) If 2 ≤ q = p + 1, then every meromorphic solution f of equation (2.3) such that

max
{
1;σ[p,q]

(
A j

)
;σ[p,q] (F) : j = 0, 1, . . . , k − 1

}
< σ[p,q] ( f )

satisfies λ[p,p+1] ( f ) = λ[p,p+1] ( f ) = ρ[p,p+1] ( f ).

4. Proofs of main results

Proof of Theorem 2.1 It’s should be noticed that the case s = 0 returns to Theorem 1.4. So, we
will prove Theorem 2.1 in case s > 0.

2 see, (Hayman, 1964; Yang & Yi, 2003).
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(i) Case : p ≥ q ≥ 1. Suppose that f . 0 is a polynomial solution of the equation (1.1) , let
f (z) = anzn + · · · + a0, an , 0 and suppose that n ≥ s, i.e., f (s)(z) . 0. Then from (1.1) , we have

|As| As
n |an| rn−s (1 + o (1)) ≤ |As|

∣∣∣ f (s) (z)
∣∣∣ ≤ k∑

j=0
j,s

∣∣∣A j

∣∣∣ ∣∣∣ f ( j) (z)
∣∣∣ ≤ k∑

j=0
j,s

∣∣∣A j

∣∣∣ A j
n |an| rn− j (1 + o (1)) , (4.1)

where Ak ≡ 1 and A j
n = n(n − 1) · · · (n − j + 1). It follows from (4.1) , (2.1) and (2.2) that

expp

(
α
[
logq−1 r

]ρ)
r−s ≤ O

(
expp

(
β
[
logq−1 r

]ρ))
. (4.2)

Since α > β, we see that (4.2) is a contradiction as r → +∞. Then deg f ≤ s − 1.
Now, suppose that f is a transcendental solution of the equation (1.1) . From the conditions of
Theorem 2.1, there is a set H of complex numbers satisfying log dens {|z| : z ∈ H} > 0, and there
exists As (0 ≤ s ≤ k − 1, k ≥ 2) such that for all z ∈ H we have (2.1) and (2.2) as |z| → +∞. Set
H1 = {|z| : z ∈ H} , since log dens {|z| : z ∈ H} > 0, then H1 is a set with `m (H1) = ∞.

From (1.1) , we have

− As =
f

f (s)

(
f (k)

f
+ Ak−1

f (k−1)

f
+ · · · + As+1

f (s+1)

f

+ As−1
f (s−1)

f
+ · · · + A1

f ′

f
+ A0

)
. (4.3)

By Lemma 3.1, there exists a set E1 ⊂ (1,∞) with finite logarithmic measure and a constant B > 0,
such that for all z satisfying |z| = r < E1 ∪ [0, 1]∣∣∣∣∣∣ f ( j)(z)

f (z)

∣∣∣∣∣∣ ≤ B
[
T (2r, f )

] j+1 , j = 1, 2, . . . , k − 1. (4.4)

By Lemma 3.6, there is a set E3 ⊂ (1,+∞) having finite logarithmic measure such that when we
take a point z satisfying |z| = r < [0, 1] ∪ E3 and | f (z)| = M(r, f ), we have∣∣∣∣∣ f (z)

f (s)(z)

∣∣∣∣∣ ≤ 2rs. (4.5)

It follows from (4.3) − (4.5), (2.1) and (2.2) that

expp

(
α
[
logq−1 r

]ρ)
≤ 2kB

[
T (2r, f )

]k+1 rs expp

(
β
[
logq−1 r

]ρ)
. (4.6)

for all |z| = r ∈ H1\ ([0, 1] ∪ E1 ∪ E3) and | f (z)| = M(r, f ). Then by (4.6) , we obtain ρ ≤
σ[p+1,q] ( f ) . On the other hand, by Lemma 3.5 (i), we have σ[p+1,q] ( f ) ≤ ρ. Hence, every tran-
scendental solution f of the equation (1.1) satisfies σ[p+1,q] ( f ) = ρ.
(ii) Case : 2 ≤ q = p + 1, ρ > 1. Suppose that f . 0 is a polynomial solution of the equation (1.1) ,
let f (z) = anzn + · · · + a0, an , 0 and suppose that n ≥ s, i.e. f (s)(z) . 0. From (4.2) , we have

expp

(
α
[
logp r

]ρ)
r−s ≤ O

(
expp

(
β
[
logp r

]ρ))
. (4.7)
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Since α > β, we see that (4.7) is a contradiction as r → +∞. Then deg f ≤ s − 1.
Now, suppose that f is a transcendental. Then from (4.6) we have

expp

(
α
[
logp r

]ρ)
≤ 2kBrs [T (2r, f )

]k+1 expp

(
β
[
logp r

]ρ)
(4.8)

holds for all z satisfying |z| = r ∈ H1\ ([0, 1] ∪ E1 ∪ E3) , as r → +∞. By (4.8) , every transcen-
dental solution f of equation (1.1) satisfies σ[p+1,p+1] ( f ) ≥ ρ, and by Lemma 3.5 (ii), we have
σ[p+1,p+1] ( f ) ≤ ρ + 1, thus ρ ≤ σ[p+1,p+1] ( f ) ≤ ρ + 1.

Proof of Corollary 2.1 (i) (a) Let p ≥ q ≥ 1. Let f be a transcendental solution of the equation
(2.3) and { f1, f2, . . . , fk} is a solution base of the corresponding homogeneous equation (1.1) of
(2.3) . By Theorem 2.1, we know that for j = 1, 2, . . . , k

σ[p+1,q]

(
f j

)
= ρ.

Then f can be expressed in the form

f (z) = B1 (z) f1 (z) + B2 (z) f2 (z) + · · · + Bk (z) fk (z) , (4.9)

where B1, B2, . . . , Bk are suitable meromorphic functions satisfying

B′j = F ·G j ( f1, f2, . . . , fk) · (W ( f1, f2, . . . , fk))−1 , j = 1, 2, . . . , k, (4.10)

where G j ( f1, f2, . . . , fk) are differential polynomials in f1, f2, . . . , fk and their derivatives with con-
stant coefficients, thus

σ[p+1,q]

(
G j

)
≤ max

j=1,2,...,k
σ[p+1,q]

(
f j

)
= ρ, j = 1, 2, . . . , k. (4.11)

Since the Wronskian W ( f1, f2, . . . , fk) is a differential polynomial in f1, f2, . . . , fk, it is easy to
deduce also that

σ[p+1,q] (W) ≤ max
j=1,2,...,k

σ[p+1,q]

(
f j

)
= ρ. (4.12)

Since σ[p+1,q] (F) ≤ ρ, then by using Lemma 3.7 (i) and (4.10) − (4.12) we get for j = 1, 2, . . . , k

σ[p+1,q]

(
B j

)
= σ[p+1,q]

(
B′j

)
≤ max

{
σ[p+1,q] (F) ; ρ

}
= ρ. (4.13)

Then by (4.9) and (4.13) , we obtain

σ[p+1,q] ( f ) ≤ max
j=1,2,...,k

{
σ[p+1,q]

(
f j

)
;σ[p+1,q]

(
B j

)}
= ρ. (4.14)

Now, we assert that every transcendental solution f of (2.3) satisfies σ[p+1,q] ( f ) = ρ with at
most one exceptional solution f0 satisfying σ[p+1,q] ( f0) < ρ. In fact, if f ∗ is another transcendental
solution with σ[p+1,q] ( f ∗) < ρ of (2.3) , then σ[p+1,q] ( f0 − f ∗) < ρ, but f0 − f ∗ is a solution of
the corresponding homogeneous equation (1.1) , and this is a contradiction with the results of
Theorem 2.1. Then, σ[p+1,q] ( f ) = ρ holds for every transcendental solution f of (2.3) with at
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most one exceptional solution f0 satisfying σ[p+1,q] ( f0) < ρ. By Lemma 3.8, every transcendental
solution f of (2.3) with σ[p+1,q] ( f ) = ρ satisfies λ[p+1,q]( f ) = λ[p+1,q]( f ) = σ[p+1,q]( f ) = ρ.

(b) If ρ < ρ[p+1,q] (F), then by using Lemma 3.7 (i), (4.11) and (4.12), we have from (4.10) for
j = 1, 2, · · · , k

ρ[p+1,q]
(
B j

)
= ρ[p+1,q]

(
B′j

)
≤ max

{
ρ[p+1,q] (F) , ρ[p+1,q]

(
f j

)
: j = 1, 2, · · · , k

}
= ρ[p+1,q] (F) . (4.15)

Then from (4.15) and (4.9), we get

ρ[p+1,q] ( f ) ≤ max
{
ρ[p+1,q]

(
f j

)
, ρ[p+1,q]

(
B j

)
: j = 1, 2, · · · , k

}
≤ ρ[p+1,q] (F) . (4.16)

On the other hand, if ρ < ρ[p+1,q] (F), it follows from equation (2.3) that a simple considera-
tion of

[
p, q

]
−order implies ρ[p+1,q] ( f ) ≥ ρ[p+1,q] (F). By this inequality and (4.16) we obtain

ρ[p+1,q] ( f ) = ρ[p+1,q] (F) .
(ii) For 2 ≤ q = p+1, ρ > 1, by the similar proof in case (i), we can also obtain that the conclusions
of case (ii) hold.

Proof of Theorem 2.2 Suppose that f . 0 is a solution of the equation (1.1) . From the conditions
the Theorem 2.2, there is a set H of complex numbers satisfying log dens {|z| : z ∈ H} > 0, and
there exists As (0 ≤ s ≤ k − 1, k ≥ 2) such that for all z ∈ H we have (2.4) and (2.5) as |z| → +∞.
Set H1 = {|z| : z ∈ H} , since log dens {|z| : z ∈ H} > 0 then H1 is a set with `m (H1) = ∞.
(i) Let p ≥ q ≥ 1 and 0 ≤ β < α. Suppose that f . 0 is a polynomial with deg f = n ≥ s, then
f (s) . 0, implies that f ( j)

f (s) ( j = 0, 1, . . . , k) is a rational, hence T
(
r, f ( j)

f (s)

)
= O

(
log r

)
for r sufficiently

large. From (4.3) we have

T (r, As) ≤
k−1∑
j=0
j,s

T
(
r, A j

)
+ O

(
log r

)
. (4.17)

It follows by (4.17) , (2.4) and (2.5) that

expp−1

(
α
[
logq−1 r

]ρ)
≤ O

(
expp−1

(
β
[
logq−1 r

]ρ))
(4.18)

which is a contradiction since α > β and r → +∞. Then, every polynomial solution f . 0 of (1.1)
is of deg f ≤ s − 1.
Now, suppose that f is a transcendental solution of (1.1) . By using the first main theorem of
Nevanlinna and properties of the characteristic function, we obtain from (4.3)

T (r, As) ≤ T
(
r, f (k)

)
+ kT

(
r, f (s)

)
+

k−1∑
j=0, j,s

T
(
r, f ( j)

)
+

k−1∑
j=0, j,s

T
(
r, A j

)
+ O (1) . (4.19)
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By Lemma 3.2, there exists a constant R > 0 such that for all z satisfying |z| = r > R, we rewrite
(4.19) as follows

m (r, As) = T (r, As) ≤
(
3
2

k2 +
7
2

k
)

T (2r, f ) +

k−1∑
j=0, j,s

T
(
r, A j

)
+ O (1)

=

(
3
2

k2 +
7
2

k
)

T (2r, f ) +

k−1∑
j=0, j,s

m
(
r, A j

)
+ O (1) . (4.20)

It follows by (4.20) , (2.4) and (2.5) that

expp−1

(
α
[
logq−1 r

]ρ)
≤

(
3
2

k2 +
7
2

k
)

T (2r, f )

+(k − 1) expp−1

(
β
[
logq−1 r

]ρ)
+ O(1) (4.21)

holds for all z satisfying |z| = r ∈ H1 as r → +∞. Then, by (4.21) , every transcendental solution
f of equation (1.1) satisfies σ[p,q] ( f ) ≥ ρ, and by Lemma 3.5 (i), we have σ[p+1,q] ( f ) ≤ ρ. Thus,
σ[p,q] ( f ) ≥ ρ ≥ σ[p+1,q] ( f ) .
(ii) Let 2 ≤ q = p+1 and 0 ≤ (k − 1) β < α. Suppose that f . 0 is a polynomial with deg f = n ≥ s,
then f (s) . 0. By the same reasoning as in the proof in case (i), it is clear that f (z) is a polynomial
with deg f ≤ s − 1.
Now, suppose that f is a transcendental solution of (1.1) . Then by (4.21)

expp−1

(
α
[
logp r

]ρ)
≤

(
3
2

k2 +
7
2

k
)

T (2r, f )

+(k − 1) expp−1

(
β
[
logp r

]ρ)
+ O(1) (4.22)

holds for all z satisfying |z| = r ∈ H1 as r → +∞. Then, by (4.22) , every transcendental solution f
of equation (1.1) satisfies σ[p,p+1] ( f ) ≥ ρ, and by Lemma 3.5 (ii), we have σ[p+1,p+1] ( f ) ≤ ρ + 1.
Hence, ρ ≤ σ[p,p+1] ( f ) and σ[p+1,p+1] ( f ) ≤ ρ + 1.
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Abstract
S.S. Miller and P.T. Mocanu in (Miller & Mocanu, 2003) the notion of differential superordination as a dual

concept of differential subordination (Miller & Mocanu, 2000) . In (Oros & Oros, 2011) The authors define the notion
of fuzzy subordination, in (Oros & Oros, 2012b) they define the notion of fuzzy differential subordination and in (Oros
& Oros, Jun2012a) they determine conditions for a function to be a dominant of the fuzzy differential subordination
and they also gave the best dominant. In this paper, we introduced the concept of fuzzy differential superordination
and we set conditions for a function to be subordinant of fuzzy differential superordination and we also give the best
subordinant.

Keywords: fuzzy set, fuzzy differential subordination, fuzzy differential superordination , fuzzy subordinant,
fuzzy best subordinant, sandwich theorem.
2010 MSC: 30C45.

1. Introduction and Preliminaries

The general form of differential superordination method can be presented as follows: Let Ω

and ∆ be any set in C, let p be analytic in the unit disk U and let ϕ(r, s, t; z) : C3 × U −→ C. The
problem is to study the following implication:

Ω ⊂ ϕ(p(z), zp
′

(z), z2 p
′′

(z); z)⇒ ∆ ⊂ p(z). (1.1)

If ∆ is a simply connected domain containing the point a and ∆ , C, then there is a conformal
mapping q of U onto ∆ such that q(0) = a. In this case, relation (1.1) can be rewritten as

Ω ⊂ ϕ(p(z), zp
′

(z), z2 p
′′

(z); z)⇒ q(z) ≺ p(z). (1.2)
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If Ω is also a simply connected domain and Ω , C,then there is conformal mapping h of U onto
Ω such that h(0) = ϕ(a, 0, 0; 0).If in addition, the function
ϕ(p(z), zp

′

(z), z2 p
′′

(z); z) is univalent in U, then ( 1.2) can be rewritten as

h(z) ≺ ϕ(p(z), zp
′

(z), z2 p
′′

(z); z)⇒ q(z) ≺ p(z). (1.3)

For further details on the differential superordination method, the valuable monograph (Miller &
Mocanu, 2003) can be seen.
Let U denote the unit disc of the complex plane

U = {z ∈ C : |z| < 1} ,U = {z ∈ C : |z| ≤ 1}

and H(U) denote the class of analytic function in U.For a ∈ C and n ∈ N, we denote by

H[a, n] =
{
f ∈ H(U) : f (z) = a + a(n+1)z(n+1) + . . . , z ∈ U

}
,

An =
{
f ∈ H(U) : f (z) = z + a(n+1)z(n+1) + . . . , z ∈ U

}
with A1 = A. Let S = { f ∈ A : f univalent in U} be the class of analytic and univalent functions
in the open unit disk U, with condition f (0) = 0 , f

′

(0) = 1, that is the analytic and univalent
functions with the following power series development

f (z) = z + a2z2 + . . . , z ∈ U.

Denote by

S ∗ =

{
f ∈ A : Re

(
z f
′
(z)

f (z)

)
> 0, z ∈ U

}
, the class of normalized starlike functions in U, and

C =

{
f ∈ A : Re

(
z f
′′

(z)
f ′ (z)

)
> 0, z ∈ U

}
, the class of normalized convex functions in U, and

K =

{
f ∈ A : Re

(
f
′
(z)

g′ (z)

)
> 0, g(z) ∈ C, z ∈ U

}
, the class of normalized close to convex functions in

U.
In order to introduce the notation of fuzzy differential superordination, we use the following

definitions and lemmas:
Definition 1.1 (Miller & Mocanu, 2000) We denote by Q the set of functions q that are analytic

and injective on U \ E(q) , where E(q) =

{
ζ ∈ ∂U : lim

ζ→∞
q(z) = ∞

}
, and are such that q

′

(ζ) , 0

for ζ ∈ ∂U \ E(q).The set E(q) is called exemption set.
Definition 1.2 (Zadeh, 1965) Let X be a non-empty set. An application F : X → [0, 1] is called
fuzzy subset. An alternate definition, more precise, would be the following:
A pair(A, FA), where

FA : X → [0, 1] and A = {x ∈ X : 0 < FA ≤ 1} = supp(A, FA),

is called fuzzy subset. The function FA is called membership function of the fuzzy set (A, FA).
Definition 1.3 (Zadeh, 1965) Let two fuzzy subsets of X,(M, FM) and (N, FN). We say that fuzzy
subsets M and N are equal if and only if FM(x) = FN(x) ,x ∈ X and we denote this by (M, FM) =

(N, FN). The fuzzy subset (M, FM) is contained in the fussy subset (N, FN) if and only if FM(x) ≤
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FN(x) , x ∈ X and we denote the inclusion relation by (M, FM) ⊆ (N, FN).
Definition 1.4 (Oros & Oros, 2011) Let D ⊆ C, z0 ∈ D be a fixed point, and let the functions
f , g ∈ H(D). The function f is said to be fuzzy subordinate to g, written f ≺F g or f (z) ≺F g(z) if
the following conditions are satisfied:

1. f (z0) = g(z0),
2. F f (D)( f (z)) ≤ Fg(D)(g(z)), z ∈ U.

Definition 1.5 (Oros & Oros, Jun2012a) A function L(z, t),z ∈ U,t ≥ 0, is a fuzzy subordination
chain if L(., t) is analytic and univalent in U. For all t ≥ 0,L(z, t) is continuously differentiable on
[0,∞) for all z ∈ U, and

FL[U×[0,∞)](L(z, t1)) ≤ FL[U×[0,∞)](L(z, t2)), t1 ≤ t2.

Remark (Oros & Oros, 2011) Let the functions f , g ∈ H(U) and g is an univalent functionthen
f ≺ g if f (0) = g(0) and f (U) ⊆ g(U). From here if g is an univalent function, then f ≺F g if and
only if f ≺ g.
Lemma 1.6 (Miller & Mocanu, 2000) Let q ∈ Q(a) and let p(z) = a + anzn + an+1zn+1 + ..., be
analytic in U,q(z) , a and n ≥ 1, if q is not subordinate to p, then there exist points z0 = r0ei ∈ U
and ζ0 ∈ ∂U \ E(p) and m ≥ n ≥ 1 for which q(Ur0) ⊂ p(U) ,

1. q(z0) = p(ζ0),
2. z0q

′

(z0) = mζ0 p
′

(ζ0), and

3. Re
(

z0q
′′

(z0)
q′ (z0) + 1

)
≥ mRe

(
ζ0 p
′′

(ζ0)
p′ (ζ0) + 1

)
.

Lemma 1.7 (Oros & Oros, 2012b) Let h be a convex function with h(0) = a, and let γ ∈ C∗

be a complex number with Re(γ) ≥ 0. If p ∈ H[a, n] with p(0) = a and ψ : C2 × U → C,
ψ(p(z), zp

′

(z)) = p(z) + 1
γ
zp
′

(z), is analytic in U, then

Fψ(C2×U)[p(z) +
1
γ

zp
′

(z)] ≤ Fh(U)h(z), implies, Fp(U) p(z) ≤ Fq(U)q(z) ≤ Fh(U)h(z), z ∈ U

where
q(z) =

γ

nz
γ
n

∫ z

0
h(t)t

γ
n−1 dt.

The function q is convex and is the fuzzy best (a, n) dominant.
Lemma 1.8 (Oros & Oros, 2012b) Let h be starlike in U, with h(0) = 0. If p ∈ H[0, 1] ∩ Q is
univalent in U, then zp

′

(z) ≺F h(z), implies p(z) ≺F q(z), z ∈ U where q is given by

q(z) =

∫ z

0
h(t)t−1dt.

The function q is convex and is the fuzzy best dominant.
Lemma 1.9 (Pascu, 2006) If Lγ : A → A is the integral operator defined by Lγ[ f ] = F, given by
Lγ[ f ](z) = F(z) =

γ+1
zγ

∫ z

0
h(t)tγ−1dt and Re(γ) > 0 then
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1. Lγ[S ∗] ⊂ S ∗

2. Lγ[K] ⊂ K
3. Lγ[C] ⊂ C.

Lemma 1.10 (Oros & Oros, 2012b) The function L(z, t) = a1(t)z + a2(t)z2 + ...,with a1(t) , 0 for
t ≥ 0 and lim

t→∞
|a1(t)| = ∞ is fuzzy subordination chain if and only if

Re
{

z∂L(z, t)/∂z
∂L(z, t)/∂t

}
> 0, z ∈ U. (1.4)

2. Main Results

Let
Ω = supp(Ω, FΩ) = {z ∈ C : 0 < FΩ(z) ≤ 1},

∆ = supp(∆, F∆) = {z ∈ C : 0 < F∆(z) ≤ 1},

p(U) = supp(p(U), Fp(U)) = {z ∈ C : 0 < Fp(U)(z) ≤ 1}

and
ϕ(C3 × U) = supp(ϕ(C3 × U), Fϕ(C3×U)) = {ϕ(p(z), zp

′

(z), z2 p
′′

(z); z}

.
Definition 2.1 Let Ω be a set in C and q ∈ H[a, n] withq

′

(z) , 0. The class of admissible functions
Φn[Ω, q], consist of those functions ϕ : C3 × U → C that satisfy the admissibility condition:

Fϕ(C3×U)(ϕ(r, s, t); ζ) ≤ FΩ(z).i.e.FΩ(ϕ(r, s, t; ζ)) > 0, (2.1)

Whenever

r = q(z), s =
zq
′

(z)
m

,Re
( t

s
+ 1

)
≥

1
m

Re
(
zq
′′

(z)
q′(z)

+ 1
)
,

where ζ ∈ ∂U , z ∈ U and m ≥ n ≥ 1. When n = 1 we write Φ1[Ω, q] as Φ[Ω, q].
In the special case when h is an analytic mapping of U onto Ω , C , we denote this class
Φn[h(U), q] by Φn[h, q].
If ϕ : C2 × U → C and q ∈ H[a, n], then the admissibility condition (2.1) reduces to

FΩ(ϕ(q(z), (zq
′

(z))/m; ζ)) > 0, when z ∈ U, ζ ∈ ∂U and m ≥ n ≥ 1

.
If ϕ : C × U → C, then the admissibility condition (2.1) reduces to FΩ(ϕ(q(z); ζ)) > 0, when
z ∈ U, ζ ∈ ∂U.
Let (Ω, FΩ) and(∆, F∆) be any fuzzy sets in C, let p be an analytic function in the unit disc U and
let ϕ(r, s, t; z) : C3 × U → C. To study the following implication:

FΩ(z) ≤ Fϕ(C3×U)(ϕ(p(z), zp
′

(z), z2 p
′′

(z); z)),⇒ F∆(z) ≤ Fp(U)(p(z)). (2.2)

There are there distinct cases to consider in analyzing this implication, which we list as the fol-
lowing Problems.
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Problem 2.2 Given (Ω, FΩ) and (∆, F∆) any fuzzy sets in C, find condonations on the function ϕ
so that (2.2) holds. We call such a ϕ an admissible function.
Problem 2.3 Given ϕ and (Ω, FΩ), find (∆, F∆) so that (2.2) holds. Furthermore, find the ”largest”
such ∆.
Problem 2.4 Given ϕ and (∆, F∆), find (Ω, FΩ) so that (2.2) holds. Furthermore find the ”smallest”
such Ω.
If either (Ω, FΩ) or (∆, F∆) in (2.2) is a simply connected domain. Then it may be possible to
rephrase (2.2) in terms of fuzzy differential superordination. If p is univalent in U, and if (∆, F∆)
is simply connected domain with∆ , C, then there is a conformal mapping q of U onto ∆ such
that q(0) = p(0). In this case (2.2) can be rewritten as FΩ(z) ≤ Fϕ(C3×U)(ϕ(p(z), zp

′

(z), z2 p
′′

(z); z))
implies

Fq(U)(q(z)) ≤ Fp(U) p(z), z ∈ U, i.e.q(z) ≺F p(z). (2.3)

If (Ω, FΩ) is also a simply connected domain and Ω , C. Then there is a conformal mapping
h of U onto Ω such that h(0) = (p(0), 0, 0; 0), if in addition, the function ϕ(p(z), zp

′

(z), z2 p
′′

(z); z)
is univalent in U, then (2.3) can be rewritten as

h(z) ≺F ϕ(p(z), zp
′

(z), z2 p
′′

(z); z), ⇒ q(z) ≺F p(z). (2.4)

This implication also has meaning if h and q are analytic and not necessarily univalent.
Definition 2.5 Let ϕ : C3 × U → C and let h be analytic in U. If p and
ϕ(p(z), zp

′

(z), z2 p
′′

(z); z) are univalent in U and satisfy the (second-order) fuzzy differential super-
ordination

Fh(U)h(z) ≤ Fϕ(C3×U)(ϕ(p(z), zp
′

(z), z2 p
′′

(z); z))

.i.e.
h(z) ≺F ϕ(p(z), zp

′

(z), z2 p
′′

(z); z),

then p is called a fuzzy solution of the fuzzy differential superordination. An analytic function q
is called fuzzy subordinant of the fuzzy differential superordination, or more simply a fuzzy sub-
ordination if q(z) ≺F p(z),z ∈ U, for all p satisfying (2.4).
A univalent fuzzy subordination q̃ that satisfies q ≺F q̃ for all fuzzy subordinate q of (2.4) is said
to be the fuzzy best subordinate of ( 2.4).
Note that the fuzzy best subordinant is unique uo to a relation of U. In the special case when the
set inclusions of (2.2) can be replaced by the fuzzy superordination of (2.4) we can reinterpret the
three problem referred to above as follows:
Problem 2.6 Given analytic functions h and q , find a class of admissible functions Φ[h, q] such
that (2.4) holds.
Problem 2.7 Given the fuzzy differential superordination in (2.4), find a fuzzy subordination q,
moreover, find the fuzzy best subordinant.
Problem 2.8 Given ϕ and fuzzy subordinant q, find the largest class of analytic function h such
that holds. The next theorem is key results.

Theorem 2.9 Let ϕ ∈ Φn[Ω, q] and let q ∈ H[a, n] .If p ∈ Q(a) and
ϕ(p(z), zp

′

(z), z2 p
′′

(z); z) is univalent in U, then

FΩ(z) ≤ Fϕ(C3×U)(ϕ(p(z), zp
′

(z), z2 p
′′

(z); z)), z ∈ U ⇒ q(z) ≺F p(z). (2.5)
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Proof. Form (2.5) and Definition (1.3). We have

Ω ⊂ (ϕ(p(z), zp
′

(z), z2 p
′′

(z); z)). (2.6)

Assume q(z) ⊀ p(z). By Lemma (1.6), there exist points z0 = r0eiθ0 ∈ U and ζ0 ∈ ∂U \ E(p) and
m ≥ n ≥ 1.
That satisfy

q(z0) = p(ζ0), z0q
′

(z0) = mζ0 p
′

(ζ0) and Re
(
zq
′′

(z)
q′(z)

+ 1
)
≥ mRe

(
ζ0 p

′′

(ζ0)
p′(ζ0)

+ 1
)
.

Using these condition with r = p(ζ0), s = ζ0 p
′

(ζ0), t = ζ2
0 p

′′

(ζ0) and ζ = ζ0 in definition (2.1) we
obtain

Fϕ(C3×U)(ϕ(p(ζ0), ζ0 p
′

(ζ0), ζ2
0 p

′′

(ζ0); ζ0)) ≤ F(ζ0) (2.7)

Since this contradict (2.6) we must have q(z) ≺F p(z).
We next consider the special situation when h is analytic on U and h(U) = Ω , C. In this case,
the class Φn[h(U), q] is written as Φn[h, q] and the following result an immediate consequence of
Theorem (2.9).
Theorem 2.10 Let q ∈ H[a, n], let h be analytic in U and let ϕ ∈ Φn[h, q], if p ∈ Q(a) and
ϕ(p(z), zp

′

(z), z2 p
′′

(z); z) is univalent in U, then

h(z) ≺F ϕ(p(z), zp
′

(z), z2 pP′′(z); z)⇒ q(z) ≺F p(z). (2.8)

Theorem (2.9) and Theorem (2.10) can only used to obtain fuzzy subordinates of a fuzzy differ-
ential superordination of the form (2.6) or (2.8) the following theorem proves the existence of the
fuzzy best subordinate of q for certain ϕ and also provides a method for finding the fuzzy best
subordinant.
Theorem 2.11 Let h be analytic in U and let ϕ : C3×U → C suppose that the differential equation

ϕ(p(z), zp
′

(z), z2 p
′′

(z); z) = h(z), (2.9)

has a solution q ∈ Q(a).If ϕ ∈ Φn[h, q], p ∈ Q(a) and ϕ(p(z), zp
′

(z), z2 p
′′

(z); z) is univalent in U,
then

h(z) ≺F ϕ(p(z), zp
′

(z), z2 p
′′

(z); z)⇒ q(z) ≺F p(z), (2.10)

and q is the best subordinate.
Proof. Since ϕ ∈ Φ[h, q], by applying Theorem (2.10) we deduce that q is a fuzzy subordinant,
of (2.10), since q also satisfies (2.9), it is also a solution of the fuzzy differential superordination
(2.10) and therefore all subordinates of (2.10) will be fuzzy subordinant to q. Hence q will be
the fuzzy best subordinant of (2.10). From this theorem we see that the problem of finding the
fuzzy best subordinant of (2.10) essentially reduces to showing that differential equation 2.9 has a
univalent solution and checking that ϕ ∈ Φn[h, q]. The conclusion of the theorem can written in
the symmetric form.

ϕ(q(z), zq
′

(z), z2q
′′

(z); z) ≺F ϕ(p(z), zp
′

(z), z2 p
′′

(z); z),⇒ q(z) ≺F p(z).
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We can simplify Theorems (2.9), (2.10) and (2.11) for the case of first-order fuzzy differential
subordination. The following results are immediately obtained by using these theorems and ad-
missibility condition (2.1).
Theorem 2.12 Let Ω ⊂ C, q ∈ H[a, n], ϕ : C2 × U → C and suppose that
Fϕ(C2×U)ϕ(q(z), zq

′

(z); ζ) ≤ FΩ(z), for z ∈ U, ζ ∈ ∂U and 0 < t ≤ 1
n < 1, if p ∈ Q(a) and

ϕ(p(z), zp
′

(z); z) is univalent in U, then

FΩ(z) ≤ Fϕ(C2×U)ϕ(p(z), zp
′

(z); z)⇒ Fq(U)q(z) ≤ Fp(U) p(z) i.e. q(z) ≺F p(z).

Theorem 2.13 Let h be univalent in U, q ∈ H[a, n], ϕ : C2 × U → C and suppose that
Fϕ(C2×U)(ϕ(q(z), zq

′

(z); z)) ≤ Fh(U)h(z), for z ∈ U, ζ ∈ ∂U and 0 < t ≤ 1
n < 1, if p ∈ Q(a) and

ϕ(p(z), zp
′

(z); z) is univalent in U, then

h(z) ≺F ϕ(p(z), zp
′

(z); z)⇒ q(z) ≺F p(z). (2.11)

Furthermore if ϕ(p(z), zp
′

(z); z) = h(z) has a univalent solution q ∈ Q(a) then q is fuzzy best
subordinant.
Georgia and Gheorghe (Oros & Oros, 2012b) considered the fuzzy subordination

Fψ(C2×U)[p(z) +
1
γ

zp
′

(z)] ≤ Fh2(U)h2(z), (2.12)

where h2 is convex function in U,h2(0) = a,γ , 0 and Re(γ) ≥ 0. They showed if p ∈ H[a, 1]
satisfies( 2.12), then

Fp(U) p(z) ≤ Fq2(U)q2(z) ≤ Fh2(U)h2(z), z ∈ U, (2.13)

where
q2(z) =

1
nzγ

∫ z

0
h2(t)tγ−1dt.

The function q is convex and is the fuzzy best dominant of (2.12).
We next prove an analogous result for the corresponding fuzzy differential subordination.
Theorem 2.14 Let h1be convex in U, with h1(0) = a ,γ , 0, with Re(γ) ≥ 0, and p ∈ H[a, 1] ∩ Q
if p(z) + 1

γ
zp

′

(z) is univalent in U,

h1(z) ≺F
1
γ

zp
′

(z), (2.14)

and
q1(z) =

γ

zγ

∫ z

0
h1(t)tγ−1dt, (2.15)

then q1(z) ≺F p(z), and the function q1 is convex and is the fuzzy best subordinate.
Proof. If we let ,ϕ : C2 × U → C,ϕ(r, s) = r + 1

γ
s, for r = p(z), s = zp

′

(z), z ∈ U, then relation
(2.14) becomes

h1(z) ≺F ϕ(p(z), zp
′

(z); z).
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The integral given by (2.15), with the exception of a different normalization q(0) = a has the form

q1(z) =
γ

nzγ

∫ z

0
h(t)tγ−1dt =

γ

nzγ

∫ z

0
(a + anzn + . . . )tγ−1dt

= a +
a1

γ + 1
z + . . . , z ∈ U,

which gives q ∈ [a, 1], since h is convex and Re(γ) ≥0, we deduce form (2) of Lemma (1.10) that q
is convex and univalent. A simple colocation shows that q1 also satisfies the differential equation.

q1(z) +
1
γ

zq
′

1(z) = ϕ(p(z), zp
′

(z)) = h1(z). (2.16)

Since q1 is the univalent solution of the differential equation (2.16) associated with fuzzy differen-
tial subordination (2.14), we can prove that it is the fuzzy best subordinate of (2.14) by applying
Theorem (2.13). Without loss of generality, we can assume that h1 and q1 are analytic and univa-
lent on U and q

′

1(ζ) for |ζ | = 1. If not, then we could replace h1 with h1(ρz) and q1 with q1(ρz),
where 0 < ρ < 1. These new function would then have the desired properties and we would prove
the Theorem by using Theorem (2.14) and then letting ϕ → 1 with our assumptions, to apply
Theorem (2.13) only need to show that ϕ ∈ Φ[h1, q1]. This is equivalent to showing that

ϕ0 = ϕ(q1(z) + tzq
′

1(z)) = q1(z) +
1
γ

zq
′

1(z) ∈ h1(U),

for z ∈ U and t ∈ (0, 1]. Form (2.16) we see that (2.12) is satisfied with p, h replaced by q1, h1.
Hence, from (2.11) we obtain

q1(z) ≺ F p(z).

Since h1(U) is convex domain and t ∈ (0, 1]. We conclude that ϕ0 ∈ h1(U) which proves that q1 is
the fuzzy best subordinat.
Theorem 2.15 Let q ∈ H[a, 1],ϕ : C2 × U → C and set ϕ(q(z), zq

′

(z)) = h(z). If L(z, t) =

ϕ(q(z), tzq
′

(z)) is fuzzy subordination chain and p ∈ H[a, 1] ∩ Q, then

h(z) ≺F ϕ(p(z), zp
′

(z))⇒ (z) ≺F p(z).

Furthermore, if ϕ(q(z), zq
′

(z)) = h(z), has a univalent solution q ∈ Q,then q is the fuzzy best
subordinant.
Proof. Since L is a fuzzy subordination chain L(z, t) ≺F L(z, 1),or equivalently, (p(z), zp

′

(z)) ≺F

h(z) , for all z ∈ U and t ∈ (0, 1]. Since this implies that (2.11) is satisfied ,we obtain the desired
conclusion by applying of this result by again considering the fuzzy differential superordination

Fh(U)(h(z)) ≤ Fϕ(C2×U)(p(z) +
1
γ

zp
′

(z)), (2.17)

with corresponding differential equation

q(z) +
1
γ

zq
′

(z) = h(z). (2.18)
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In Theorem (2.14), we assumed that h in (2.18) was convex, which implied that solution q was
convex. On the other hand if we assuming that q is convex and h is defined by (2.18) and by simple
calculation we have

Re
{

h
′

(z)
q′(z)

}
= Re

{
(γ + 1)
γ

+
1
γ

zq
′′

(z)
q′(z)

}
> 0,

then h is close to convex, therefore h is univalent function.By using the fuzzy subordination chain
as given in Theorem (2.15) to obtain fuzzy best subordinant for (2.17).
In next theorem we introduce an example of a solution of problem (2.4),(2.8) referred to the intro-
duction.
Theorem 2.16 Let q be convex in U and let h be defined by h(z) = q(z) + 1

γ
zq
′

(z),with Re(γ) > 0.
If p ∈ [a, 1] ∩ Q,p(z) + 1

γ
zp
′

(z) is univalent in U and

Fh(U)(h(z)) ≤ F(C2×U)(p(z) +
1
γ

zp
′

(z))

then
q(z) ≺F p(z),

where
q(z) =

γ

zγ

∫ z

0
h(t)tγ−1dt.

The function q is the fuzzy best subordinant.
Proof . Let L(z, t) = ϕ(q(z), tzq

′

(z)) = q(z) + t
γ
zq
′

(z). By simple calculation, we get

Re
{

z∂L(z, t)/∂z
∂L(z, t)/∂t

}
= Re

{
γ + t

zq
′′

(z)
q′(z)

}
,

since q convex function ,Re(γ) > 0 and t ∈ (0, 1],we obtain

Re
{

z∂L(z, t)/∂z
∂L(z, t)/∂t

}
Using lemma (1.9), we deduce that L is fuzzy subordination chain. By Theorem (2.15), we con-
clude that q is fuzzy subordinant of fuzzy differential superordination

Fh(U)(h(z)) ≤ Fϕ(C2×U)(p(z) +
1
γ

zp
′

(z)),

Furthermore, since q is a univalent solution of (2.18), it also is the fuzzy best subordinant of

Fh(U)(h(z)) ≤ Fϕ(C2×U)(p(z) +
1
γ

zp
′

(z)).

Example 2.17 . Let h(z) = 1−z
1+z and p(z) = 1+z, z ∈ U, it is clear to show that h(0) = 1, h

′

(z) = −2
(1+z)2

, h
′′

(z) = 4
(1+z)3 and p(z) + zp

′

(z) = 1 + 2z. Since

Re
{

zh
′′

(z)
h′(z)

+ 1
}

= Re
{

1 − z
1 + z

}
= Re

{
(1 − r(cos θ + i sin θ)
(1 + r(cos θ + i sin θ)

}
=

1 − r2

1 + 2r cos θ + r2 > 0,
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where r = |z| < 1,θ ∈ R. Then the function h is convex in U.
We have

q(z) =
1
z

∫ z

0

1 − t
1 + t

dt =
2 ln(1 + z)

z
− 1.

Using Theorem (2.14),we obtain 1−z
1+z ≺F 1 + 2z ,induce 2 ln(1+z)

z − 1 ≺F 1 + z, z ∈ U.
In next result, we introduce fuzzy differential superordination for which the fuzzy subordinant
function h is a starlike function.
Theorem 2.18 Let h be starlike in U , with h(0) = 0,If p ∈ [0, 1] ∩ Q and zp

′

(z) is univalent in U,
then

Fh(U)(h(z)) ≤ Fϕ(C2×U)(zp
′

(z))⇒ Fq(U)q(z) ≤ Fp(U) p(z), z ∈ U. (2.19)

Where
q(z) =

∫ z

0
h(t)t−1dt, (2.20)

The function q is convex and is the fuzzy best subordinant.
Proof. Differentiating (2.20), we have zq

′

(z) = h(z), if we let ϕ : C2 × U → C,ϕ(s) = s, for
s = zp

′

(z), z ∈ U,relation (2.19) becomes

Fh(U)h(z) ≤ Fϕ(C2×U)(ϕ(zp
′

(z))),

the function q is the solution of ϕ(zq
′

(z)) = zq
′

(z) = h(z). Since h is starlike, we deduce from
Alexander’s theorem that q is convex and univalent. As in the previous theorem we can assume
that h and q are analytic and univalent onU and q

′

(ζ) , 0 for|ζ | = 1, the conclusion of this theorem
follows form Theorem (2.13), if we show that ϕ ∈ Φ[h, q], we get this immediately since h(U) is
starlike domain and

ϕ(tzq
′

(z)) = tzq
′

(z) = th(z) ∈ h(U), z ∈ U and 0 < t ≤ 1 (2.21)

Form (2.21), we have
Fϕ(C2×U)(tzq

′

(z)) ≤ Fh(U)(h(z))

Using Definition (2.1), we obtain ϕ ∈ Φ[h, q],and applying Theorem (2.13), we conclude that
q is the fuzzy best subordinant.
Example 2.19 Let h(z) = z + z2, z ∈ U It is clear to show that

Re
{

zh
′

(z)
h(z)

}
= Re

{
1 +

z
1 + z

}
= Re

{
1 +

r(cos θ + i sin θ)
1 + r(cos θ + i sin θ)

}
= 1 +

1 + r cos θ
1 + 2r cos θ + r2 > 0.

If p ∈ H[0, 1] ∩ Q and zp
′

(z) is univalent in U, then

z + z2 ≺F zp
′

(z)⇒ z + z2 ≺F p(z).

In the next section, we will combine some theorems for the Sandwich theorem.
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3. Sandwich theorem

We can combine Theorem (2.14) to gather with Lemma (1.7) to obtain the following fuzzy
differential ”sandwich theorem”.
Theorem 3.1 Let h1 and h2 be convex in U, with h1(z) = h2(z) = a. Let γ , 0, with Re(γ) > 0 and
let the function qi be defined by

qi =
γ

zγ

∫ z

0
hi(t)tγ−1dt,

for i = 1, 2. If p ∈ H[a, 1] ∩ Q and p(z) + 1
γ
zp
′

(z) is univalent , then

h1(z) ≺F p(z) +
1
γ

zp
′

(z) ≺F h2(z)⇒ q1(z) ≺F p(z) ≺F q2(z), z ∈ U. (3.1)

The function, q1 and q2 are convex and they are respectively the fuzzy best subordinant and fuzzy
best dominant.
If we set f (z) = p(z) + 1

γ
zp
′

(z), then (3.1), can be expressed as the following “sandwich theo-
rem”involving fuzzy subordination preserving integral operator.
Corollary 3.2 Let h1 and h2 be convex in U and f be univalent function in U, with h1(0) = h2(0) =

f (0), Let γ , 0, with Re(γ) > 0. If

h1(z) ≺F f (z) ≺F h2(z),

then
γ

zγ

∫ z

0
h1(t)tγ−1dt ≺F

γ

zγ

∫ z

0
f (t)tγ−1dt ≺F

γ

zγ

∫ z

0
h2(t)tγ−1dt

When the middle integral is univalent. If we combine Theorem (2.18), with Lemma (1.8), we
obtain the following “sandwich result”.
Theorem 3.3 Let h1 and h2 be starlike functions in U, with h1(0) = h1(0) = 0 and let the function
q(i) be defined by

qi =

∫ z

0
hi(t)t−1dt,

for i = 1, 2. If p ∈ H[0, 1] ∩ Q and zp
′

(z)is univalent in U, then

h1(z) ≺F zp
′

(z) ≺F h2(z)⇒ q1(z) ≺F p(z) ≺F q2(z), z ∈ U.

The functions q1 and q2 are convex and they are respectively the fuzzy best subordinant and fuzzy
best dominant. If we set f (z) = zp

′

(z), then this last theorem can be expressed as the following
“sandwich theorem”involving fuzzy subordination preserving integral operator.
Corollary 3.3 Let h1 and h2 be starlike functions in U and f be univalent in U, with h1(0) =

h2(0) = 0. If
h1(z) ≺F f (z) ≺F h2(z), z ∈ U,

then ∫ z

0
h1(t)t−1dt ≺F

∫ z

0
f (t)t−1dt ≺F

∫ z

0
h2(t)t−1dt ≺F

when the middle integral is univalent.
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aBelgrade business school, Higher education institution for applied science, Belgrade, Serbia
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Abstract
We study the problem of evaluation of different classification models that are used in machine learning. The

reason of the model evaluation is to find the optimal solution from various classification models generated in an
iterated and complex model building process. Depending on the method of observing, there are different measures
for evaluation the performance of the model. To evaluate classification models the most direct criterion that can be
measured quantitatively is the classification accuracy. The main disadvantages of accuracy as a measure for evaluation
are as follows: neglects the differences between the types of errors and it dependent on the distribution of class in the
dataset. In this paper we discussed selection of the most appropriate measures depends on the characteristics of the
problem and the various ways it can be implemented.

Keywords: accuracy, confusikon matrix, costs of misclassification, F-measure, ROC graph.
2010 MSC: 68T01, 68T05.

1. Introduction

Machine learning is a field of artificial intelligence that deals with the construction of adaptive
computing systems that are able to improve their performance by using information from expe-
rience. Machine learning is the discipline that studies the generalization and construction and
analysis of algorithms that can generalize. But as much as the applications of machine learning
were diverse, there are tasks that are repetitive. Therefore, it is possible to talk about the types of
learning tasks that often occur. One of the most common tasks of learning that occurs in practice
is classification. Classification is an important recognition of object types, for example whether a
particular tissue represents malignant tissue or not.
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Classification is one of the most common tasks of machine learning, and is a problem of classi-
fication unknown instance in one of the pre-offered categories - classes. The important observation
in classification is that target functions are discrete. In general, the class label can’t be meaning-
fully assigned numerical or some other values. This means that the class attribute, whose value
should be determined, categorical attribute.

The classification of an object is based on finding similarities with predetermined objects that
are members of different classes, with the similarity of the two objects is determined by analyzing
their characteristics. In classifying every object is classified into one of the classes with certain ac-
curacy. The task is that on the characteristics of objects whose classification is known in advance,
make a model by which will be performed classification of new objects (Fawcett, 2003; Marzban,
2004; Vardhan et al., 2012). In problem of classification, the number of classes is known in ad-
vance and limited.

A wide range of algorithms for classification is available, each with their own strengths and
weaknesses. There is no such a learning algorithm which works best with all the problems of
supervised learning. Machine learning involves a large number of algorithms such as: artificial
neural networks, genetic algorithms, rule induction, decision trees, statistical and pattern recogni-
tion methods, k-nearest neighbors, Naı̈ve Bayes classifiers and discriminatory analysis.

The main objective of this paper is to discuss the various classification models that can be used
in the problem of classification. This paper presents the advantages and disadvantages of these
models. For this purpose we have organized the paper in the following way. In the second part of
this paper we present evaluation of classification models, in the third part of the paper we present
measures for the evaluation of classification models. In the last part of the paper, we discuss the
results and give directions for further research.

2. Evaluation of classification models

For modeling regularity in the data there are a number of methods. Also, methods on the same
set of examples for learning result in different models changing the parameters of the method. Due
to the same problem and the same set of training data can produce a higher number of different
models; it emphasizes the need for the evaluation of the quality model with respect to the given
problem. That is why the evaluation of discovered knowledge is one of the essential components
of the process of intelligent data analysis. Since this work deals with the classification problems,
hereinafter will discuss the evaluation of classification models.

The task of evaluating classification models is to measure the degree to which the classification
suggested using the model corresponding to the actual classification of the case. Depending on the
method of observing, there are different measures for evaluation the performance of the model.
Selection of the most appropriate measures shall be done depending on the char

acteristics of the problem and ways of its implementation.

3. Measures for the evaluation of classification models

In the evaluation of classification models basic concept is the notion of fault. If the application
of the classification models in selected case leading to the prediction of a class that is different from
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the actual class examples then there is an error in classification. If any mistake is equally important,
then the total number of errors in the observed set can be an indicator of work a classifier.

This approach is based on accuracy as a measure for evaluating the quality of the classification
model. This measure can be defined as the ratio of the number of correctly classified examples
according to the total number of classified examples.

Accuracy =
number of correctly classified examples

total number of cases
(3.1)

The main disadvantages of accuracy as a measure for evaluation are as follows: (1) neglects
the differences between the types of errors; (2) dependent on the distribution of class in the dataset.

It is often important in practical problem solving distinguish certain types of errors. It is often
the case in medicine, for example detecting the existence of disease in a patient. If system needs to
classify breast tissue on malignant and benign based on mammography image, then if the system
incorrectly marked diseased tissue as healthy tissue, the error is more important, because it will
not notice the existence of the disease and will not apply the appropriate therapy. In case that the
system recognizes healthy tissue as sick, error has less importance because it will further surgery
and diagnosis to determine that the patient is not diseased.

In cases where it is necessary to distinguish more types of errors result of the classification is
shown in the form of two-dimensional matrix, where each row of the matrix corresponds to one
class and record number of examples where it is forecasted class, and each column of the matrix
is also marked by a class and x h
+ c+aald number of examples where it is an actual class. lllvvvv mI f vf we look for exam-

ple classification problem with five classes, where we need to classify the emotional state of the
person appearing in the video in five different emotional categories: happy, sad, angry, gentle and
frightened, then we confusion matrix display as in Figure 1.

Actual class
happy sad angry gentle frightened

Predicted class

happy 51 2 1 1 1
sad 3 23 1 1 0

angry 2 2 17 0 0
gentle 0 1 2 9 1

frightened 1 0 1 1 18

Figure 1. Illustration of confusion matrix for the classification problem of recognizing
emotional states.

On the diagonal of the matrix is the number of correct classified examples, while other ele-
ments of the matrix indicate the number of examples that were incorrectly classified as some of
the other classes. Figure 1 shows that the six examples of class happy wrongly classified as fol-
lows: three are classified as class sad, two in class angry, zero in class gentle, and one in class
frightened. It can be concluded that the use of a confusion matrix allows better analysis of different
types of errors.

The largest number of measures for evaluation of classification models related to classification
problems with two classes. This is not a particular limitation for the use of these measures, given
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that problems with larger number of classes can be displayed as a series of problems with two
classes. Each of these measures in particular stands out one of the class as a target class, with the
data set is divided into positive and negative examples of the target class. The negative examples
include examples of all other classes. That is why below we consider a classification problem with
two classes.

Confusion matrix in classification problem with two classes is shown in Figure 2. It can be
concluded from the figure that there are possible four different results forecasts. Really positive
and really negative outcomes are correct classification, while the false positive and false negative
outcomes are two possible types of errors.

False positive example is a negative example class that is wrongly classified as positive and
false negative is a positive example of the class who is wrongly classified as negative. In the
context of our research entrance to confusion matrix have the following meanings (Kohavi &
Provost, 1998):

• a is the number of correct predictions that instances are negative,

• b is the number of incorrect predictions that instances are positive,

• c is the number of incorrect predictions that instances are negative,

• d is the number of correct predictions that instances are positive.

Predicted class
Negatives Positives

Actual class Negatives a b
Positives c d

Figure 2. Confusion matrix in classification problem with two classes.

A few standard terms are defined in a matrix with two classes: accuracy, true positive rate, false
positive rate, true negative rate, false negative rate and precision. The accuracy is the proportion
of true results (both true positives and true negatives) among the total number of cases examined.
Accuracy may be determined using the equation:

Accuracy =
a + b

a + b + c + d
. (3.2)

True positive rate is the proportion of positive cases that are properly identified and can be
calculated using equation:

True positive rate =
d

c + d
. (3.3)

The false positive rate is the proportion of negative cases that were incorrectly classified as
positive, and calculated with equation:

False positive rate =
b

a + b
. (3.4)
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The true negative rate was defined as the proportion of negatives cases which are classified
correctly, and is calculated using the equation:

True negative rate =
a

a + b
. (3.5)

The false negative rate is the proportion of positive cases that were incorrectly classified as
negative, and are calculated using equation:

False negative rate =
c

c + d
. (3.6)

Finally, precision or positive predictive value presents the fraction of predictive positive cases
that are accurate, and is calculated using the equation:

Precision =
d

b + d
. (3.7)

There are cases when accuracy is not adequate measures. The accuracy is determined by the
equation (3.2) can’t be an adequate measure of performance when the number of negative cases is
much higher than the number of positive cases (Kubat et al., 1998). If there are two classes and
one is significantly smaller than the other, it is possible to obtain high accuracy if all instances are
classified in larger class.

Suppose that there are 1000 cases, 995 negative cases and five cases which are positive. If
the system classifies all of them negative, accuracy will be 99.5%, although classifier missed all
positive cases. Or, for example, in tests which establish whether the patient is suffering from some
disease, and the disease has only 1% of people in the population, a test should always reported
that the patient has no disease would have an accuracy of 99%, but is unusable. In such cases, the
accuracy as a measure of model quality is not adequate measure. In these cases the sensitivity of
the classifier is an important measure and his ability to observe instances that are required, in this
case ill patients.

In machine learning, most classifiers assumes equal importance of classes in terms of the
number of instances and the level of importance, which means that all classes have the same sig-
nificance. Standard techniques in machine learning are not successful when predicting a minority
class in an unbalanced data set or when the false negatives are considered more important than
false positives. In practical terms, unequal costs of inaccurate classifications are common, espe-
cially in medical diagnostics, so that the asymmetric misclassification costs must be taken into
account as an important factor.

Cost-sensitive classifiers adapting models to costs of misclassification in the learning phase,
with the objectives to reduce the costs of misclassification rather than to maximize the accuracy of
classification. Because many practical problems of classifications have different costs associated
with different types of errors, various algorithms for the evaluation of the sensitivity of classifica-
tion is used.

Complementarity is one of the important characteristics of the evaluation of classification mod-
els. Using the pairs measures can be displayed specific accuracy of classification models with
somewhat opposed positions. For example, by varying the parameter selected modeling tech-
niques can be at the expense of one of the specific measures to increase the accuracy of the model
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shown in another measure. This is an optimization problem in which the selection with the appro-
priate settings based on the one measure, maximize other measures. In some cases, the quality of
the classifier needs expressed by a number, not a pair of dependent measures, which is achieved
by using pairs measures. Using the pairs value of measures, one measure is fixed and is observed
only second measure. Thus, for example, can be considered measures of accuracy with fixed value
of the response to 20% and in this case the derived measure is called the precision of 20%.

Besides derived measure, there are measures that are not based on fixing one component of a
pair of measure, for example F-measure, which is defined as follows:

F-measure =
2 × response × accuracy

response + accuracy
. (3.8)

Another way to test the performance of the classifier is the ROC graph (Swets, 1988). ROC
graph is the two-dimensional representation which on the X axis represents the false positive rate
and the Y axis represents true positive rate. Item (0,1) is the perfect classifier: classifies all positive
and all negative cases correctly. This is (0, 1), because the false positive rate is 0 (zero), a positive
real rate is 1 (all). Point (0, 0) is a classifier that predicts all cases to be negative, while point (1, 1)
corresponds to the classifier which provides that every case is positive. Point (1, 0) is a classifier
that is incorrect for all classifications. In many cases, the classifier has a parameter which can be
adjusted increasing the real positive rates at the cost of increasing false positive rates or reducing
the false positive rate based on the dropping value of real positive rates.

Each setting parameters gives par value for a false positive rate and positive real rates and
the number of such pairs can be used to represent the ROC curves. Nonparametric classifier is
presented ROC to one point, which corresponds to the par value of the false positive rate and
positive real rate.

Figure 3 shows an example of a ROC graph with two ROC curves and two ROC points marked
P1 and P2. Nonparametric algorithms produce a single ROC point for a particular data set. Char-
acteristics of ROC graph are:

• ROC curve or point is independent of the distribution of the class or the cost of errors (Ko-
havi & Provost, 1998).

• ROC graph contains all the information contained in the matrix of errors (Swets, 1988).

• ROC curve provides a visual tool for testing the ability of the classifier to correctly identify
positive cases and negative cases that were incorrectly classified.

The area under of the one ROC curve can be used as a measure of accuracy in many applica-
tions, and it is called the measurement accuracy based on the surface (Swets, 1988).

Prevost and Fawcett in 1997 (Provost & Fawcett, 1997) argued that the use of the classification
accuracy of the classifier comparison is not adequate measure unless the cost classification and
distribution of class unknown, but one classifier must be chosen for each situation. They propose a
method of assessing the classifier using the ROC graph, imprecise costs and distribution of class.

Another way of comparing ROC points is the equation that balances accuracy with Euclidean
distances from perfect classifier, i.e. from the point (0, 1) on the graph. In this way we include



Jasmina Dj. Novaković et al. / Theory and Applications of Mathematics & Computer Science 7 (1) (2017) 39–46 45

Figure 3. ROC graph
http://www2.cs.uregina.ca/˜dbd/cs831/notes/ROC/ROC.html

weighting factors that allow us to define the relative cost of improper classification, if such data
are available.

4. Conclusions

This research discusses the various classification models that can be used in the problem of
classification. This research could help in future works, such as the implementation of an adequate
classification model in different classification problems. There are many questions and issues that
remain to be addressed and that we intend to investigate in future work. These conclusions and
recommendations will be used in classification problems in the near future.
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Abstract
Scaling CMOS transistors has been used to achieve smaller, faster, and cheaper integrated circuits. However,

with CMOS transistors moving deep towards the nanometer range, the effects threshold voltage (VT H) variations
(besides other variations and noises) play on their reliabilities and that of the gates they are forming are worrying.
For mitigating against this trend, sizing can be used to improve on the reliability of the CMOS gates. Simultaneously,
sizing can also reduce power or maintain speed while only marginally affecting area. For evaluating the advantages
sizing still holds, inverters of different sizings are compared in this paper with reliability enhanced inverters using
well-known redundancy schemes like triple modular redundancy and hammock networks. Simulation results show
that, at the same reliability, sizing can lead to designs outperforming those obtained by the other methods on any of the
design parameters (i.e., area, power or delay). These are reinforcing previous reports showing that space redundancy
applied at the device-level outperform gate-level solutions.

Keywords: CMOS, sizing, reliability, redundancy, area, delay, power.
2010 MSC: 34M10, 30D35.

1. Introduction

Over half a century the semiconductor industry has relied on CMOS scaling as the basis for its
growth, implementing smaller, faster, and cheaper integrated circuits (ICs). However, with sizes
approaching 10nm, industry is facing several fundamental limitations. One of these is the random-
ness of the number and locations of doping atoms (Asenov, 1998), (Asenov et al., 2003), which
together with imprecisions in fabrication are leading to device-to-device fluctuations/variations in
key parameters, including VT H.

When adding intrinsic and extrinsic noises (on top of variations), reliability looks like one
of the greatest threats to the design of future ICs (SIA, 2014). The expected higher probabili-
ties of failures (PFs), due to higher sensitivity to noises and variations, could make future ICs
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prohibitively unreliable. In this context, ITRS (SIA, 2014) predicted that CMOS scaling would
become difficult when trying to go beyond 10nm as more ”errors [will] arise from the difficulty of
providing highly precise dimensional control needed to fabricate the devices and also from inter-
ference from the local environment.” That is why VLSI designers should consider reliability as an
extra design parameter, in addition to area, power, and delay.

The well-established approach for improving reliability is to add redundancy (von Neumann,
1956), (Moore & Shannon, 1956), (Winograd & Cowan, 1963), (Wakerly, 1976). Redundancy
can be either in space, time, information, or a combination of some of these. Space (hardware)
redundancy can be most easily understood in relation to voting and includes: modular redun-
dancy (von Neumann, 1956), (Wakerly, 1976), (Abraham & Siewiorek, 1974), cascaded modular
redundancy (Lee et al., 2007), (Hamamatsu et al., 2010), as well as multiplexing (e.g., von Neu-
mann multiplexing (von Neumann, 1956), enhanced von Neumann multiplexing (Roy & Beiu,
2004), (Roy & Beiu, 2005), and parallel restitution (Sadek et al., 2004)). Still, voters are not
necessarily needed. In fact, besides multiplexing, others schemes which do without voting in-
clude: quadded logic (Tryon, 1960), (Jensen, 1963); interwoven logic (Pierce, 1964); radial logic
(Klaschka, 1967), (Klaschka, 1969); n-safe-logic (Mine & Koga, 1967), (Das & Chuang, 1972);
dotted logic (Freeman & Metze, 1972); as well as solutions at the device/transistor level. Time
redundancy is trading space for time (e.g., alternating logic, re-computing with shifted operands
or with swapped operands, etc.), while information redundancy is based on error detection and
error correction codes.

The focus of this paper is on space redundancy. Space redundancy can be applied at the
system-, module-, gate-, or device-level. Applying space redundancy at the device-level is much
more efficient than applying it at higher levels (as explained in (Moore & Shannon, 1956); see
also (Beiu & Ibrahim, 2011)), while the common expectation is that spatial redundancy should
always degrade performances, i.e., increase area, power, and delay. In this paper we will show
that redundancy applied at the device-level can improve redundancy without increasing area, and
even while reducing power or delay.

Sizing has already been suggested as a way to enhance tolerance to variations (Sulieman et
al., 2010), (Ibrahim et al., 2011), (Keller et al., 2011), (Ibrahim & Beiu, 2011). In fact, sizing
gives the VLSI designer options for optimizing the trade-offs between reliability and area-power-
delay, while, in particular, it can enhance reliability and reduce power within the same area. For
getting a better understanding of the advantages sizing can bring to reliability, the performances
of differently sized inverters will be weighted against those obtained by using reliability improve-
ment schemes including triple modular redundancy (TMR) and four-transistor hammock networks
(H22). The paper is organized as follows. The effect sizing plays on tolerating VT H variations is
discussed in Section 2. A brief review of space redundancy methods is presented in Section 3. Siz-
ing is revisited in Section 4, followed by simulation results in Section 5 and concluding remarks
in Section 6.

2. How Sizing Affects Variations

VLSI designers have normally adjusted the sizing of nMOS and pMOS transistors (i.e., width
W and length L) in order to balance the driving currents when either the pMOS (IpMOS ) or the
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nMOS (InMOS ) stacks are switched ON. This requires the balancing of the ON resistances of the
pMOS and nMOS stacks (RpMOS , RnMOS ), which is achieved by adjusting (sizing) the transistors
because pMOS conduction relies on holes which have slower mobility than electrons. Fig. 1 shows
four different sizing options for a transistor. Although all of them have the same area W ×L = 6a2,
they have different ON resistances. In case of Fig. 1(a) there are 6 squares (a2) connected in
parallel, therefore RON = R�/6 (where R� is the resistance of a square, e.g., W = a, L = a). In
case of Fig. 1(d), the six squares are connected in series, hence RON = 6R�. Similarly, RON for
Fig. 1(b) and 1(c) can be estimated as 3R�/2 and 2R�/3.

Figure 1. Four different sizing options having the same area (A = 6a2).

With CMOS scaling approaching 10nm, it becomes difficult to reproduce VT H over the large
number of transistors in a chip. This is due to the random fluctuations of both the number of
dopants and of their physical locations. VT H variations can be approximated (see (Asenov et al.,
2003)) by a normal distribution with standard deviation:

σVT H ' 3.19 × 10−8toxN0.4
A (Le f f ×We f f )−0.5[V] (2.1)

where tox is the oxide thickness, NA is the channel doping, We f f is the effective channel width, and
Le f f is the effective channel length. In the following we will use normalized dimensions for L and
W.

Eq.(2.1) shows that increasing the transistors area (by increasing L and/or W) will always
reduce VT H variations. While the four sizing options in Fig. 1 are expected to exhibit similar
probabilities of switching (meaning that the transistor fails to open/close, see (Beiu & Ibrahim,
2011), (Ibrahim & Beiu, 2011), (Ibrahim et al., 2012)) as they have the same area, they will lead
to very different performances, as their RON is between R�/6 and 6R�.

For classical sizing VLSI designers set LnMOS = LpMOS = min and WnMOS = 2 × LnMOS (i.e.,
RnMOS = R�/2). To balance IpMOS and InMOS ,WpMOS is then increased, such as RpMOS matches
RnMOS . This also increases the area of the pMOS (ApMOS = LpMOS × WpMOS ), improving their
reliability. Fig. 2(a) shows that a pMOS transistor is more reliable than an nMOS. As classical
sizing increases the area of the pMOS transistors it makes them even more reliable than nMOS
transistors.
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(a) (b)

Figure 2. PFTRS with respect to variations: (a) classical sized (LnMOS = LpMOS =

1,WnMOS = 2, and WpMOS = 4); (b) reverse sized (WnMOS = WpMOS =

1, LnMOS = 4, and LpMOS = 2).

For enhancing PFGAT E, it is essential to improve the reliability of the nMOS stack, ideally
matching the reliability of the pMOS stack (similar to matching RpMOS to RnMOS ). For doing
this AnMOS should be enlarged (see eq. (2.1)). Classical sizing is using W/L > 1 and L = min,
so it follows that WnMOS has to be increased. Subsequently, this requires increasing WpMOS (to
compensate for the slower mobility of the holes). Hence, relying on classical sizing WnMOS has
to be increased, which leads to enlarging all transistors and degrading the gates area, delay, and
power consumption.

3. Space Redundancy

Classical space redundancy schemes start from an unreliable system and use divide-and-conquer
in a top-down fashion as follows. The unreliable system is divided into several sub-systems which
are interconnected by a network. Each sub-system is further divided into several sub-sub-systems,
which are also interconnected by a network. This continues down to the elementary transistors,
and the level where redundancy will be applied has to be decided. Four levels are well-established:
system, module, gate, and device. Redundancy can be applied simultaneously at more than one
level even using different schemes at different levels. This implies that the optimization space is
very large. Fundamentally, using space redundancy at any level translates into replicating all of the
sub-systems at that level by a redundancy factor R. This R-times larger redundant system needs to
be connected by a modified network. Most space redundancy methods are done at this point, while
some space redundancy methods require additional blocks (e.g., voters) for connecting the original
sub-systems. In the following we shall briefly review space redundancy methods by classifying
them with respect to the need for voters, while also suggesting how complex is the connectivity
pattern (modified network) they use.
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3.1. Higher Level Methods
The most well-known high level redundancy methods are triple modular redundancy (TMR)

and n-modular redundancy (NMR). TMR was proposed by von Neumann [4]. It divides a system
into modules (sub-systems) and triplicates each module (Fig. 3). A voter is used to combine the
outputs of the R = 3 modules operating in parallel (Lyons & Vanderkulk, 1962), (Gurzi, 1965),
(Longden et al., 1966), (Wakerly, 1975), (Stroud, 1994), Morgan et al. (2007). TMR is able to
mask failures that affect one module by taking the majority of three modules. The interconnectivity
pattern is simple (Fig. 3(a)), while it might get slightly more complex if more voters are used in
parallel (Fig. 3(b)).

(a) (b)

Figure 3. Triple modular redundancy: (a) one voter per stage; (b) three voters per
stage.

NMR is an extension of TMR to any odd number n. It requires replicating all the modules
n times (R = n), and also using larger voters (with n inputs), but it could tolerate n/2 module
failures (Ness et al., 2007). The connectivity pattern gets more complex and the length of the
wires increases as n is increased, and if more voters are being used in parallel. The early analyses
have assumed that voters are very reliable. Later it was realized that even assuming that the
reliability of a voter is independent of the number of inputs n is unrealistic, and could lead to
wrong conclusions. This has motivated research into space redundancy methods which could do
without voters.

A gate-level redundancy method without voting was also introduced by von Neumann in
[4], and is known as multiplexing. Other gate-level space redundancy methods without voting
are quadded (Tryon, 1960), (Jensen, 1963), interwoven (Pierce, 1964), radial (Klaschka, 1967),
(Klaschka, 1969) and n-fail-safe (Mine & Koga, 1967), (Das & Chuang, 1972) logic. All of
these exhibit simpler connectivity patterns then multiplexing, as being more regular and local, i.e.,
having shorter wires. Another gate-level method which does not require voting is dotted logic
(Freeman & Metze, 1972), which is bridging the gap between gate- and device-level methods.
The reason is that dotted logic took advantage of implementations which use wired AND and OR
functions. This is not entirely gate-level anymore, but it is not yet device-level either.

3.2. Device-Level Methods
Device-level methods have also been introduced in a seminal article (Moore & Shannon, 1956)

(relays in the original paper). The main conclusions of that work have been that:
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• redundant relay (device-level) structures are able to outperform redundant gate-level schemes
at significantly (orders of magnitude) smaller R; and that

• the modified networks (there are different ways to connect the redundant relays) have a
strong influence on reliability.

All the subsequent publications inspired by the original study of Moore and Shannon (Moore
& Shannon, 1956) have detailed particular applications of those ideas. They rely on series-and-
parallel networks of (a few) devices. The most widespread network used is a series-parallel net-
work of 4 devices/relays/transistors which is the simplest hammock network (Moore & Shannon,
1956). This has been named a quad configuration by many of the later papers Suran (1964),
Bolchini et al. (1996), Abid & El-Razouk (2006), Anghel & Nicolaidis (2007), El-Maleh et al.
(2008). Here we shall use hammock network (hence the H abbreviation) as we do not want to
create any confusion with respect to gate-level quadded logic (Tryon, 1960), (Jensen, 1963). A
few papers have looked at simpler hammock networks (Djupdal & Haddow, 2007), or at hammock
networks having more than four transistors (Anghel & Nicolaidis, 2007), (Aunet et al., 2005). It
looks like this trend will be taking up due to developments on carbon nano tubes (Zarkesh-Ha &
Shahi, 2010), (Zarkesh-Ha & Shahi, 2011).

4. Transistor Sizing Revisited

While sizing has been used for a very long time to balance driving currents, its use for en-
hancing reliability has only recently started to be explored for W/L > 1 (classical sizing) (Keller
et al., 2011). Still, a reverse sizing (W/L < 1) has been proposed in (Sulieman et al., 2010)
for overcoming the problems mentioned in Section 2. This sizing method keeps all W minimum
(WnMOS = WpMOS = min), and increases L. Normally, this is not used for digital circuits, but has
been used in analog circuits as ”better matching can be obtained without consuming additional
area, simply by changing the W/L aspect ratio” (Drennan & McAndrew, 2003). To make AnMOS

larger than ApMOS , LpMOS should be kept small (LpMOS = 2WpMOS ), while LnMOS should be in-
creased. While occupying the same area, the reverse sizing method enhances the gates reliability
but diminishes its performances.

This is because increasing L increases RON and hence the delay, but power is reduced as ION

is reduced. Fig. 2(b) shows PFTRS for reverse sizing. Increasing the area of the nMOS transistors
improves their reliability and (more importantly) allows matching the reliability of the pMOS
transistors (see PFnMOS (1) and PFpMOS (0) in Fig. 2(b)).

Aiming to simultaneously optimize reliability and power-delay-area, an exhaustive sizing
search was suggested in (Ibrahim et al., 2011). Instead of using Lmin (classical sizing) or Wmin

(reverse sizing), different sizings are obtained by analyzing all the possible AnMOS and ApMOS

combinations, lower than a maximum area Amax, and achieving a PFGAT E lower than a target
PFtarget. This method is exhaustive as iterating through all the possible nMOS area combinations
from WnMOS × LnMOS = 1 × Amax to Amax × 1. For each nMOS sizing combination, the algo-
rithm tries to find all the corresponding pMOS sizing combinations (WpMOS × LpMOS ) such that
RpMOS matches RnMOS and ApMOS ≤ Amax. If a pMOS sizing combination is found, Gate Relia-
bility EDA (GREDA) (Ibrahim et al., 2012) is used to quickly and accurately estimate PFGAT E.
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(a) (b) (c)

Figure 4. (a) Classical INV; (b) INV-TMR with a MIN-3 as voter; (c) H22-INV.

If PFGAT E ≤ PFtarget, the method stores the identified nMOS and pMOS sizing combination in a
list of candidate combinations. Finally, the method checks the list of candidate combinations. If
the list is empty it means that PFGAT E cannot achieve PFtarget with transistors of up to Amax. Oth-
erwise, the design process is continued by using Spice to estimate the delay, power, and power-
delay-product (PDP) for each candidate combination. The best combination that optimizes delay,
power or PDP can then be selected. In all cases the reliability and the area constraints are always
going to be satisfied.

5. Simulation Result

We have used 16nm PTM v2.1 incorporating high-k/metal gates and stress effects (Zhao &
Cao, 2007), (PTM, 2011), as this is strongly affected by variations, and simulated at VDD = 700mV
(nominal voltage) and T = 27◦C. The TMR-INV circuit has three INVs followed by a mirrored
MIN-3 gate as voter. This MIN-3 implementation was preferred as it is considered the most
reliable one (Sulieman, 2009). All the transistors for TMR-INV (Fig. 4(b)) and H22-INV (Fig.
4(c)) were sized using classical sizing, and the mobility of the electrons was assumed to be twice
the mobility of the holes.

5.1. Reliability Results
In the first set of simulations GREDA was used to calculate the reliability of INVs with tran-

sistors of different sizings as well as TMR-INV (Fig. 4(b)) and H22-INV (Fig. 4(c)). For all these
simulations the input variations were assumed to be 15%, i.e., logic ”1” = 0.85VDD = 595mV and
logic ”0” = 0.15VDD = 105mV.

In the case of a classical INV, the simulation results show PFINV(0) = 7.25E − 21 and
PFINV(1) = 5.33E − 05. The large difference between these values is due to PFINV(1) being dom-
inated by PFnMOS . For a reverse sized INV the simulation results show that increasing the area of
the nMOS by increasing LnMOS reduces PFINV(1) to 1.58E − 07 (i.e., 2 orders of magnitude better
than PFINV(1) for classical sizing).
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For TMR-INV the simulations show PFT MR−INV(1) = 8.51E−09 (4 orders of magnitude better
than classical) and PFT MR−INV(0) = 5.67E − 09, which although 12 orders of magnitude worse
then classical, is balanced with respect to PFT MR−INV(1). This is due to the fact that the output of
the INV gate (PFINV(0) = 7.25E − 21) is a logic ”1” input for the MIN-3 gate, being significantly
degraded (to 5.67E − 09) as affected by PFMIN−3(1), which is determined by PFnMOS .

For H22-INV we have seen PFH22−INV being improved significantly for both logic ”0” and logic
”1”: from PFINV(0) = 7.25E − 21 and PFINV(1) = 5.33E − 05 (classical INV) to PFH22−INV(0) =

2.10E − 40 and PFH22−INV(1) = 5.67E − 09 respectively.
For a fair comparison of the performances of sizing versus the other space redundancy methods

considered, the PFtarget was set to 1.0E − 09 (range achieved by TMR-INV and H22-INV). The
maximum transistor area was limited to Amax = 10a2. Table 1 shows the seven different sizing
combinations (with W/L aspect ratios above and below 1) satisfying both of these requirements
and also matching RnMOS to RpMOS . All of them achieve reliabilities of the order 1E − 10.

5.2. Performance Results
The second set of simulations has used Spice to estimate the performances of the different

solutions. These are reported in Table 1, starting with the classically sized INV having an average
delay of 5.54ps and an average power consumption of 0.24µW.

Table 1 clearly shows that adding more gates (TMR-INV) or adding more transistors (H22-
INV), while improving the reliability over the classical INV by 4 orders of magnitude (from 1E−5
to 1E−9), significantly degrades both power and delay: TMR-INV increases the average delay by
3.6×, while the average power and PDP are increased by 14.8× and 53× respectively; H22-INV is
about 6.5× slower while consuming about 3.3× more power and having a 21× higher PDP.

The reverse sized INV improves redundancy by 2 orders of magnitude while also reducing
power by 4×, but degrades delay and PDP by 5.5× and 1.3× respectively. Among other possible
sizings, [3 × 2, 3 × 1] improves PFINV by more than 5 orders of magnitude (over the classical
[2 × 1, 4 × 1] sizing) at about the same power, while increasing delay and PDP by only 2.4×.
For high-performance applications, one should select [5 × 1, 9 × 1] which improves reliability by
5 orders of magnitude while being as fast as a classical INV (in fact it is a shy 2% faster), and
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consumes about 2.7× more power. Alternatively, [1 × 5, 1 × 3] could be selected for low-power
applications, with reliability being improved by 5 orders of magnitude, and power being reduced
4×, while delay is increased 10 × .

6. Conclusions

This paper has compared the performances of different sized inverters with classical and re-
verse sized inverters, as well as with two redundancy methods at the gate-level (TMR) and device-
level (H22) (Mukherjee & Dhar, 2015) (Sheikh et al., 2016), (Robinett et al., 2007), (El-Maleh et
al., 2009). The main conclusions are:

• Sizing can outperform both TMR and H22 methods with respect to reliability.

• Improving the reliability of a CMOS gate can be achieved without increasing area.

• Improving the reliability of a CMOS gate should not necessarily lead to penalties in power
or delay, or even on the contrary, i.e., there are reliability enhanced solutions which can
achieve either lower power or shorter delays but not both.

Sizing can be used to improve tolerance to variations, and it is possible to design CMOS gates trad-
ing reliability versus area-power-delay. The disadvantages are represented by very large libraries
of gates and a much more complex design.

Future work will analyze re-sized solutions for other CMOS gates (e.g., NAND, NOR, XOR,
etc.), of different fan-ins (see (Gemmeke & Ashouei, 2012), (Gemmeke et al., 2013)). These
should be compared not only with classical sized gates, TMR, and H22, but also with quadded,
interwoven, radial, n-safe, and dotted logic solutions, and evaluated jointly with advanced CMOS
(Berge & Aunet, 2009) (Liu & Moroz, 2007), (Maly, 2007), (Geppert, 2002), and even beyond-
CMOS technologies (Courtland, 2016), (Desai et al., 2016).
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Abstract
In this paper, firstly we discuss basic arithmetic operations with fuzzy quaternion numbers. Then, we introduce a

noncommutative field, formed with 2× 2 fuzzy complex matrices which is used for the matrix representation of fuzzy
quaternion numbers as elements within this field. Finally, another way of representing fuzzy quaternion numbers is
obtained by using 4 × 4 fuzzy real matrices.
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1. Introduction

The fuzzy quaternion numbers were defined in many ways by many authors. For example,
in paper (Moura et al., 2013) the authors proposed an extension for the set of fuzzy real numbers
to the set of fuzzy quaternion numbers, defining the notion of fuzzy quaternion numbers by an
application h′ : H → [0, 1] such that h′(a + bi + c j + dk) = min{Ã(a), B̃(b), C̃(c), D̃(d)} for
some Ã, B̃, C̃, D̃ real fuzzy numbers. In paper (Moura et al., 2014), the authors defined the fuzzy
quaternion numbers using triangular fuzzy numbers.

Recently, in paper (Sida et al., 2016) a new approach is proposed in order to introduce the
fuzzy quaternion numbers concept, similar to the way that Fu and Shen (see (Fu & Shen, 2011))
have introduced the fuzzy complex numbers.

The study of fuzzy quaternion numbers is continued in this paper. More precisely, another
approach for multiplication and division operation is presented. Then, following the ideas in (Moţ
& Popa, 2014), we will represent fuzzy quaternion numbers as a 2 × 2 fuzzy complex matrices, as
well as 4 × 4 fuzzy real matrices.
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2. Preliminaries

For the concept of fuzzy real numbers and their arithmetic operations we make reference
to the following papers: (Das & Mandal, 2002), (Dubois & Prade, 1980), (Dzitac, 2015), (Felbin,
1992), (Janfada et al., 2011), (Kaleva & Seikkala, 1984), (Mizumoto & Tanaka, 1979), (Xiao &
Zhu, 2002).

Definition 2.1. (Dzitac, 2015) A fuzzy set in R, namely a mapping

Ã : R→ [0, 1],

with the following properties:

(i) Ã is convex, i.e. Ã(y) ≥ min
(
Ã(x), Ã(z)

)
, for x ≤ y ≤ z;

(ii) Ã is normal, i.e. (∃)x0 ∈ R; Ã(x0) = 1;
(iii) Ã is upper semicontinuous, i.e.

(∀)x ∈ R, (∀)α ∈ (0, 1] : Ã(x) < α,

(∃)δ > 0 such that | y − x |< δ ⇒ Ã(y) < α

is called a fuzzy real number.

We will denote by RF - the set of all fuzzy real numbers.

Definition 2.2. (Mizumoto & Tanaka, 1979) The basic arithmetic operations +, −, ·. / on RF are
defined by:

1. Addition: (
Ã + B̃

)
(x) =

∨
y∈R

min
{
Ã(y), B̃(x − y)

}
, (∀)x ∈ R (2.1)

2. Subtraction: (
Ã − B̃

)
(x) =

∨
y∈R

min
{
Ã(y), B̃(y − x)

}
, (∀)x ∈ R (2.2)

3. Multiplication: (
Ã · B̃

)
(x) =

∨
y∈R∗

min
{
Ã(y), B̃(x/y)

}
, (∀)x ∈ R (2.3)

4. Division: (
Ã/B̃

)
(x) =

∨
y∈R

min
{
Ã(x · y), B̃(y)

}
, (∀)x ∈ R. (2.4)

Remark. A triangular fuzzy number is defined by its membership function

x(t) =


0, if t < a1
t−a1

a2−a1
, if a1 ≤ t < a2

a3−t
a3−a2

, if a2 ≤ t < a3

0, if t > a3

,where a1 ≤ a2 ≤ a3, (2.5)

and it is denoted x̃ = (a1, a2, a3).
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Remark. (Chang & Wang, 2009; Elomda & Hefny, 2013; Hanss, 2005; Nădăban et al., 2016)
Let x̃ = (a1, a2, a3), ỹ = (b1, b2, b3) be two non negative triangular fuzzy numbers and α ∈ R+.
According to the extension principle, the arithmetic operations are defined as follows:

1. x̃ + ỹ = (a1 + b1, a2 + b2, a3 + b3)
2. x̃ − ỹ = (a1 − b1, a2 − b2, a3 − b3)
3. αx̃ = (αa1, αa2, αa3)
4. x̃−1 = (1/a3, 1/a2, 1/a1)
5. x̃ × ỹ � (a1b1, a2b2, a3b3)
6. x̃/̃y � (a1/b3, a2/b2, a3/b1)

We denote that the results of (4) − (6) are not triangular fuzzy numbers, but they can be ap-
proximated by triangular fuzzy numbers.

Definition 2.3. (Fu & Shen, 2011) An fuzzy complex number, z̃, is defined in the form of:

z̃ = Ã + iB̃, (2.6)

where Ã, B̃ ∈ RF; Ã is the real part of z̃ while B̃ represents the imaginary part, i.e. Re(̃z) = Ã and
Im(̃z) = B̃.

We will denote by CF - the set of all fuzzy complex numbers. The operations on CF are a
straightforward extension of those on real complex numbers.

Definition 2.4. (Fu & Shen, 2011) Let z̃ = Ã + iB̃, z̃2 = C̃ + iD̃ ∈ CF where Ã, B̃, C̃ and D̃ are
fuzzy real numbers. The basic arithmetic operations are defined as follows:

1. Addition:
z̃1 + z̃2 = (Ã + C̃) + i(B̃ + D̃), (2.7)

where

(Ã + C̃)(y) =
∨

y=x1+x2

(
Ã(x1) ∧ C̃(x2)

)
(B̃ + D̃)(y) =

∨
y=x1+x2

(
B̃(x1) ∧ D̃(x2)

)
2. Subtraction:

z̃1 − z̃2 = (Ã − C̃) + i(B̃ − D̃), (2.8)

where

(Ã − C̃)(y) =
∨

y=x1−x2

(
Ã(x1) ∧ C̃(x2)

)
(B̃ − D̃)(y) =

∨
y=x1−x2

(
B̃(x1) ∧ D̃(x2)

)
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3. Multiplication:
z̃1 × z̃2 = (ÃC̃ − B̃D̃) + i(B̃C̃ + ÃD̃), (2.9)

where

(ÃC̃ − B̃D̃)(y) =
∨

y=x1 x2−x3 x4

(
Ã(x1) ∧ C̃(x2) ∧ B̃(x3) ∧ D̃(x4)

)
(B̃C̃ + ÃD̃)(y) =

∨
y=x1 x2+x3 x4

(
B̃(x1) ∧ C̃(x2) ∧ Ã(x3) ∧ D̃(x4)

)
4. Division:

z̃1/̃z2 =
( ÃC̃ + B̃D̃

C̃2 + D̃2

)
+ i

( B̃C̃ − ÃD̃

C̃2 + D̃2

)
, (2.10)

where ÃC̃+B̃D̃
C̃2+D̃2 = t̃1 and B̃C̃−ÃD̃

C̃2+D̃2 = t̃2 are fuzzy real numbers:

t̃1(y) =
∨

y= x1 x3+x2 x4
x2
3+x2

4
,x2

3+x2
4,0

(
Ã(x1) ∧ B̃(x2) ∧ C̃(x3) ∧ D̃(x4)

)
t̃2(y) =

∨
y= x2 x3−x1 x4

x2
3+x2

4
,x2

3+x2
4,0

(
Ã(x1) ∧ B̃(x2) ∧ C̃(x3) ∧ D̃(x4)

)

Remark. Fuzzy complex number z̃ = Ã + iB̃ admits a matrix representation, namely:(
Ã B̃
−B̃ Ã

)
,

where Ã, B̃ ∈ RF .

3. On arithmetic operation with fuzzy quaternion numbers

In paper (Sida et al., 2016) it was introduced fuzzy quaternion number as well as basic arith-
metic operations with fuzzy quaternion numbers.

Definition 3.1. A fuzzy quaternion number is an element of the form

q̃ = Ã + B̃i + C̃ j + D̃k, (3.1)

where Ã, B̃, C̃, D̃ ∈ RF and i2 = j2 = k2 = −1; i j = k = − ji, jk = i = −k j, ki = j = −ik.

We will denote by HF - the set of all fuzzy quaternion numbers.

Remark. Ã is called the real part of q̃ and sometimes denoted Ã = Re(̃q), and B̃, C̃, D̃, are called
imaginary parts of q̃ and denoted B̃ = Im1(̃q), C̃ = Im2(̃q), D̃ = Im3(̃q).

Definition 3.2. If q̃1 = Ã1 + B̃1i + C̃1 j + D̃1k and q̃2 = Ã2 + B̃2i + C̃2 j + D̃2k ∈ HF the basic
arithmetic operations are defined as follows:
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(i)
q̃1 + q̃2 =

(
Ã1 + Ã2

)
+

(
B̃1 + B̃2

)
i +

(
C̃1 + C̃2

)
j +

(
D̃1 + D̃2

)
k (3.2)

(ii)
q̃1 − q̃2 =

(
Ã1 − Ã2

)
+

(
B̃1 − B̃2

)
i +

(
C̃1 − C̃2

)
j +

(
D̃1 − D̃2

)
k (3.3)

(iii)
q̃1 · q̃2 = Ã + B̃i + C̃ j + D̃k. (3.4)

where

Ã = (Ã1 · Ã2 − B̃1 · B̃2 − C̃1 · C̃2 − D̃1 · D̃2
)

B̃ =
(
Ã1 · B̃2 + B̃1 · Ã2 + C̃1 · D̃2 − D̃1 · C̃2

)
C̃ =

(
Ã1 · C̃2 − B̃1 · D̃2 + C̃1 · Ã2 + D̃1 · B̃2

)
D̃ =

(
Ã1 · D̃2 + B̃1 · C̃2 − C̃1 · B̃2 + D̃1 · Ã2

)
.

Definition 3.3. If q̃1 = Ã1 + B̃1i + C̃1 j + D̃1k and q̃2 = Ã2 + B̃2i + C̃2 j + D̃2k ∈ HF , then:

q̃1

q̃2
= Ã + B̃i + C̃ j + D̃k, (3.5)

where

Ã =
Ã1 · Ã2 + B̃1 · B̃2 + C̃1 · C̃2 + D̃1 · D̃2

Ã2
2 + B̃2

2 + C̃2
2 + D̃2

2

B̃ =
−Ã1 · B̃2 + B̃1 · Ã2 − C̃1 · D̃2 + D̃1 · C̃2

Ã2
2 + B̃2

2 + C̃2
2 + D̃2

2

C̃ =
−Ã1 · C̃2 + B̃1 · D̃2 + C̃1 · Ã2 − D̃1 · B̃2

Ã2
2 + B̃2

2 + C̃2
2 + D̃2

2

D̃ =
−Ã1 · D̃2 − B̃1 · C̃2 + C̃1 · B̃2 + D̃1 · Ã2

Ã2
2 + B̃2

2 + C̃2
2 + D̃2

2

.

Proposition 3.1. The expressing of the product q̃1q̃2 = Ã + B̃i + C̃ j + D̃k can be made as follows:

(i)

Ã(y) =
∨

y=x1 x2−x3 x4−x5 x6−x7 x8

(
Ã1(x1) ∧ Ã2(x2) ∧ B̃1(x3)∧

∧ B̃2(x4) ∧ C̃1(x5) ∧ C̃2(x6) ∧ D̃1(x7) ∧ D̃2(x8)
)

(ii)

B̃(y) =
∨

y=x1 x2+x3 x4+x5 x6−x7 x8

(
Ã1(x1) ∧ B̃2(x2) ∧ B̃1(x3)∧

∧ Ã2(x4) ∧ C̃1(x5) ∧ D̃2(x6) ∧ D̃1(x7) ∧ C̃2(x8)
)
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(iii)

C̃(y) =
∨

y=x1 x2−x3 x4+x5 x6+x7 x8

(
Ã1(x1) ∧ C̃2(x2) ∧ B̃1(x3)∧

∧ D̃2(x4) ∧ C̃1(x5) ∧ Ã2(x6) ∧ D̃1(x7) ∧ B̃2(x8)
)

(iv)

D̃(y) =
∨

y=x1 x2+x3 x4−x5 x6+x7 x8

(
Ã1(x1) ∧ D̃2(x2) ∧ B̃1(x3)∧

∧ C̃2(x4) ∧ C̃1(x5) ∧ B̃2(x6) ∧ D̃1(x7) ∧ Ã2(x8)
)
.

Proposition 3.2. The expressing of the quotient q̃1
q̃2
= Ã + B̃i + C̃ j + D̃k can be made as follows:

(i)

Ã(y) =
∨

y=
x1 x2+x3 x4+x5 x6+x7 x8

x2
2+x2

4+x2
6+x2

8

(
Ã1(x1) ∧ Ã2(x2) ∧ B̃1(x3)∧

∧ B̃2(x4) ∧ C̃1(x5) ∧ C̃2(x6) ∧ D̃1(x7) ∧ D̃2(x8)
)

(ii)

B̃(y) =
∨

y=
−x1 x4+x2 x3−x5 x8+x6 x7

x2
2+x2

4+x2
6+x2

8

(
Ã1(x1) ∧ B̃2(x2) ∧ B̃1(x3)∧

∧ Ã2(x4) ∧ C̃1(x5) ∧ D̃2(x6) ∧ D̃1(x7) ∧ C̃2(x8)
)

(iii)

C̃(y) =
∨

y=
−x1 x6+x3 x8+x2 x5−x4 x7

x2
2+x2

4+x2
6+x2

8

(
Ã1(x1) ∧ C̃2(x2) ∧ B̃1(x3)∧

∧ D̃2(x4) ∧ C̃1(x5) ∧ Ã2(x6) ∧ D̃1(x7) ∧ B̃2(x8)
)

(iv)

D̃(y) =
∨

y=
−x1 x8−x3 x6+x4 x5+x2 x7

x2
2+x2

4+x2
6+x2

8

(
Ã1(x1) ∧ D̃2(x2) ∧ B̃1(x3)∧

∧ C̃2(x4) ∧ C̃1(x5) ∧ B̃2(x6) ∧ D̃1(x7) ∧ Ã2(x8)
)
.
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4. Matrix representations of fuzzy quaternion numbers

Just as the quaternion numbers are represented as matrices (Moţ & Popa, 2014), so the
fuzzy quaternion numbers have a matrix representations.

The first way in which we can represent the fuzzy quaternion numbers as a matrix is to use
2 × 2 fuzzy complex matrices and the representation given is one of a family of linearly related
representations.

For this, we denote:

H1F =

{
Q =

(
z1 z2

−z2 z1

) z1, z2 ∈ CF

}
=

=

{
Q =

(
Ã + D̃i C̃ + B̃i
−C̃ + B̃i Ã − D̃i

) Ã, B̃, C̃, D̃ ∈ RF

}
.

(4.1)

Operations of addition and multiplication in H1F are made according to the rules of addition and
multiplication of matrices.

For Q1 and Q2 in H1F we have:

Q1 + Q2 =

 Ã1 + D̃1i C̃1 + B̃1i

−C̃1 + B̃1i Ã1 − D̃1i

 +  Ã2 + D̃2i C̃2 + B̃2i

−C̃2 + B̃2i Ã2 − D̃2i

 =
=

 Ã1 + Ã2 + (D̃1 + D̃2)i C̃1 + C̃2 + (B̃1 + B̃2)i

−(C̃1 + C̃2) + (B̃1 + B̃2)i Ã1 + Ã2 − (D̃1 + D̃2)i

 ,
where Ã1 + Ã2, B̃1 + B̃2, C̃1 + C̃2 and D̃1 + D̃2 were defined in previous section. The product of two
matrices Q1 and Q2 also follows the usual definition for matrix multiplication.

It is easy to verify that the H1F is closed under the operation of addition and multiplication.
Moreover, any matrix of H1F admits the opposed matrix, namely

−Q =
(
−z1 −z2

z2 −z1

)
=

(
−Ã − D̃i −C̃ − B̃i
C̃ − B̃i −Ã + D̃i

)
,

which belongs to H1F as well. For any non null matrix of H1F we have that:∣∣∣∣∣∣ z1 z2

−z2 z1

∣∣∣∣∣∣ =
∣∣∣∣∣∣ Ã + D̃i C̃ + B̃i
−C̃ + B̃i Ã − D̃i

∣∣∣∣∣∣ = Ã2 + B̃2 + C̃2 + D̃2,

which is equal to zero, if and only if Ã = B̃ = C̃ = D̃ = 0. It result that any non null matrix of H1F

admits the inverse matrix, namely:

Q−1 =
1

Ã2 + B̃2 + C̃2 + D̃2

(
z1 −z2

z2 z1

)
=

1

Ã2 + B̃2 + C̃2 + D̃2

(
Ã − D̃i −C̃ − B̃i
C̃ − B̃i Ã + D̃i

)
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Therefore H1F has a field structure.
For commutativity we give the following counterexample: let Q1, Q2 ∈ H1F where Ã1, B̃1, C̃1, D̃1

and Ã2, B̃2, C̃2, D̃2 are fuzzy triangular numbers defined by:

Ã1 = [1, 2, 4] B̃1 = [0, 1, 3] C̃1 = [1, 2, 3] D̃1 = [0, 2, 4]

Ã2 = [2, 4, 6] B̃2 = [2, 4, 5] C̃2 = [0, 1, 4] D̃2 = [1, 3, 4]

We have

Q̃1Q̃2 =

(
[−41,−4, 24] + [−9, 21, 55]i [−18, 5, 46] + [−10, 8, 53]i
[−46,−5, 18] + [−10, 8, 53]i [−41,−4, 24] + [−55,−21, 9]i

)
and

Q̃2Q̃1 =

(
[−41,−4, 24] + [−14, 7, 50]i [−10, 15, 54] + [−13, 16, 50]i

[−54,−15, 10] + [−13, 16, 50]i [−41,−4, 24] + [−50,−7, 14]i

)
Based on the previous results we obtain the following theorem:

Theorem 4.1. H1F has a noncommutative field structure.

Theorem 4.2. HF and H1F are isomorphic fields.

Proof. We consider the mapping ϕ : HF → H1F ,

ϕ(̃q) = ϕ(Ã + B̃i + C̃ j + D̃k) =
(

Ã + D̃i C̃ + B̃i
−C̃ + B̃i Ã − D̃i

)
,

which is a bijective application and it mantains the operations:

(i) ϕ(̃q1 + q̃2) = ϕ(̃q1) + ϕ(̃q2), ∀q̃1, q̃2 ∈ HF

(ii) ϕ(̃q1 · q̃2) = ϕ(̃q1) · ϕ(̃q2), q̃1, q̃2 ∈ HF

Hence it is a isomorphism of fields. Thus HF ' H1F .

Remark. The isomorphism HF ' H1F allows us to state that each fuzzy quaternion number of HF

admits a matrix representation under the form of the elements of H1F , namely
(

Ã + D̃i C̃ + B̃i
−C̃ + B̃i Ã − D̃i

)
.

Proposition 4.1. Any element of H1F admits:

Q = Ã1 + B̃I + C̃J + D̃k, (4.2)

where 1 =
(
1 0
0 1

)
, I =

(
0 i
i 0

)
, J =

(
0 1
−1 0

)
, K =

(
i 0
0 −i

)
represent the matrix quaternion units.

Proof. It is verified by direct calculus:

Q =
(

Ã + D̃i C̃ + B̃i
−C̃ + B̃i Ã − D̃i

)
= Ã

(
1 0
0 1

)
+ B̃

(
0 i
i 0

)
+

+ C̃
(

0 1
−1 0

)
+ D̃

(
i 0
0 −i

)
= Ã1 + B̃I + C̃J + D̃k.
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Remark. The matrix quaternion units I, J, K can be written with the help of Pauli matrixσx, σy, σz,
namely:

I = i
(
0 1
1 0

)
= iσx, J = i

(
0 −i
i 0

)
= iσy, K = i

(
1 0
0 −1

)
= iσz.

Remark. If constraining any two of B̃, C̃ and D̃ to zero it results a representation of fuzzy complex
numbers:

i) If B̃ = C̃ = 0̃, then it results a diagonal fuzzy complex matrix representation of fuzzy
complex numbers:

Q =

Ã + D̃i 0̃

0̃ Ã − D̃i

 .
ii) If B̃ = D̃ = 0̃, then it results a fuzzy real matrix representation of fuzzy complex numbers:

Q =

 Ã C̃

−C̃ Ã

 .
Proposition 4.2. The conjugate of a fuzzy quaternion corresponds to the Hermitian transpose
(conjugate transpose) of the matrix

Q∗ = (Q)T = QT =

Ã − D̃i −C̃ − B̃i

C̃ − B̃i Ã + D̃i

 ,
where QT denotes the transpose of Q and Q denotes the matrix with complex conjugated entries.

The second way in which we can represent the fuzzy quaternion numbers as a matrix is to
use 4 × 4 fuzzy real matrices and the representation given is one of a family of linearly related
representations.

In order to obtain such a representation we consider:

H2F =

Q1 =


Ã −B̃ −C̃ −D̃
B̃ Ã −D̃ C̃
C̃ D̃ Ã −B̃
D̃ −C̃ B̃ Ã


Ã, B̃, C̃, D̃ ∈ RF

 .
Operations of addition and multiplication in H2F is made according to the rules of addition and

multiplication of matrices.
It is easy to verify that the set of matrices H2F is closed under the operation of addition and

multiplication of matrices. Moreover, any matrix of H2F , admits the opposed matrix and any non
null matrix of H2F admits its inverse. Indeed, as∣∣∣∣∣∣∣∣∣∣∣∣

Ã −B̃ −C̃ −D̃
B̃ Ã −D̃ C̃
C̃ D̃ Ã −B̃
D̃ −C̃ B̃ Ã

∣∣∣∣∣∣∣∣∣∣∣∣ =
(
Ã2 + B̃2 + C̃2 + D̃2)2

,
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is equal to zero, if and only if Ã = B̃ = C̃ = D̃ = 0, it results that for any non null matrix of H2F ,
there exists the inverse matrix:

Q−1
1 =

1(
Ã2 + B̃2 + C̃2 + D̃2)2


Ã B̃ C̃ D̃
−B̃ Ã −D̃ −C̃
−C̃ −D̃ Ã −B̃
−D̃ C̃ −B̃ Ã

 .
Thus H2F has a field structure.
For commutativity we give the following counterexample: let Q1, Q2 ∈ H2F where Ã1, B̃1, C̃1, D̃1

and Ã2, B̃2, C̃2, D̃2 are fuzzy triangular numbers defined by:

Ã1 = [0, 2, 5], B̃1 = [1, 3, 5], C̃1 = [0, 1, 4], D̃1 = [0, 2, 5]

Ã2 = [1, 2, 3], B̃2 = [0, 3, 4], C̃2 = [2, 4, 5], D̃2 = [0, 2, 4].

We have

Q̃1Q̃2 =


[−60,−13, 15] [−51,−6, 24] [−57,−10, 20] [−60,−17, 14]

[−24, 6, 51] [−60,−13, 15] [−60,−17, 14] [−20, 10, 57]
[−20, 10, 57] [−14, 17, 60] [−60,−13, 15] [−51,−6, 24]
[−14, 17, 60] [−57,−10, 20] [−24, 6, 51] [−60,−13, 15]


and

Q̃2Q̃1 =


[−60,−13, 15] [−60,−18, 15] [−57,−10, 20] [−49, 1, 25]
[−15, 18, 60] [−60,−13, 15] [−49, 1, 25] [−20, 10, 57]
[−20, 10, 57] [−25,−1, 49] [−60,−13, 15] [−60,−18, 15]
[−25,−1, 49] [−57,−10, 20] [−15, 18, 60] [−60,−13, 15]

 .
Based on the previous results we obtain the following theorem:

Theorem 4.3. H2F has a noncommutative field structure.

Theorem 4.4. HF and H2F are isomorphic fields.

Proof. We consider the mapping ψ : HF → H2F ,

ψ(̃q) = ϕ(Ã + B̃i + C̃ j + D̃k) =


Ã −B̃ −C̃ −D̃
B̃ Ã −D̃ C̃
C̃ D̃ Ã −B̃
D̃ −C̃ B̃ Ã

 .
We note that ψ is bijective and preserves the operations - it follows immediately by direct calcula-
tion, thus it is a isomorphism of fields. Therefore HF ' H2F .

Remark. The isomorphism HF ' H2F allows us to stat that each fuzzy quaternion number of HF

admits a matrix representation under the form of the elements of H2F .
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Remark. Any element of H2F can be written

Q1 =


Ã −B̃ −C̃ −D̃

B̃ Ã −D̃ C̃

C̃ D̃ Ã −B̃

D̃ −C̃ B̃ Ã

 = Ã


1̃ 0̃ 0̃ 0̃

0̃ 1̃ 0̃ 0̃

0̃ 0̃ 1̃ 0̃

0̃ 0̃ 0̃ 1̃


+ B̃


0̃ −1̃ 0̃ 0̃

1̃ 0̃ 0̃ 0̃

0̃ 0̃ 0̃ −1̃

0̃ 0̃ 1̃ 0̃


+

+C̃


0̃ 0̃ −1̃ 0̃

0̃ 0̃ 0̃ 1̃

1̃ 0̃ 0̃ 0̃

0̃ −1̃ 0̃ 0̃


+ D̃


0̃ 0̃ 0̃ −1̃

0̃ 0̃ −1̃ 0̃

0̃ 1̃ 0̃ 0̃

1̃ 0̃ 0̃ 0̃


.

Remark. Similarly, a fuzzy quaternion number q̃ = Ã + B̃i + C̃ j + D̃k can be represented as

Q2 =


Ã B̃ C̃ D̃

−B̃ Ã −D̃ C̃

−C̃ D̃ Ã −B̃

−D̃ −C̃ B̃ Ã

 = Ã


1̃ 0̃ 0̃ 0̃

0̃ 1̃ 0̃ 0̃

0̃ 0̃ 1̃ 0̃

0̃ 0̃ 0̃ 1̃


+ B̃


0̃ 1̃ 0̃ 0̃

−1̃ 0̃ 0̃ 0̃

0̃ 0̃ 0̃ −1̃

0̃ 0̃ 1̃ 0̃


+

+C̃


0̃ 0̃ 1̃ 0̃

0̃ 0̃ 0̃ 1̃

−1̃ 0̃ 0̃ 0̃

0̃ −1̃ 0̃ 0̃


+ D̃


0̃ 0̃ 0̃ 1̃

0̃ 0̃ −1̃ 0̃

0̃ 1̃ 0̃ 0̃

−1̃ 0̃ 0̃ 0̃


.

Remark. The 48 possible matrix representation of fuzzy quaternion numbers are in fact the matri-
ces whose transpose is its negation (skew-symmetric matrices, i.e. −Q = QT ).

Proposition 4.3. In this representations, the conjugate of a fuzzy quaternion number corresponds
to the transpose of the matrix Qn, n = 1, 48

q = Ã − B̃i − C̃ j − D̃k = (Qn)T .

For example, for the representation Q1 of a fuzzy quaternion number, we have

q = (Q1)T =


Ã B̃ C̃ D̃

−B̃ Ã D̃ −C̃

−C̃ −D̃ Ã B̃

−D̃ C̃ −B̃ Ã

 .
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Or, for second representation Q2,

q = (Q2)T =


Ã −B̃ −C̃ −D̃

B̃ Ã D̃ −C̃

C̃ −D̃ Ã B̃

D̃ C̃ −B̃ Ã


Remark. If C̃ = D̃ = 0̃ then q̃ = Ã+ B̃i and it results the representation of fuzzy complex numbers
as diagonal matrices with two 2 × 2 blocks.

For example, for the representation Q1 when C̃ = D̃ = 0̃ it results

Q1 =


Ã −B̃ 0̃ 0̃

B̃ Ã 0̃ 0̃

0̃ 0̃ Ã −B̃

0̃ 0̃ B̃ Ã


and for Q2 we obtain

Q2 =


Ã B̃ 0̃ 0̃

−B̃ Ã 0̃ 0̃

0̃ 0̃ Ã −B̃

0̃ 0̃ B̃ Ã


.
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Abstract
In this paper, we introduce the relatively new notion of fuzzy M−open subset which is strictly weaker than fuzzy

open. We prove that the collection of all fuzzy M−open subsets of a fuzzy space forms a fuzzy topology that is finer
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other well-known ”fuzzy generalized open” subsets.
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1

1. Introduction

Fuzzy topological spaces were first introduced by (Chakraborty & Ahsanullah, 1992; Chang,
1968). Let (X,T) be a fuzzy topological space (simply, Fts). If λ is a fuzzy set (simply, F-set), then
the closure of λ, the interior of λ and the derived set of λ will be denoted by ClT(λ), IntT(λ) and

dT(λ), respectively. If no ambiguity appears, we use λ,
o
λ and λ́

′

instead, respectively. A F-set λ
is called F-semi-open (simply, FSO) (Mahmoud et al., 2004) if there exists a fuzzy open (simply,
F-open) set µ such that µ ≤ λ ≤ ClT(µ). Clearly λ is a FSO-set if and only if λ ≤ ClT(IntT(λ)).
A complement of a FSO-set is called F-semi-closed (simply, FSC). The fuzzy semi-interior of λ
is the union of all fuzzy semi-open subsets contained in λ and is denoted by sInt( λ). λ is called
fuzzy preopen (simply, FPO) if λ ≤ IntT(ClT(λ)).λ is called fuzzy α−open if λ ≤ IntT(ClT(IntT(
λ))) and fuzzy β−open if λ ≤ ClT(IntT(ClT( λ))). Finally, λ is called fuzzy regular-open (simply,
FRO) if λ = IntT(ClT(λ)). Complements of FRO-sets are called fuzzy regular-closed (simply,
FRC). The collection of all FSO (resp., FPO, FRO, FRC, Fα − open and Fβ − open) subsets of
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Email address: talalhawary@yahoo.com (Talal Al-Hawary )

1This work has been done during the author’s sabbatical leave at Jordan University of Science and Technology—
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X is denoted by S O(X,T) (resp., FPO(X,T), FRO(X,T), FRC(X,T), Fα(X,T) and Fβ(X,T)). We
remark that Fα(X,T) is a topological space and Fα(X,T) = FS O(X,T)∧FPO(X,T).A fuzzy space
(X,T) is called locally countable (P-space, anti locally countable, respectively) if each λ ∈ X has
a countable neighborhood ( countable intersections of fuzzy open subsets are fuzzy open, non-
empty fuzzy open subsets are uncountable, respectively). For more on the preceding notions, the
reader is referred to (Al-Hawary, 2017, 2008; Chakraborty & Ahsanullah, 1992; Chang, 1968;
Chaudhuri & Das, 1993; Mahmoud et al., 2004; Wong, 1974).

In this paper, we introduce the relatively new notions of FMO, which is weaker than the class
of fuzzy open subsets. In section 2, we also show that the collection of all FMO subsets of a
space (X,T) forms a fuzzy topology that is finer than T and we investigate the connection of FMO
notion to other classes of ”fuzzy generalized open” subsets as well as several characterizations of
FMO and fuzzy M−closed notions via the operations of interior and closure. In section 3, several
interesting properties and constructions of FMO subsets are discussed in the case of anti locally
countable spaces.

2. Fuzzy M-open set

We begin this section by introducing the notion of FMO and fuzzy M−closed subsets.

Definition 2.1. A fuzzy subset λ of a space (X,T) is called FMO (simply, FMO) if for every υ ≤ λ,

there exists an open fuzzy subset ω εX such that υ ≤ ω and such that ω\sInt( λ) is countable. The

complement of a FMO subset is called fuzzy M−closed (simply, FMC).

Clearly every FO-set is FMO, but the converse needs not be true.

Example 2.1. Let X = {a, b} and T = {0, 1, χ{a}}. Set λ = χ{b}. Then λ is FMO but not FO.

Next, we show that the collection of all FMO subsets of a space (X,T) forms a fuzzy topology
TM that contains T.

Theorem 2.1. If (X,T) is a fuzzy space, then (X,TM) is a space such that T ≤ TM.

Proof. We only need to show (X,TM) is a space. Clearly since 0 and 1 are FO-sets, they are

FMO. If λ, ψ ∈ TM and υ ≤ λ ∧ ψ, then there exist FO-sets ω, υ in X both containing λ such

that ω\sInt( λ) and υ\sInt(ψ) are countable. Now λ ≤ ω ∧ υ and for every δ ≤ (ω ∧ υ)\sInt(

λ ∧ ψ) = (ω ∧ υ)\(sInt( λ) ∧ sInt(ψ)) either δ ≤ ω\sInt( λ) or δ ≤ υ\sInt(ψ). Thus (ω ∧ υ)\sInt(

λ∧ψ) ≤ ω\sInt( λ) or (ω∧υ)\sInt( λ∧ψ) ≤ ω\sInt(ψ) and thus (ω∧υ)\sInt( λ∧ψ) is countable.

Therefore, λ∧ψ ∈ TM. If { λα : α ∈ ∆} is a collection of FMO subsets of X, then for every λ ≤ ∨{

λα : α ∈ ∇}, υ ≤ λβ for some β ∈ ∆. Hence there exists a FO-set ω of X containing λ such that



74 Talal Al-Hawary / Theory and Applications of Mathematics & Computer Science 7 (1) (2017) 72–77

ω\sInt( λ) is countable. Now as ω\sInt(∨{λα : α ∈ ∇}) ≤ ω\ ∨ {sInt( λα) : α ∈ ∇} ≤ ω\sInt( λ),

ω\sInt(∨{λα : α ∈ ∇}) is countable and hence ∨{λα : α ∈ ∇} ∈ TM.

Corollary 2.1. If (X,T) is a p-space, then T = TM.

Next we show that FMO notion is independent of both FPO and FSO notions.

Example 2.2. Consider R with the standard fuzzy topology. Then χQ is FPO but not FMO. Also

χ[0,1] is FSO but not FMO.

Example 2.3. In Example 2.1, χ{b} is FMO but neither FPO nor FO.

Next we characterize TM when X is a locally countable fuzzy space.

Theorem 2.2. If (X,T) is a locally countable fuzzy space, then TM is the discrete fuzzy topology.

Proof. Let λ be a fF-set in X and υ ≤ λ. Then there exists a countable neighborhood ω of λ and

hence there exists a FO-set η containing λ such that η ≤ ω. Clearly η\sInt( λ) ≤ ω\sInt( λ) ≤ ω

and thus η\sInt( λ) is countable. Therefore λ is FMO and so TM is the discrete fuzzy topology.

Corollary 2.2. If (X,T) is a countable fuzzy space, then TM is the discrete fuzzy topology.

The following result, in which a new characterization of FMO subsets is given, will be a basic
tool throughout the rest of the paper.

Lemma 2.1. A subset λ of a fuzzy space X is FMO if and only if for every υ ≤ λ, there exists a

FO- subset ω containing λ and a countable subset π such that ω− π ≤ sInt( λ).

Proof. Let λ ∈ TM and υ ≤ λ, then there exists a FO- subset ω containing λ such that ω\sInt( λ)

is countable. Let π = ω\sInt( λ) = ω ∧ (X\sInt( λ)). Then ω − π ≤ sInt( λ).

Conversely, let υ ≤ λ. Then there exists a FO- subset ω containing λ and a countable subset π
such that ω − π ≤ sInt( λ). Thus ω\sInt( λ) = π is countable.

The next result follows easily from the definition and the fact that the intersection of fuzzy
M-closed sets is again fuzzy M-closed.

Lemma 2.2. A subset λ of a fuzzy space X is fuzzy M-closed if and only if ClM( λ) = λ.

We next study restriction and deletion operations.

Theorem 2.3. If λ is FMO subset of X, then TM |λ ⊆ (T|λ)M.
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Proof. Let ρ ∈ TM |λ. Then ρ = υ∧ λ for some FMO subset υ. For every λ ≤ ρ, there exist

δυ, δλ ∈ T containing λ and countable sets γυ and γλ such that δυ−γυ ≤ sInt(υ) and δλ−γλ ≤ sInt(

λ). Therefore, υ ≤ λ ∧ (δυ ∧ δλ) ∈ Tλ, γυ ∨ γλ is countable and

λ ∧ (δυ ∧ δλ) − (γυ ∨ γλ) ≤ (δυ ∧ δλ) ∧ (1 − γυ) ∧ (1 − γλ)

= (δυ − γυ) ∧ (δλ − γλ)

≤ sInt(υ) ∧ sInt(λ) ∧ λ

= sInt(υ ∧ λ) ∧ λ

= sInt(ρ) ∧ λ

≤ sIntλ(ρ).

Therefore, ρ ∈ (T|λ)M.

Corollary 2.3. If λ is a FO subset of X, then TM |λ ≤ (T|λ)M.

In the next example, we show that if λ in the preceding Theorem is not FMO, then the result
needs not be true.

Example 2.4. Consider R with the standard fuzzy topology and let λ = χR\Q. Then λ is not FMO

and so not FO. As χ(0,1) is FMO, then θ = χ(0,1)∧ λ ∈ TM |λ while if θ ∈ (T|λ)M then for every λ ≤ θ,

there exists ω ∈ T|λ and a countable δ ≤ λ such that ω − δ ≤ sInt(θ) = 0. Thus ω ≤ δ and hence ω

is countable which is a contradiction.

In the next example, we show that (T|λ)M needs not be a subset of TM |λ.

Example 2.5. Consider R with the standard fuzzy topology, λ = χQ and µ = χ(0,2). If µ ∈ TM |λ,

then µ = δ∧ λ for some δ ∈ TM which is impossible as χ√2 ≤ δ− λ. On the other hand to show

µ ∈ (T|λ)M, let υ ≤ µ. If υ ≤ λ, pick q1, q2 ≤ λ such that 0 < q1 < υ < q2 < 2 and let ω = χ(q1,q2)∧

λ. Then λ ≤ ω − 0 ≤ µ = sInt(µ). Thus in both cases µ ∈ (T|λ)M.

Theorem 2.4. Let (X,T) be a fuzzy space and λ is FMC-set. Then ClT(λ) ≤ γ∨ ϑ for some closed

subset γ and a countable subset ϑ.

Proof. Let λ be FMC-set. Then 1 − λ is FMO and hence for every λ ≤ 1 − λ, there exists a FO-

set ω containing λ and a countable set ϑ such that ω − ϑ ≤ sInt(1 − λ) ≤ 1 −ClT(λ). Thus

ClT(λ) ≤ 1 − (ω − ϑ) ≤ 1 − (ω ∧ (X − ϑ)) ≤ 1 ∧ ((1 − ω) ∨ ϑ) ≤ (1 − ω) ∨ ϑ.
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Letting γ = 1 − ω. Then γ is closed such that ClT(λ) ≤ γ ∨ ϑ.‘

3. Anti-locally countable fuzzy spaces

In this section, several interesting properties and constructions of FMO subsets are discussed
in case of anti locally countable fuzzy spaces.

Theorem 3.1. A fuzzy space (X,T) is anti locally countable if and only if (X,TM) is anti locally

countable.

Proof. Let λ ∈ TM and υ ≤ λ. Then by Lemma 2.1, there exists a FO- subset ω containing λ and

a countable µ such that ω − µ ≤ sInt( λ). Hence sInt( λ) is uncountable and so is λ. The converse

follows from the fact that every FO-set is FMO.

Corollary 3.1. If (X,T) is anti locally countable fuzzy space and λ is FMO, then ClT( λ) = ClTM (

λ).

Proof. Clearly ClTM ( λ) ≤ ClT( λ). On the other hand, let λ ≤ ClT( λ) and µ be an FMO subset

containing λ. Then by Lemma 2.1, there exists a FO- subset υ containing λ and a countable set η

such that υ − η ≤ sInt(µ). Thus (υ − η)∧ λ ≤ sInt(µ)∧ λ and so (υ∧ λ) − η ≤ sInt(µ)∧ λ. As λ ∈ υ

and λ ∈ ClT( λ), υ∧ λ , 0 and then as υ and λ are FMO, υ∧ λ is FMO and as X is ani locally

countable, υ∧ λ is uncountable and so is (υ∧ λ) − η. Thus υ∧ λ is uncountable as it contains the

uncountable set sInt(µ)∧ λ. Therefore, µ∧ λ , 0 which means that λ ∈ ClTM ( λ).

By a similar argument, we can easily prove the following result:

Corollary 3.2. If (X,T) is anti locally countable and λ is FMC, then IntT( λ) = IntTM ( λ).

Theorem 3.2. Let (X,T) be an anti locally countable fuzzy space. Then Fα(X,T) ⊆ Fα(X,TM).

Proof. If λ ∈ Fα(X,T), then λ ≤ IntT(ClT(IntT( λ))) and by Corollary 3.1, λ ≤ IntT(ClTM (IntT(

λ))). Now by Corollary 3.2 and as ClTM (IntT( λ)) is FMC, λ ≤ IntTM (ClTM (IntT( λ))) and by

Corollary 3.2 again, λ ≤ IntTM (ClTM (IntTM ( λ))) which means λ ∈ Fα(X,TM).

The converse of the preceding result needs not be true as shown next.

Example 3.1. Consider R with the standard fuzzy topology and let λ = χR\Q. Then λ ∈ Fα(R,TM)

but λ < Fα(R,T).
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Similarly, one can show that in an anti locally countable fuzzy space, Fβ(X,TM) ≤ Fβ(X,T).

Theorem 3.3. Let (X,T) be an anti locally countable fuzzy space. Then dT( µ) = dTM ( µ) for every

subset F-set µ.

Proof. If λ ≤ d
T
( µ) and υ is any FMO subset containing λ, then there exists a FO- subset ω

containing λ and a countable γ such that ω−γ ≤ sInt(υ) ≤ υ. Thus (ω−γ)∧ ( λ−{λ}) ≤ sInt(υ)∧ (

µ − λ) ≤ υ ∧ ( µ − λ) and as λ ∈ d
T
( µ) and υo is open containing λ, we have υo ∧ ( µ − λ) , 0 and

so υ ∧ ( µ − λ) , 0. Therefore λ ∈ dTM ( µ).

The converse is obvious as every FO subset is FMO.

Theorem 3.4. Let (X,T) be an anti locally countable fuzzy space. Then FRO(X,T) = FRO(X,TM).

Proof. If λ ∈ FRO(X,T), then λ = IntT(ClT( λ)) and by Corollary 3.1, λ = IntT(ClTM ( λ)). Now

by Corollary 3.2 and as ClTM ( λ) is FMC, λ = IntTM (ClTM ( λ)) which means λ ∈ FRO(X,TM).

Conversely, if λ ∈ FRO(X,TM), then λ = IntTM (ClTM ( λ)). Then as λ is FMO, by Corollary 3.1,

λ = IntTM (ClT( λ)) and as ClT( λ) is FMC being a FC-set, then by λ = IntT(ClT( λ)) which means

λ ∈ FRO(X,T).

The converse of the preceding result need not be true as shown next.

Example 3.2. Let X = {a, b, c, d, e} and T = {0, 1, χ{a}, χ{a,b}, χ{a,b,c}, χ{a,b,c,d}}. Then (X,T) is an anti

locally countable fuzzy space such that FRO(X,T) = {0, 1} while FRO(X,TM) = T.

References

Al-Hawary, T. (2008). Fuzzy ω0-open sets. Bull. Korian Math. Soc. 45(4), 749–755.
Al-Hawary, T. (2017). Fuzzy l-closed sets, to appear in MATEMATIKA.
Chakraborty, M.K. and T.M.G. Ahsanullah (1992). Fuzzy topology on fuzzy sets and tolerance topology. Fuzzy Sets

and Systems 45(1), 103 – 108.
Chang, C.L (1968). Fuzzy topological spaces. Journal of Mathematical Analysis and Applications 24(1), 182 – 190.
Chaudhuri, A.K. and P. Das (1993). Some results on fuzzy topology on fuzzy sets. Fuzzy Sets and Systems 56(3), 331

– 336.
Mahmoud, F.S., M.A. Fath Alla and S.M. Abd Ellah (2004). Fuzzy topology on fuzzy sets: fuzzy semicontinuity and

fuzzy semiseparation axioms. Applied Mathematics and Computation 153(1), 127 – 140.
Wong, C.K (1974). Fuzzy points and local properties of fuzzy topology. Journal of Mathematical Analysis and Appli-

cations 46(2), 316 – 328.



Theory and Applications of Mathematics & Computer Science 7 (1) (2017) 78 – 94

Decomposition of Continuity in a Fuzzy Sequential Topological
Space

N. Tamanga,∗, S. De Sarkara

aDepartment of Mathematics, University of North Bengal, Dist. Darjeeling 734013, West Bengal, India

Abstract
A new class of fuzzy sequential sets called fs-preopen sets is introduced and characterized. An fs-precontinuous

mapping and strongly fs-precontinuous mapping are defined and studied. A necessary and sufficient condition under
which an fs-preopen set is fs-open, has been established. Apart from that, different kinds of sets, namely, fs α-
open set, fs δ-set, fs A-set, locally fs-closed set, fs S -preopen set have been studied. The interrelationships between
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established.
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1. Introduction

In the last few decades, there has been interests in the study of generalized open sets and gen-
eralized continuity in topological spaces. Various authors studied different kinds of generalized
open sets in topological spaces. In the fuzzy setting, fuzzy semi-open sets and fuzzy semiconti-
nuity were introduced and studied by K. K. Azad (Azad, 1981), fuzzy pre-open sets (Mashhour et
al., 1982) by A. S. Mashhour, M. E. Abd El-Monsef and S. N. EI-Deeb. Again, fs-semiopen sets
and fs-semicontinuity have been studied in (Tamang & Sarkar, 2016).

The purpose of this work is to study different generalized open sets and the associated contin-
uous functions in a fuzzy sequential topological space.

Apart from the introduction in Section 1, Section 2 is devoted to the study of preopen sets and
precontinuity in a fuzzy sequential topological space. An important result from this Section is a
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necessary and sufficient condition for a preopen set to be open. Section 3 deals with the introduc-
tion and study of some more generalized open sets and their respective continuities. Finally the
Section has been concluded with some decompositions of continuity.

Throughout the paper X will denote a non empty set and I the unit interval [0, 1]. Sequences of
fuzzy sets in X called fuzzy sequential sets (fs-sets) will be denoted by the symbols A f (s), B f (s),
C f (s), etc. An fs-set Xl

f (s) is a sequence of fuzzy sets {Xn
f }n where l ∈ I and Xn

f (x) = l, for all
x ∈ X, n ∈ N,

A family δ(s) of fuzzy sequential sets on a set X satisfying the properties
(i) Xr

f (s) ∈ δ(s) for r = 0 and 1,
(ii) A f (s), B f (s) ∈ δ(s)⇒ A f (s) ∧ B f (s) ∈ δ(s) and
(iii) for any family {A f j(s) ∈ δ(s), j ∈ J}, ∨

j∈J
A f j(s) ∈ δ(s)

is called a fuzzy sequential topology (FST) on X and the ordered pair (X, δ(s)) is called fuzzy
sequential topological space (FSTS) (Singha et al., 2014). The members of δ(s) are called open
fuzzy sequential (fs-open) sets in X. Complement of an open fuzzy sequential set in X is called
closed fuzzy sequential (fs-closed) set in X. In an FSTS, the closure, interior, continuous functions,
semiopen sets etc. are defined in the usual manner (See (Singha et al., 2014), (Tamang & Sarkar,
2016), (Tamang et al., 2016) ).

2. FS-preopen sets and FS-precontinuity

Definition 2.1. (i) An fs-set A f (s) in an FSTS, is said to be an fs-preopen set if A f (s) ≤ (A f (s))o.
(ii) An fs-set A f (s) in an FSTS, is said to be an fs-preclosed set if its complement is fs-preopen or

equivalently if
o

A f (s) ≤ A f (s).

If A f (s) is both fs-preopen and fs-preclosed, then it is called an fs-preclopen set.

Definition 2.2. An fs-set A f (s) is called fs-dense in an FSTS (X, δ(s)), if A f (s) = X1
f (s).

Fundamental properties of fs-preopen (fs-preclosed) sets are:

• Every fs-open (fs-closed) set is fs-preopen (fs-preclosed).

• Arbitrary union (intersection) of fs-preopen (fs-preclosed) sets is fs-preopen (fs-preclosed).

Example 2.1 shows that an fs-preopen (fs-preclosed) set may not be fs-open (fs-closed), the
intersection (union) of any two fs-preopen (fs-preclosed) sets need not be an fs-preopen (fs-
preclosed) set. Unlike in a general topological space, the intersection of an fs-preopen set with
an fs-open set may fail to be an fs-preopen set.

Example 2.1. Consider the fs-sets A f (s), B f (s) and C f (s) in X = [0, 1], defined as follows:

A1
f (x) = 0, if 0 ≤ x ≤

1
2

=
1
4

, if
1
2
< x ≤ 1

and An
f = 1 for all n , 1.
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B1
f (x) =

1
2

, if 0 ≤ x ≤
1
2

= 0, if
1
2
< x ≤ 1

and Bn
f = 0 for all n , 1.

C1
f (x) =

3
4

, if 0 ≤ x ≤
1
2

= 1, if
1
2
< x ≤ 1

and Cn
f = 0 for all n , 1.

Let δ(s) = {A f (s), B f (s), A f (s) ∨ B f (s), X0
f (s), X1

f (s)}. Then (X, δ(s)) is an FSTS. Now,
(i) A f (s) and C f (s) are fs-preopen sets but their intersection is not fs-preopen.
(ii) C f (s) is fs-preopen but is not fs-open.

Theorem 2.1. Let (X, δ(s)) be an FSTS. An fs-set A f (s) is fs-preopen if and only if there exists an
fs-open set O f (s) in X such that A f (s) ≤ O f (s) ≤ A f (s).

Proof. Straightforward.

Corollary 2.1. Let (X, δ(s)) be an FSTS. An fs-set A f (s) is fs-preclosed if and only if there exists

an fs-closed set C f (s) in X such that
o

A f (s) ≤ C f (s) ≤ A f (s).

Proof. Straightforward.

Theorem 2.2. An fs-set is fs-clopen (both fs-closed and fs-open) if and only if it is fs-closed and
fs-preopen.

Proof. Proof is omitted.

Theorem 2.3. In an FSTS, every fs-set is fs-preopen if and only if every fs-open set is fs-closed.

Proof. Suppose every fs-set in an FSTS (X, δ(s)), is fs-preopen and let A f (s) be an fs-open set.

Then, Ac
f (s) = Ac

f (s) is fs-preopen and hence Ac
f (s) ≤ (Ac

f (s))o = (Ac
f (s))o = (Ac

f (s))o. Thus, Ac
f (s)

is fs-open and hence A f (s) is fs-closed.
Conversely, suppose every fs-open set is fs-closed and let A f (s) be any fs-set. By the assump-

tion, A f (s) = (A f (s))o and hence A f (s) is fs-preopen.

Theorem 2.4. (a) Closure of an fs-preopen set is fs-regular closed.
(b) Interior of an fs-preclosed set is fs-regular open.

Proof. We prove only (a). Let A f (s) be an fs-preopen set in X. Since (A f (s))o ≤ A f (s), we have

(A f (s))o ≤ A f (s) = A f (s). Now A f (s) being fs-preopen, A f (s) ≤ (A f (s))o and hence A f (s) ≤

(A f (s))o. Thus, A f (s) is fs-regular closed.
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The set of all fs-preopen sets in X, is denoted by FS PO(X).

Theorem 2.5. In an FSTS (X, δ(s)), (i) δ(s) ⊆ FS PO(X), (ii) If V f (s) ∈ FS PO(X) and U f (s) ≤
V f (s) ≤ U f (s), then U f (s) ∈ FS PO(X).

Proof. (i) Follows from definition.
(ii) Let V f (s) ∈ FS PO(X), that is, V f (s) ≤ (V f (s))o. We have,

U f (s) ≤ V f (s) ≤ U f (s)

Therefore, U f (s) ≤ V f (s) ≤ (V f (s))o ≤ (U f (s))o. Hence the result.

Definition 2.3. An fs-set A f (s) in an FSTS, is called an fs-preneighbourhood of an fs-point P f (s) =

(pM
f x, r), if there exists an fs-preopen set B f (s) such that P f (s) ≤ B f (s) ≤ A f (s).

Theorem 2.6. For an fs-set A f (s) in an FSTS (X, δ(s)), the following are equivalent:
(i) A f (s) is fs-preopen.
(ii) There exists an fs-regular open set B f (s) containing A f (s) such that A f (s) = B f (s).
(iii) scl(A f (s)) = (A f (s))o.
(iv) The semi-closure of A f (s) is fs-regular open.
(v) A f (s) is an fs-preneighbourhood of each of its fs-points.

Proof. (i)⇒ (ii) Let A f (s) be fs-preopen. This implies

A f (s) ≤ (A f (s))o ≤ A f (s)

⇒ A f (s) ≤ (A f (s))o ≤ A f (s)

⇒ (A f (s))o = A f (s)

⇒ A f (s) = B f (s)

where B f (s) = (A f (s))o is an fs-regular open set containing A f (s).
(ii)⇒ (iii) Let A f (s) = B f (s), where B f (s) is an fs-regular open set containing A f (s). Then,

A f (s) ≤ B f (s) = (B f (s))o = (A f (s))o

Also, (A f (s))o is fs-semiclosed. Let C f (s) be an fs-semiclosed set containing A f (s). Thus,

(A f (s))o ≤ (C f (s))o ≤ C f (s).

Hence scl(A f (s)) = (A f (s))o.
(iii)⇒ (iv) Obvious.
(iv)⇒ (i) Suppose scl(A f (s)) is fs-regular open. Now,

A f (s) ≤ scl(A f (s))

⇒ (A f (s))o ≤ (scl(A f (s)))o = scl(A f (s)) ≤ (A f (s))o

⇒ A f (s) ≤ scl(A f (s)) = (A f (s))o

Thus, A f (s) is fs-preopen.
(i)⇒ (v) and (v)⇒ (i) are obvious.
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Corollary 2.2. An fs-set is fs-regular open if and only if it is fs-semiclosed and fs-preopen.

Proof. Proof is omitted.

Theorem 2.7. In an FSTS (X, δ(s)), the following are equivalent:
(i) A f (s) ∈ δ(s) for all A f (s) ∈ δ(s).
(ii) Every fs-regular closed set in X is fs-preopen.
(iii) Every fs-semiopen set in X is fs-preopen.
(iv) The closure of every fs-preopen set in X is fs-open.
(v) The closure of every fs-preopen set in X is fs-preopen.

Proof. (i) ⇒ (ii) Let A f (s) be an fs-regular closed set, that is,
o

A f (s) = A f (s). By (i), A f (s) ∈ δ(s)
and hence A f (s) is fs-preopen.

(ii)⇒ (iii) Let A f (s) be an fs-semiopen set, that is, A f (s) ≤
o
A f (s). By (ii),

o
A f (s) is fs-preopen.

Also, we have, A f (s) ≤
o
A f (s) ≤ A f (s). Thus, A f (s) is fs-preopen.

(iii) ⇒ (iv) Let A f (s) be an fs-preopen set, that is, A f (s) ≤ (A f (s))o. This implies, A f (s) ≤

(A f (s))o. Thus, A f (s) being fs-semiopen, is fs-preopen and the result follows.
(iv)⇒ (v) Obvious.
(v)⇒ (i) Let A f (s) ∈ δ(s). Then, A f (s) is fs-preopen and hence A f (s) is fs-preopen. Therefore,

A f (s) ≤ (A f (s))o ≤ A f (s) and hence A f (s) ∈ δ(s).

Theorem 2.8. In an FSTS (X, δ(s)), the following are equivalent:
(i) Every non-zero fs-open set is fs-dense.
(ii) For every non-zero fs-preopen set A f (s), we have scl(A f (s)) = X1

f (s).
(iii) Every non-zero fs-preopen set is fs-dense.

Proof. (i) ⇒ (ii) Let A f (s) be a non-zero fs-preopen set. By Theorem 2.6 (iii), scl(A f (s)) =

(A f (s))o. Also, there exists an fs-open set O f (s) such that A f (s) ≤ O f (s) ≤ A f (s). By (i), O f (s) =

X1
f (s). Therefore, A f (s) = X1

f (s) and hence scl(A f (s)) = X1
f (s).

(ii)⇒ (iii) Easy to prove.
(iii)⇒ (i) Since every fs-open set is fs-preopen, the proof is straightforward.

Definition 2.4. Let A f (s) be an fs-set in an FSTS (X, δ(s)). We define fs-preclosure pcl(A f (s)) and
fs-preinterior pint(A f (s)) of A f (s) by

pcl(A f (s)) = ∧{B f (s); A f (s) ≤ B f (s) and Bc
f (s) ∈ FS PO(X)}

pint(A f (s)) = ∨{C f (s); C f (s) ≤ A f (s) and C f (s) ∈ FS PO(X)}

Clearly, pcl(A f (s)) is the smallest fs-preclosed set containing A f (s) and pint(A f (s)) is the largest
fs-preopen set contained in A f (s). Further,

(i) A f (s) ≤ pcl(A f (s)) ≤ A f (s) and
o
A f (s) ≤ pint(A f (s)) ≤ A f (s).

(ii) A f (s) is fs-preopen if and only if A f (s) = pint(A f (s))
(iii) A f (s) is fs-preclosed if and only if A f (s) = pcl(A f (s))
(iv) A f (s) ≤ B f (s)⇒ pint(A f (s)) ≤ pint(B f (s)) and pcl(A f (s)) ≤ pcl(B f (s)).
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Definition 2.5. A mapping g : (X, δ(s))→ (Y, δ′(s)) is said to be
(i) fs-precontinuous if g−1(B f (s)) is fs-preopen in X, for every B f (s) ∈ δ′(s).
(ii) fs-preopen if g(A f (s)) is fs-preopen in Y , for every A f (s) ∈ δ(s).
(iii) fs-preclosed if g(A f (s)) is fs-preclosed in Y , for every fs-closed set A f (s) in X.

It is easy to check that an fs-continuous (fs-open, fs-closed) function is fs-precontinuous (fs-
preopen, fs-preclosed). That the converse may not be true, is shown by Example 2.2.

Example 2.2. Consider the fs-sets A f (s), B f (s), C f (s) in a set X, defined as follows:

A f (s) =

1
4
, 1, 1, .......


B f (s) =

1
2
, 0, 0, .......


C f (s) =

3
8
, 1, 1, .......


Let δ(s) = {A f (s), B f (s), A f (s)∧ B f (s), A f (s)∨ B f (s), X0

f (s), X1
f (s)}. Then (X, δ(s)) is an FSTS. Let

δ′(s) = {C f (s), X0
f (s), X1

f (s)} and define g : (X, δ(s)) → (X, δ′(s)) by g(x) = x for all x ∈ X. The
function g is fs-precontinuous but not fs-continuous.

Again, the map h : (X, δ′(s)) → (X, δ(s)) defined by h(x) = x for all x ∈ X, is both fs-preopen
and fs-preclosed but neither fs-open nor fs-closed.

Theorem 2.9. Let g : (X, δ(s))→ (Y, η(s)) be a map. Then the following conditions are equivalent:
(i) g is fs-precontinuous.
(ii) the inverse image of an fs-closed set in Y under g, is fs-preclosed in X.
(iii) For any fs-set A f (s) in X, g(pcl(A f (s))) ≤ g(A f (s)).

Proof. (i)⇒ (ii) Suppose g be an fs-precontinuous map and B f (s) be an fs-closed set in Y . Then,

Bc
f (s) is fs-open in Y

⇒ (g−1(B f (s)))c = g−1(Bc
f (s)) is fs-preopen in X

⇒ g−1(B f (s)) is fs-preclosed in X.

(ii) ⇒ (iii) Let A f (s) be an fs-set in X. Then, g−1(g(A f (s))) is fs-preclosed in X and hence
g−1(g(A f (s))) = pcl(g−1(g(A f (s)))). Again,

A f (s) ≤ g−1(g(A f (s)))

⇒ pcl(A f (s)) ≤ pcl(g−1(g(A f (s)))) ≤ g−1(g(A f (s)))

⇒ g(pcl(A f (s))) ≤ g(g−1(g(A f (s)))) ≤ g(A f (s)).

(iii)⇒ (i) Let B f (s) be an fs-open set in Y . Then for the fs-closed set Bc
f (s), we have

g(pcl(g−1(Bc
f (s)))) ≤ g(g−1(Bc

f (s))) ≤ Bc
f (s) = Bc

f (s)
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Thus, pcl(g−1(Bc
f (s))) ≤ g−1(Bc

f (s)). Therefore, pcl(g−1(Bc
f (s))) = g−1(Bc

f (s)) and hence (g−1(B f (s)))c

= g−1(Bc
f (s)) is fs-preclosed in X.

In Theorem 2.8 (Tamang & Sarkar, 2016), it has been proved that the inverse image of an
fs-semiopen set is fs-semiopen, under an fs-semicontinuous open map. The next Theorem shows
that the result is true even if we take an fs-semicontinuous preopen map.

Theorem 2.10. Suppose g : (X, δ(s))→ (Y, η(s)) be an fs-semicontinuous preopen mapping. Then
the inverse image of every fs-semiopen set in Y under g, is fs-semiopen in X.

Proof. Let B f (s) be an fs-semiopen set in Y . Then there exists an fs-open set O f (s) in Y such that

O f (s) ≤ B f (s) ≤ O f (s)

⇒ g−1(O f (s)) ≤ g−1(B f (s)) ≤ g−1(O f (s))

We claim that g−1(O f (s)) ≤ g−1(O f (s)). Let P f (s) ∈ g−1(O f (s)). This implies g(P f (s)) ∈ O f (s).
Consider a weak open Q-nbd U f (s) of P f (s), then g(U f (s)) is a weak Q-nbd of g(P f (s)). Therefore,

g(U f (s))qwO f (s)

⇒ W f (s)qwO f (s) where W f (s) = g(U f (s))
⇒ Wn

f (y) + On
f (y) > 1 for some y ∈ Y

⇒ O f (s) is a weak open Q-nbd of the fs-point (pn
f y,W

n
f (y))

⇒ g(U f (s))qwO f (s)
⇒ U f (s)qwg−1(O f (s))

⇒ P f (s) ∈ g−1(O f (s)).

Thus g−1(O f (s)) ≤ g−1(B f (s)) ≤ g−1(O f (s)). Since g−1(O f (s)) is fs-semiopen, g−1(B f (s)) is fs-
semiopen.

Corollary 2.3. Suppose g : (X, δ(s)) → (Y, η(s)) be an fs-semicontinuous preopen mapping. Then
the inverse image of every fs-semiclosed set in Y under g, is fs-semiclosed in X.

Proof. The proof is omitted.

Corollary 2.4. Suppose g : (X, δ(s)) → (Y, η(s)) be an fs-semicontinuous preopen map and h :
(Y, η(s))→ (Z, δ′(s)) be fs-semicontinuous. Then hog is fs-semicontinuous.

Proof. The proof is omitted.

Theorem 2.11. Suppose g : (X, δ(s)) → (Y, η(s)) be an fs-precontinuous preopen mapping. Then
the inverse image of every fs-preopen set in Y under g, is fs-preopen in X.
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Proof. Let B f (s) be an fs-preopen set in Y . Then there exists an fs-open set O f (s) in Y such that

B f (s) ≤ O f (s) ≤ B f (s)

⇒ g−1(B f (s)) ≤ g−1(O f (s)) ≤ g−1(B f (s)).

As in Theorem 2.10, we have g−1(B f (s)) ≤ g−1(B f (s)). Thus g−1(B f (s)) ≤ g−1(O f (s)) ≤ g−1(B f (s)),
where g−1(O f (s)) is fs-preopen. Hence g−1(B f (s)) is fs-preopen.

Corollary 2.5. Suppose g : (X, δ(s)) → (Y, η(s)) be an fs-precontinuous preopen mapping. Then
the inverse image of every fs-preclosed set in Y under g, is fs-preclosed in X.

Proof. The proof is omitted.

Corollary 2.6. Suppose g : (X, δ(s)) → (Y, η(s)) be an fs-precontinuous preopen map and h :
(Y, η(s))→ (Z, δ′(s)) be an fs-precontinuous map. Then hog is fs-precontinuous.

Proof. The proof is omitted.

Theorem 2.12. Suppose g : (X, δ(s))→ (Y, η(s)) be an fs-continuous open map. Then the g-image
of an fs-preopen set in X, is fs-preopen in Y.

Proof. Let A f (s) be an fs-preopen set in X. Then there exists an fs-open set O f (s) in X such that
A f (s) ≤ O f (s) ≤ A f (s). This implies g(A f (s)) ≤ g(O f (s)) ≤ g(A f (s)). Since g(O f (s)) is fs-open in
Y , g(A f (s)) is fs-preopen.

Corollary 2.7. Pre-openness in an FSTS, is a topological property.

Proof. Proof follows from Theorem 2.12.

Theorem 2.13. Let g : (X, δ(s)) → (Y, η(s)) and h : (Y, η(s)) → (Z, δ′(s)) be two mappings,
such that hog is fs-preclosed. Then g is fs-preclosed if h is an injective fs-precontinuous preopen
mapping.

Proof. Let A f (s) be an fs-closed set in X. Then, hog(A f (s)) is fs-preclosed in Z and hence
g(A f (s)) = h−1(hog(A f (s))) is fs-preclosed in Y .

Theorem 2.14. If g : (X, δ(s)) → (Y, δ′(s)) be fs-precontinuous and h : (Y, δ′(s)) → (Z, η(s)) be
fs-continuous, then hog : (X, δ(s))→ (Z, η(s)) is fs-precontinuous.

Proof. Omitted.

Previously, we showed that the intersection of any two fs-preopen sets may not be fs-preopen
and an fs-preopen set may not be fs-open. Now, we investigate and establish conditions, under
which the intersection of any two fs-preopen sets is fs-preopen and conditions, under which an
fs-preopen set is fs-open.

Theorem 2.15. The intersection of any two fs-preopen sets is fs-preopen if the closure is preserved
under finite intersection.
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Proof. Proof is simple and hence omitted.

Theorem 2.16. In an FSTS (X, δ(s)), if every fs-set is either fs-open or fs-closed, then every fs-
preopen set in X is fs-open.

Proof. Let A f (s) be an fs-preopen set in X. If A f (s) is not fs-open, then it is fs-closed and hence

A f (s) = A f (s). Therefore, A f (s) ≤ (A f (s))o =
o
A f (s) and hence the theorem.

For a fuzzy sequential topological space (X, δ(s)), δ∗(s) will denote the fuzzy sequential topol-
ogy on X, obtained by taking FS PO(X) as a subbase.

Definition 2.6. A mapping g : (X, δ(s)) → (Y, η(s)) is called strongly fs-precontinuous if the
inverse image of each fs-preopen set in Y is fs-open in X.

By the definition of a strong fs-precontinuous mapping, the following two results are obvious.

Theorem 2.17. (i) A map g : (X, δ(s)) → (Y, η(s)) is strongly fs-precontinuous if and only if
g : (X, δ(s))→ (Y, η∗(s)) is fs-continuous.
(ii) If g : (X, δ(s))→ (Y, η(s)) is strongly fs-precontinuous, then it is fs-continuous.

Remark. Converse of (ii) of Theorem 2.17 may not be true, as is shown by the following Example.

Example 2.3. Consider the fs-sets A f (s), B f (s), C f (s) in a set X, defined as follows:

A f (s) =

1
4
, 1, 1, .......


B f (s) =

1
2
, 0, 0, .......


C f (s) =

3
8
, 1, 1, .......


Let δ(s) = {A f (s), B f (s), A f (s) ∧ B f (s), A f (s) ∨ B f (s), X0

f (s), X1
f (s)}. Then (X, δ(s)) is an FSTS.

Consider the identity map id : (X, δ(s)) → (X, δ(s)). Then, id is fs-continuous but not strongly
fs-precontinuous, as the inverse image of fs-preopen set C f (s) is not fs-open.

We conclude the section with a necessary and sufficient condition for an fs-preopen set to be
fs-open.

Theorem 2.18. In an FSTS (Y, η(s)), the following are equivalent:
(i) Every fs-preopen set in Y is fs-open.
(ii) Every fs-continuous function g : (X, δ(s)) → (Y, η(s)) is strongly fs-precontinuous, where
(X, δ(s)) is any FSTS.

Proof. (i)⇒ (ii) is straightforward.
(ii) ⇒ (i) The identity map g : (Y, η(s)) → (Y, η(s)) is fs-continuous and hence is strongly fs-
precontinuous. Let B f (s) be an fs-preopen set in Y , then B f (s) = g−1(B f (s)) is fs-open in Y .
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3. Decomposition of Continuity

In (Tamang & Sarkar, 2016) and in the last section, nearly open sets like fs-semiopen, fs-
preopen and fs-regular open sets in a fuzzy sequential topological space have been studied. Here,
we study some more of such sets and the respective continuities and the section is concluded
establishing a few decompositions of fs-continuity. In this section, for our convenience, we denote
the closure and interior by cl and int respectively.

Definition 3.1. Let (X, δ(s)) be an FSTS. An fs-set A f (s) is called
(i) fs α-open if A f (s) ≤ int cl intA f (s);
(ii) locally fs-closed if A f (s) = U f (s) ∧ V f (s), where U f (s) is fs-open and V f (s) is fs-closed;
(iii) an fsA-set if A f (s) = U f (s) ∧ V f (s), where U f (s) is fs-open and V f (s) is fs-regular closed;
(iv) an fs δ-set if int clA f (s) ≤ cl intA f (s);
(v) fs S-preopen if A f (s) is fs-preopen and A f (s) = U f (s) ∧ V f (s), where U f (s) is fs-open and
intV f (s) is fs-regular open.

We denote the collection of all fs α-open sets, fs-semiopen sets, fs-preopen sets, fs A-sets,
fs S-preopen sets, locally fs-closed sets and fs δ-sets in an FSTS (X, δ(s)), by α(X), FS S O(X),
FS PO(X),A(X), FS S PO(X), FS LC(X) and δ(X) respectively.
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The relationships among different fs-sets defined above, are given by the following diagram:

fs-open -

fs S -preopen

fs-preopen

6

�locally fs-closed

fsA-set

6

?

fs α-open

?
fs-semiopen

?
fs δ-set

�
�
�

�
�

�
�
��	 �

�
�
�
�
�
�
��

@
@
@
@
@
@
@
@R

The implications in the above diagram are not reversible. To show this, here we give examples.
In (Tamang & Sarkar, 2016) and in Section 2 respectively, it is already shown that an fs-semiopen
and an fs-preopen set may not be fs-open.

Example 3.1. Example to show that an fs α-open set may not be fs-open.
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Consider the fs-sets A f (s), B f (s), C f (s) in a set X, defined as follows:

A f (s) =

1
4
, 1, 1, .......


B f (s) =

1
2
, 0, 0, .......


C f (s) =

3
8
, 1, 1, .......


Let δ(s) = {A f (s), B f (s), A f (s) ∧ B f (s), A f (s) ∨ B f (s), X0

f (s), X1
f (s)}. Then (X, δ(s)) is an FSTS,

where C f (s) is fs α-open but is not fs-open.

Example 3.2. Example to show that a locally fs-closed set may not be fs-open.
Consider the fs-sets A f (s), B f (s) in a set X, defined as follows:

A f (s) =

1
4
,

3
4
,

1
4
,

3
4
, .........


B f (s) =

1
4
,

1
4
,

1
4
,

1
4
, .........


Let δ(s) = {A f (s), X0

f (s), X1
f (s)}. Then (X, δ(s)) is an FSTS, where B f (s) is locally fs-closed but not

fs-open.

Example 3.3. Example to show that an fsA-set may not be fs-open.
Consider the fs-sets A f (s), B f (s), C f (s), D f (s) in a set X, defined as follows:

A f (s) =

1, 1
2
, 1,

1
2
, .......


B f (s) =

1
2
, 0,

1
2

0, .......


C f (s) =

1
2
,

1
2
,

1
2
, ......


D f (s) =

1
2
, 1,

1
2
, 1, .......


Consider the fuzzy sequential topological space (X, δ(s)), where δ(s) = {A f (s), B f (s), X0

f (s), X1
f (s)}.

Here, C f (s) = A f (s) ∧ D f (s), where A f (s) is fs-open and D f (s) is fs-regular closed. Hence C f (s)
is an fsA-set but is not fs-open.
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Example 3.4. Example to show that a locally fs-closed set may not be an fsA-set.
Consider the FSTS (X, δ(s)), given in Example 3.2. Here, B f (s) is a locally fs-closed set but

not an fsA-set.

Example 3.5. Example to show that an fs-semiopen set may not be an fsA-set.
Consider the FSTS (X, δ(s)), given in Example 3.1.
The fs-set C f (s) is an fs-semiopen set but not an fsA-set.

Example 3.6. Example to show that an fs-semiopen set may not be fs α-open.
In the FSTS, given in Example 3.3, the fs-set C f (s) is fs-semiopen but not fs α-open.

Example 3.7. Example to show that an fs-preopen set may not be fs α-open.
Consider the fs-sets A f (s), B f (s) in a set X, defined as follows:

A f (s) =

1
4
,

1
4
,

1
4
, .........


B f (s) =

1
5
,

1
5
,

1
5
, .......


Then δ(s) = {A f (s), X0

f (s), X1
f (s)} is a fuzzy sequential topology on X. In this FSTS, B f (s) is

fs-preopen but not fs α-open.

Example 3.8. Example to show that an fs δ-set may not be fs-semiopen.
In the FSTS, given in Example 3.2, the fs-set B f (s) is an fs δ-set but is not fs-semiopen.

Example 3.9. Example to show that an fs-preopen set may not be an fs S -preopen set.
Consider the FSTS, given in Example 3.1, the fs-set C f (s) is fs-preopen but not fs S -preopen.

Example 3.10. Example to show that an fs S -preopen set may not be an fs-open set.
Consider the FSTS, given in Example 3.7, the fs-set B f (s) is fs S -preopen but not fs-open.

Definition 3.2. A mapping g : (X, δ(s))→ (Y, η(s)) is called
(i) fs α-continuous if g−1(B f (s)) is fs α-open in X, for every fs-open set B f (s) in Y .
(ii) fs lc-continuous if g−1(B f (s)) is locally fs-closed in X, for every fs-open set B f (s) in Y .
(iii) fsA-continuous if g−1(B f (s)) is an fsA-set in X, for every fs-open set B f (s) in Y .
(iv) fs δ-continuous if g−1(B f (s)) is an fs δ-set in X, for every fs-open set B f (s) in Y .
(v) fs S-precontinuous if g−1(B f (s)) is fs S-preopen in X, for every fs-open set B f (s) in Y .

Theorem 3.1. An fs-set in an FSTS, is fs α-open if and only if it is fs-semiopen and fs-preopen.

Proof. Let A f (s) be an fs α-open set, that is, A f (s) ≤ int cl intA f (s). Clearly, A f (s) is fs-semiopen.
Also,

intA f (s) ≤ clA f (s) ⇒ cl intA f (s) ≤ clA f (s)
⇒ int cl intA f (s) ≤ int clA f (s)
⇒ A f (s) ≤ int clA f (s)
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Thus, A f (s) is fs-preopen.
Conversely, suppose A f (s) be fs-semiopen and fs-preopen, that is, A f (s) ≤ cl intA f (s), A f (s) ≤

int clA f (s). Then,

int clA f (s) ≤ clA f (s) ≤ cl intA f (s)
⇒ A f (s) ≤ int cl intA f (s)

Hence, A f (s) is fs α-open.

Corollary 3.1. A mapping g : (X, δ(s))→ (Y, η(s)) is fs α-continuous if and only it is fs-semicontinuous
and fs-precontinuous.

Definition 3.3. Let A f (s) be an fs-set in an FSTS (X, δ(s)). Then αfs-closure αclA f (s) and αfs-
interior αintA f (s) of A f (s) are defined by

αclA f (s) = ∧{V f (s); A f (s) ≤ V f (s) and Vc
f (s) ∈ α(X)}

αintA f (s) = ∨{U f (s); U f (s) ≤ A f (s) and U f (s) ∈ α(X)}

Complement of an fs α-open set is called an fs α-closed set. Hence, it is clear that αcl(A f (s)) is
the smallest fs α-closed set containing A f (s) and αint(A f (s)) is the largest fs α-open set contained
in A f (s). Further,

(i) A f (s) ≤ αcl(A f (s)) ≤ A f (s) and
o
A f (s) ≤ αint(A f (s)) ≤ A f (s).

(ii) A f (s) is fs α-open if and only if A f (s) = αint(A f (s))
(iii) A f (s) is fs α-closed if and only if A f (s) = αcl(A f (s))
(iv) A f (s) ≤ B f (s)⇒ αint(A f (s)) ≤ αint(B f (s)) and αcl(A f (s)) ≤ αcl(B f (s)).

Theorem 3.2. Let A f (s) be an fs-set in an FSTS (X, δ(s)). Then,
(i) αintA f (s) = A f (s) ∧ int cl intA f (s).
(ii) if A f (s) is both fs-preopen and fs-preclosed, then A f (s) = int clA f (s) ∧ A f (s) and thus A f (s) is
fs S-preopen;
(iii) if A f (s) = U f (s) ∧ V f (s), where U f (s) is fs-open and intV f (s) is fs-regular open, then
αintA f (s) = intA f (s);
(iv) if A f (s) is an fs δ-set, then αintA f (s) = pintA f (s).

Proof. (i) Easy to prove.
(ii) Given A f (s) ≤ int clA f (s) and cl intA f (s) ≤ A f (s). Then,

A f (s) = int clA f (s) ∧ A f (s).

Since intA f (s) = int cl intA f (s), hence A f (s) is fs S-preopen.
(iii) We have int cl intA f (s) ≤ int cl intV f (s) = intV f (s). Therefore,

αintA f (s) = A f (s) ∧ int cl intA f (s)
≤ A f (s) ∧ intV f (s)
= intA f (s)
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Also, intA f (s) ≤ αintA f (s). Hence intA f (s) = αintA f (s).
(iv) Given int clA f (s) ≤ cl intA f (s). Since αintA f (s) is an fs-preopen set contained in A f (s),

we have

αintA f (s) ≤ pintA f (s)

Now,

pintA f (s) ≤ int clA f (s) ≤ int cl intA f (s)

Thus, pintA f (s) ≤ A f (s) ∧ int cl intA f (s) = αintA f (s). Hence the result.

Lemma 3.1. An fs-set A f (s) is locally fs-closed if and only if A f (s) = U f (s) ∧ cl(A f (s)), where
U f (s) is an fs-open set.

Proof. Omitted.

Theorem 3.3. Let A f (s) be an fs-set in an FSTS (X, δ(s)). Then A f (s) is an fs A-set if it is
fs-semiopen and locally fs-closed.

Proof. Suppose A f (s) be fs-semiopen and locally fs-closed. Then, A f (s) ≤ cl intA f (s) and A f (s) =

U f (s)∧ clA f (s), where U f (s) is fs-open. Since clA f (s) = cl intA f (s) is fs-regular closed, the result
follows.

Corollary 3.2. A mapping g : (X, δ(s)) → (Y, η(s)) is fs A-continuous if it is fs-semicontinuous
and fs lc-continuous.

Remark. Unlike in a general topological space, the converse of Theorem 3.3 may not be true and
it has been shown by the next Example.

Example 3.11. Let X = {x, y}. Consider the fs-sets A f (s), B f (s), C f (s), D f (s) and E f (s) in X,
where

A1
f = 0.3, An

f (x) = 1 and An
f (y) = 0 for all n , 1;

B1
f (x) = 0.4, B1

f (y) = 0.7, Bn
f (x) = 0 and Bn

f (y) = 1 for all
n , 1;
C1

f = 0.7 and Cn
f = 1 for all n , 1;

D1
f (x) = 0.6, D1

f (y) = 0.3, Dn
f (x) = 1 and Dn

f (y) = 0 for all
n , 1;
E1

f (x) = 0.4, E1
f (y) = 0.3 and En

f = 0 for all n , 1.

Let δ(s) = {A f (s), B f (s),C f (s), A f (s) ∧ B f (s), A f (s) ∨ B f (s), X0
f (s), X1

f (s)}. In the FSTS (X, δ(s)),
D f (s) being an fs-regular closed set, the fs-set E f (s) = B f (s) ∧ D f (s) is an fs A-set but not fs-
semiopen.
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Theorem 3.4. Let (X, δ(s)) be an FSTS and A f (s) be an fs-set in X. Then the following statements
are equivalent:
(i) A f (s) is an fs-open set.
(ii) A f (s) is fs α-open and locally fs-closed.
(iii) A f (s) is fs-preopen and locally fs-closed.
(iv) A f (s) is fs-preopen and an fsA-set.
(v) A f (s) is fs S-preopen and an fs δ-set.

Proof. (i)⇒ (ii) and (ii)⇒ (iii) are obvious.
(iii)⇒ (iv) Let A f (s) be fs-preopen and locally fs-closed. Then,

A f (s) ≤ int clA f (s) and A f (s) = U f (s) ∧ clA f (s),

where U f (s) is fs-open. clA f (s) being fs-regular closed, the result follows.
(iv)⇒ (i) Let A f (s) be an fs-preopen and an fsA-set. Then,

A f (s) ≤ int clA f (s) and A f (s) = U f (s) ∧ clA f (s),

where U f (s) is fs-open. Since intA f (s) = U f (s) ∧ int clA f (s), A f (s) is fs-open.
(i)⇒ (v) Obvious.
(v)⇒ (i) Let A f (s) be an fs S-preopen and an fs δ-set. Using Theorem 3.2, (iii) and (iv),

intA f (s) = αintA f (s) = pintA f (s) = A f (s).

Hence, A f (s) is fs-open.

By Theorems 3.1, 3.3 and 3.4, we have the following relationships among the different classes
of fs-sets of an FSTS (X, δ(s)):
(i) α(X) = FS PO(X) ∩ FS S O(X).
(ii)A(X) ⊇ FS S O(X) ∩ FS LC(X).
(iii) δ(s) = α(X) ∩ FS LC(X).
(iv) δ(s) = FS PO(X) ∩ FS LC(X).
(v) δ(s) = FS PO(X) ∩A(X).
(vi) δ(s) = FS S PO(X) ∩ δ(X).

Theorem 3.5. In an FSTS (X, δ(s)), the following are equivalent:
(i) clA f (s) ∈ δ(s) for every A f (s) ∈ δ(s).
(v)A(X) = δ(s).

Proof. (i)⇒ (ii) It is obvious that δ(s) ⊆ A(X). For the reverse inclusion, let A f (s) ∈ A(X), then

A f (s) = U f (s) ∧ V f (s),

where U f (s) is fs-open and V f (s) is fs-regular closed. By (i), V f (s) ∈ δ(s) and hence A f (s) ∈ δ(s).
(ii) ⇒ (i) Suppose A(X) = δ(s). Let A f (s) ∈ δ(s), then clA f (s) is fs-regular closed and hence

belongs toA(X) = δ(s).
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We conclude the chapter by stating the following decompositions of fs-continuity:

Theorem 3.6. Let g : (X, δ(s))→ (Y, η(s)) be a map. Then g is fs-continuous if and only if
(i) g is fs α-continuous and fs lc-continuous.
(ii) g is fs-precontinuous and fs lc-continuous.
(iii) g is fs-precontinuous and fsA-continuous.
(iv) g is fs S -continuous and fs δ-continuous.
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